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Abstract. In this article, the author has investgathe equations*2 1¥=2 and
19+ 29'= 7 with positive integersx, y, z. It was established that both equations have
no solutions.

Keywords: Diophantine equations
AM S Mathematics Subject Classification (2010): 11D61

1. Introduction
The field of Diophantine equations is ancient, vastl no general method exists to decide
whether a given Diophantine equation has any swiatior how many solutions. In most
cases, we are reduced to study individual equatratizer than classes of equations.

The famous general equation

pt+o=7

has many forms. The literature contains a vegdarumber of articles on non-linear such
individual equations involving particular primesdgoowers of all kinds. Among them are
for example [2, 4, 6, 8].

In this article, we consider the two equadic® + 1¥=27*> and 19+ 29'=Z in which
X, ¥, Z are positive integers. It will be shown thattbetjuations have no solutions. This
is done in Sections 2 and 3. Although similesitexist, nevertheless, the theorems and
all the cases within are self-contained. The tesathieved are mainly and in particular
based on our new method which utilizes the lastdaf the powers involved.

2. Theequation 2*+11Y= 7

Theorem 2.1. Let X, Y, z be positive integers. Then the equatidn+ 22 =Z has no
solutions.

Proof: Let m>0 be an integerfor all valuesx> 1, four possibilities exist:

@ X=4m+ 1, y>1, m=>0.
(b) x=4dm+ 2, y>1, m=>0.
(© Xx=4dm+ 3, y>1, m=>0.
(d) X =4m, y>1, m>1.
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(@) Suppose thax=4m+ 1, y> 1.

For all valuesm> 0, the power 2'*! ends in the digit 2. For all valugs 1, the power
12’ ends in the digit 1. Hencé™2 ' + 12 ends in the digit 3. If for some valug 2™*?
+12= 27, thenZ is odd and ends in the digit 3. But, an odd sgdaes not have a last
digit which is equal to 3. Therefore it followsat 2™*1+ 17 + 22

Case(a) is complete.

(b) Suppose thak=4m+ 2, y> 1.
We shall assume that*™2 2+ 12 =7 has a solution, and reach a contradiction.
By our assumption, we havé™2+ 1 =2 implying that 11 = 22-2""*2=
72— 2@m+1) or
1D = (z— 2+ (z+ 2™+,

Denote
z- 2" =11 7+ 2" =118 A<B, A+B =y,
where A, B are non-negative integers. Then® 11 11 yields
22°m+ 1= 11118~ *-1). 1)

If A>0, then 11t 2:2°"** in (1). ThereforeA* 0, andA=0. WhermA =0, thenB
=y, and (1) resultsin

-1y -1, 2
Since for all valuey, the power 1 ends in the digit 1, therefore in (2) tadue
12— 1 ends in the digit 0. This implies that’ 211 is a product of 5. But {52°™*2,
and hence (2) is impossible. This contradictsamsumption that wher =4m+ 2 the
equation has a solution, and hend®@*2+ 17 + Z.
This concludes casf).

(c) Suppose thak=4m+ 3, y> 1.
We shall assume that*2 3+ 1% =7 has a solution, and reach a contradiction.

The sum ©*3+ 17 is odd, hence by our assumptiah is odd. An odd number
is of the form M+ 1 or N+ 3. Thus, in any cas# has the form B+ 1 whereT is
an integer. We shall now consider two cases, namek odd andy is even.

Supposeg/ is odd andy=2n+ 1 wheren>0 is an integer. Since 11 N4 3
(N =2), then for all values, 17"*?! is of the form & + 3 whereU is an integer. The
power 2™*3 is of the form ¥ whereV is an integer. Thus, the sum™23+ 172"*1
has the form A(+U) + 3#4T + 1 =7 Hencey#2n+ 1.

Supposey is even andy = X wherek> 1 is an integer. We have™2 3+ 11 =
Zor 2"3=2_1%=2- (11?2 and

2m+3=(z-119(z+ 119. (3)
Denote in (3)
z-1¥=2%, z+ 11 =2, C<D, C+D =4m +3,
where C, D are non- negative integers. Theh—-2F yields
211%=2%(2°-C - 1). (4)

It follows from (4) thatC >0, andC=1 is the only such possibility. Whebi=1 then
D=4m+ 2, and (4) after simplification results in
1=2m+1_ 1, (5)
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Whenk = 2a + 1 wherea is an integer, one could verify that for all> 0 the sum
112*1 + 1 is a multiple of 3. Hence, K=2a+1 in (5), then PA*1x2¢m*1_1,
implying that k# 2a+ 1. Whenk = 2a, then 1#+ 1 =2 where for all valuesa, the
value b is an odd integer. Thus, 2% 1 =2 # 2*™*! and k# 2a. It now follows that
there does not exist a valug which satisfies the equation*"2 * + 1¥ = 2. This is a
contradiction, and our assumption is thereforesfals
This completes casé).

