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Absgtract. In the present paper, we derive an approximatetieolwf the quadratic
integral equation by using the homotopy analysishow (HAM). This approach
provides a solution in the form of a rapidly corgiag series, and it includes an auxiliary
parameter that controls the series solution's agevnee. We compare the HAM solution
with the exact solution graphically. Additionallgn absolute error comparison between
the exact and HAM solutions is performed. The figdi indicate that HAM is a very
straightforward and attractive approach for comparia
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1. Introduction

The quadratic integral equation is a particulanfaf a nonlinear integral equation. It is a
very important and applicable equation in varioesds such as mathematical physics,
biology, economics, engineering and technologye Ghadratic integral equation is also
applicable in the radiative transformer’s theorinekic theory of gases, the theory of
neutron transport and traffic theory [6,8,11, 1@,] 2nd some other applications, which
are given in references [5, 7, 15, 17].

In recent years, various analytical and numericathwds, such as the Adomian
decomposition method (ADM) [18], the variational nmatopy perturbation method
(VHPM) [3], the differential transform method (DTM) [29he homotopy perturbation
method (HPM)[9] modified Laplace adomian decomposition method (MIMYD[19],
etc., have been developed to solve integral equatiand integro-differential
equations. The homotopy analysis method (HAM) jgoaverful and reliable analytical
technique for solving different kinds of linear andnlinear integral and differential
equations. It is based on homotopy, a fundamematapt in topology and differential
geometry [24, 26, 28]. It is a computational apptothat produces analytical solutions
and offers a number of benefits over more traditigrumerical methods. It is free from
rounding off errors since it does not need diszagithn, and it does not require a great
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amount of computer memory or power to implemeng Tritethod introduces the solution
in the form of a convergent series with elegantyputable terms. This approach has
been employed effectively to solve linear integeguations [2], linear and nonlinear
integro-difference equations [1, 5, 30], nonlinekiferential equations [25, 27], and

linear and nonlinear fractional differential eqoas [22, 31, 32] etc.

In the present work, we consider theofeihg quadratic integral equation of the type
t

x(t):a(t)+g(t,x(t))j f (s.x(s))ds, 1)

0
Wherea(t) is a specific continuous functior, and g have partial derivatives of

arbitrary order with respect to their second arguisie

The key goal of this work is to apply the Homot@malysis method for solving
guadratic integral equations and to demonstratestiggested method's correctness,
efficiency, and simplicity.

2. Basic idea of homotopy analysis method
To explain the fundamental concept of the Homotapslysis method (HAM) [24], we
consider the following operator equation as follows

N[x(t)]=0, )
whereN is a non-linear operatox(t) is an unknown function antlis an independent

variable. For simplicity, we ignore all boundarydamitial conditions, which can be
treated in a similar way. By means of generalizhreytraditional homotopy method, Liao
[26] constructed the so-called zero-order deforomagiquation as

(1-a)L[g(t;a)-%(t)]=an HON[#(t :q)], 3)
where q D[O,:I] is the embedding parametérz 0 is called the convergence control
auxiliary parameterH (t) # 0 is an auxiliary functiorl. is an auxiliary linear operator with
the propertyL [0] =0, X (t) is an initial guess of(t) and x(t ; Q) is an unknown function.

It is important that one has great freedom to ohdlos auxiliary things in HAM.
When,q =0, due to the property. [0] =0, the deformation equation (3) becomes

@t;0)=x (), 4)

and when q=1, (since 7##0 and H(t)# 0 almost everywhere) the zero-order
deformation equation (3) on using equation (2) giive

@At;1)=x(). (5)
Thus according to (4) and (5), as the embeddingrmpeterq increases from 0 to

1, X(t; q) varies from the initial approximatiowO (t) to the exact solutiox(t). Using

the parameteq, we expandx(t; q) in Taylor series as follows
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[0)0)
Pt =x M+ Y x ®q", ©)
m=1
where
_ 1| 9"g(tq)
X (t) = m{ o0 L @)

