Annals of Pure and Applied Mathematics
Vol. 20, No.2, 2019, 79-83

Annals of
ISSN: 2279-087X (P), 2279-0888(online) .
Published on 27 December 2019 Plll'e alld Applled
www.researchmathsci.org :
DOI: http://dx.doi.org/10.22457/apam.641v20n2a6 Mathe—n‘atlcs

On Solutions of the Diophantine Equation 8+ 9’ =7
when X, Yy, z are Positive Integers
Nechemia Burshtein

117 Arlozorov Street, Tel — Aviv 6209814, Israel
Email: anbl7@netvision.net.il

Received 2 December 2019; accepted 26 December 2019
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1. Introduction
The field of Diophantine equations is ancient, yvastd no general method exists to
decide whether a given Diophantine equation hasahyions, or how many solutions.

The famous general equation
p+g'=7
has many forms. The literature contains a vergdatumber of articles on non-linear
such individual equations involving particular peshand powers of all kinds. Among
them are for example [5, 6, 7].

In this article, we consider the equatioh+&' = Z in which x, y, Z are positive
integers. In the determination of solutions to #guation, our main objective is
simplicity of the process. We employ basic and/\@mple facts, and in particular our
new method which uses the last digits of the powerslved. In [1, 2, 3], this method
has already been applied to different equatiorth@fform A* + BY = Z in which A, B
are both primes, or at least one Af B is prime. The results of this article are indeed
achieved by these elementary methods.

2. Thesolutionsof 8+ 9 =7

We observe that for all values the power 8 has a last digit which equals one of
the values 2, 4, 6, 8, whereas for all valyeghe power 9 has a last digit which equals
1 or 9. This yields a total of 8 possibilities the odd sum "8+ 9. All 8 cases, each of
which makes use of the last digits &f &d 9are contained in the following Table 1.
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Table 1.

last digit of 8* | last digit of 9 | last digit of 8 + 9’ 8 +9 =7

1 3 no solution

to be determine

to be determine
no solution
no solution

to be determine

to be determine
no solution
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If indeed the equation*8 9 = Z has a solution, then for all valuesy the value Z is
odd. An odd squar# does not have a last digit which is equal to 3oof. Therefore it
follows that the equation‘8- 9 = Z has no solutions in cases 1, 4, 5, 8 as iteticia
Table 1. The remaining cases 2, 3, 6, 7 wilifwestigated for solutions, discussed in
the respective Theorems 2.1, 2.2, 2.3, 2.4 ehuahich is self-contained.

In the following Theorem 2.1, we comsiccase 2, in which the last digit of
8+ 9equals 1.

Theorem 2.1. If 8+ 9 endsin 1, then the equatidht8? =Z has no solutions.
Proof: We shall assume that-89 =7 has a solution and reach a contradiction.

In this case,’@&nds in 2. Therefore= 3 + 4n and m>0. The power *9endsin 9
wheny=2n+1 andn>0. The valuesm, n are integers.

When 8§+ 9 =7, then 2+ 3¥ =27, and
2X=7-F =Z2-3)? = -3F)(z+I).
Denote
=3=2 z+3¥ =2 A<B, A+B=23=3(3 + 4n),

where A, B are integers. Then®22" yields

23 = (2P -1). (1)
From (1) it follows thatA=1, and hence’3® 2* -1 or 3= 2"'™_1 ltisa
well known simple fact that for alh > 0, the value &' - 1) is not divisible by 3.
Since 2" _ 1 s of this form, it follows that ¥Y3# 2""'*" — 1. This contradiction
implies that our assumption is false, and whér 8 ends in 1, the equation’ 89’ =
Z has no solutions as asserted.

This concludes the proof of Theorem 2.1. O
We now consider case 3 in which+&®’ ends in 5.

Theorem 2.2.If 8 endsin 4 and’9ends in 1, then the equatich+89 =Z has no
solutions.
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Proof: We shall assume that' -89 = Z has a solution and reach a contradiction.

The hypothesis yields that= 2 + 4an (m> 0), andy = 2n (n> 1), wherem, n are
integers.

When &+ 9' =27, then 8"+ "= Z, and
g = 2 = 22— (N?= z-Nz+ ).
Denote
z-9'= &, z+9'= &, C< D, C+D= 2+ 4m,

whereC, D are integers. The above values result in

2z =& +8& = F@BC+1). )(2
If C=0 in (2), then2# (8 + 1). HenceC > 0. In (2) the value 2 is a multiple of
2 only sincez is odd, whereas the right side of (2) is a mldtiof &. Since this is
impossible, thereforez2¢ & + &. This contradiction implies that our assumption is
false. When 8 ends in 4 and Y9ends in 1, the equation* 8 9 =7 has no
solutions.

The proof of Theorem 2.2 is complete. O
Case 6 is contained in the following thesor

Theorem 2.3.If 8 endsin 6 and’9endsin 9, then the equatich+89 =Z has no
solutions.

Proof: We shall assume that 8 9 = Z has a solution and reach a contradiction.

The hypothesis yields that= 4m (m> 1), andy = 2n + 1 (0 > 0), where m, n are
integers.

When &8 + 9 =7, then 8™+ 9™ = Z and
84m - Z2 _ 92n+1 - 22 _(32)2n+l: ZZ _ (32n+1)2 — (Z— 32n+1)(z + 32n+1)'
Denote

z-3" = & 7+ 3" = g G<H, G+H = 4m,

where G, H are integers. The above values imply

2= &+8" = @8 °+1). (3)
If G =0 in (3), then 2# (8" +1). Thus > 0. In (3) the valueZis a multiple of
2 only sincez is odd, whereas the right side of (3) is atiple of &. But this is
impossible, and hencez2: 8%+ 8'. This contradiction implies that our assumptien i
false. Therefore, when*&nds in 6 and?9ends in 9, the equation & 9 =7
has no solutions.

This concludes the proof of Theorem 2.3. O
Case 7 is considered in the following tkeem

Theorem 2.4.1f 8+ 9 ends in 9, then the equatidht8 =7 has no solutions.
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Proof: We shall assume that 89 = Z has a solution and reach a contradiction.

The last digit of 8is 8, and the last digit of¥9s 1. Hencex=1 + 4n
(m>0), y=2n (h>1), andm, n are integers.

When §+ 9 =7 then +3¥ = 7 and
X =7-F =72- (3% = @-3)(z+?3).
Denote
z— ¥=2 7+ ¥=2, K<L,  K+L=3x=3(1+4m),

where K, L are integers. Then"2 2 yields

23 = X @ -1). (4)
From (4) it follows thatk = 1, and therefore¥3= 2'—1 or 3= 2™ _1. Itis
already known for all valuga>0 that (2*™' — 1) is not divisible by 3. Hence
3+ 2™ _ 1. This contradiction implies that our assumpi®false.
When 8+ 9 ends in 9, the equatiorf 89 =Z has no solutions.

The proof of Theorem 2.4 is complete. O

Final Remark. In the four Theorems 2.1 — 2.4 related tofthe "undetermined" cases
2, 3,6, 7 in Table 1, we have shown that thegelétermined" cases have been
determined as "no solutions" cases of the eguadi+ & = Z. Together with cases
1,4, 5,8 inTable 1, it has now been esthbtighat the equation* 8 9 =Z has no
solutions in positive integerssy, z as mentioned earlier.

The results of this paper were indeed achievedidizg basic and elementary
arguments. It seems that the technique usingllgiés of the powers in the equation is
quite useful, and may be applied in the procesmading solutions to equations.
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