(d) Suppose thak =4m, y> 1.
For all valuesm> 1, the power ©' ends in the digit 6. For ay > 1, the power "1
ends in the digit 1. Thereforé™-12 ends in the digit 7. If for some value the sum
2"+ 17 equals 2, thenZ® is odd and ends in the digit 7. An odd squaeschot have
a last digit which is equal to 7. It thereforddas that 2™+ 11 + 2.
This concludes cas@l). The equation 2 12 =72 has no solutions.

The proof of Theorem 2.1 is complete. o

Remark 2.1. The equivalent equation for (2) is 1 247°"*2 whereas for (5) the
equivalent equation is 1 2% - 1X In each of the equivalent equations, the coouti

of Catalan's Conjecture are satisfied. As a aqumsiece of Catalan's Conjecture, it follows
that each equivalent equation has no solutiongnather manner, this reaffirms what we
have shown earlier in a different way that equatid¢d) and (5) have no solutions. We
have not used Catalan's Conjecture earlier, sugckave a preference for the elementary
way.

3. Theequation 19*+ 29’ = 7

Theorem 3.1. Let x, Y, z be positive integers. Then the equatiorf 199 =7 has no
solutions.

Proof: For all valuesx>1, the power I9ends in the digits 9 and 1. For all values
y>1, the power 29ends in the digits 9 and 1. Let n be non-negative integers. We
shall consider the four existing possibilities alofivs:

@ X=2m+1, y=2n+1, m=>0, n>0.
(b) X=2m+1, y=2n, m=>0, n>1.
(© X=2m, y=2n+1, m>1, n>0.
(d) X=2m, y=2n, m>1, n>1.

(@) Supposethatx=2m+1,y=2n+1.

For all valuesm> 0, n>0, each of the powers 29! and 29 ! has a last digit
equal to 9. If for some valug 1¥"*1+ 29" "1 = 2, thenZ is even and ends in the
digit 8. An even square does not have a last digial to 8, therefore #9"*+ 2" *1

+ 2

Case(a) is complete.
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(b) Suppose thatx=2m+ 1, y=2n.
We shall assume that 29! + 29" =Z has a solution, and reach a contradiction.

For all valuesn>0, the power 8! has a last digit equal to 9. For all values
n>1, the power 29 has a last digit equal to 1. By our assumptiomhave 19"+
29" = 7 implying that 19"*1 =72 - 29" =2 - (29)? or

19" = (z-29)(z + 29)).

Denote
z-29 =19, 7+ 29 =19, A<B, A+B=2m+1,
where A, B are non-negative integers. Ther® 19 19 results in
229'= 19199 "~ 1). (6)

If A>0, the power 19does not divide the left side of (6), and tfeme A= 0. When
A=0, thenB=2m + 1, and (6) implies

229" = 19" 11, 7)
The right side of (7) is equal to 2I'g* — 12" *1 which yields the identity
1P+ Pl (19 — 1)(18"+ 1@ 111 + 18212 4 - 4 127, (8)

In (8), the factor (19 — 1) =18 =2. Since in (7) 3 2:29", it follows that (7) is
impossible. This contradiction therefore implieattour assumption is false, and®19
+ 29" £ 2

This concludes cagb).

() Suppose thatx=2m, y=2n+1.
We shall assume that 29+ 29" *! =2 has a solution, and reach a contradiction.
For all valuesn> 1, the power 1¥' has a last digit equal to 1. For all valugs 0,
the power 29 *! has a last digit equal to 9. By our assumpticmhave 19" + 2g"*!
=7 implying that 28'*1=2 - 19" =2 - (19")? or
29" 1= (z— 19 (z+ 19).

Denote
z—19"= 29, 7+ 19"= 29, C<D, C+D=2n+1,
where C, D are non-negative integers. Then® 229 yields
219"= 2 (2P -€-1). (9)

If C>0, the power 29does not divide the left side of (9), and themre C = 0. When
C=0, thenD=2n+1, and (9) implies

219" =211, (10)
The right side of (10) is equal 29— 2"** which yields the identity
291 PNtz (29 — 1)(29 + 29" 1AL + 287212 4 - 4 120), (11)

In (11), the factor (29 — 1) =28 =*2. Since in (10) 2 2-19", it follows that (10)
is impossible. This contradiction therefore imglthat our assumption is false, and®™9
+ 20"l £ 2,

Case(c) is complete.

(d) Suppose thatx=2m, y=2n.
For all valuesm>1, n>1, each of the powers 29and 29 has a last digit equal to
1. If for some valuez, 19™ + 29" = 7, thenZ is even and has a last digit equal to 2.
An even square does not have a last digit equal ttherefore 13" + 29"+ 22,
Case(d) is complete. The equation *#29 =7 has no solutions.

This concludes the proof of Theorem 3.1. O
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Final remark. We have established that both equatiohs 22=7 and 19+ 29 =27
have no solutions whew, y, z are positive integers. Our new method of usimglast
digits of the powers involved has been a key factatetermining the solutions. We are
quite confident that this method can also be usdithding solutions to other equations.
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