We assume that linear operatbr, the initial guessx0 (t) the convergence control

parameterzand the auxiliary functioHi (t) are properly chosen such that the series (6) is
convergent at] =1. Now, takingq =1in equation (6) and using equation (5), we get

X(t) =% (1) + 2 % (t) 8)(
m=1
Following Liao [24, 26, 28], differentiating equati (3) m times with respect to the

embedding parametafand then, setting] =0, and finally dividing bym!, we obtain
the so-calledm™order deformation equation as

L[ %, (£) =K Xoa (1) ] =2 HOR, [ Xa (1) ], ©

where
.1 |9™N[g(ta)]
R“ [Xm‘l] - (m_l) |{ aqm—l - (10)
X, stands for the vectoX ={ Xo(t) , Xl(t) , Xz(t) : ...,xm_l(t)} ,
and
{O, m<1
Ky, = . (11)
1 m>1
Applying the inverse operatdr ™ on the both side of the equation (9), we have
X (£) = K Xy (1) + 1 L HOR, [ %o (1)]]- (12)

In this way, it is easy to obtai, (t) for m=1, thus getting the solution from
equation (8).
3. Solution of the quadratic integral equation by usig homotopy analysis method
In this part, we have obtained the approximatetswiwof the quadratic integral
equation by the application of the HAM method.

Example 1.Consider the following quadratic integral equatigiven by

— z_ﬂ 1 t 2,2
x(t) =t 35+5x(t)£sx(s)ds (13)
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The equation has the exact solution

x(t) =t*. 14§
Applying HAM Method to equation (13) and taking theear operator as
L[#(t:0)]=¢(t:q) (15)
and nonlinear operator as
t
N[qo(t;q)]w(t;q)—(t 35j o(t:q jsz¢2 s;q)d (16)

For the above operator, with assumptlbh( )—1, we construct the zeroth-order
deformation equation from equation (13) as

(1-a)L[e(t:a) =% (t) |[=an H(t)N[ ¢t ;a)], (17)
and themt™order deformatlon equation is given by
L[ % (£) =K %a (1) ] = 72R, [ % (1) ], (18)
where
) 1 |0™N[g(tq 0, m<1
Rn[xm-l]=(m_1)!{ ag( )]L andkm={1, Coq o (9
By using equation (19), we evaluate the valu&Rgfx |
form=1
~ th t t
R [%] = %o(t) —(tz —3—5]——5x0(t)J;szx02(s) ds, (20)
form=2
. t1d CNf2oof
R[] =50 o S0 50| @
and so on.
For mOON (m#1)
- t 1 ™
RolRoal =%ms(0) =5 1 1),aqm[¢( Q)I #(sq )dl_o- (22)

Hence, the value oR [, | for mONis given by
, t°
R[5l =5 )-0-1) -

t 1 o™t t , -
5 (m—1)!W{¢(t?q)_([S (ﬂz(S,q)ds}

(23)

g=0
Appling the operatol.™ on both sides of equation (18), we have
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X (1) = KXy (1) AL R, (%) ] (24)
Now, taking initial solution as
th
—s2_ Y
X (t) =t 3 (25)

The equation (24) is a recurrence relation ok 1, using equation (25) in equation
(24), we get the value of, (t)for m=1,2,3,..as follows

4@):4{34”— 29 o, O 4 1 ﬁﬂ, (26)
35 18375 2113125 4930625

Xz(t):_h(l_i_h){itlo_ 29 £18 4 61 £ 26 1 t34}
35 18375 2113125 4930625

2[ 29 o__ 1927 ., 150434 5, 400574
18375 14791875 34391109375 5215984921875
387353 s0_ 93 tSQ’
545659325859375 3264628445312

(27)
and so on. The other rest of the components malgteemined likewise.
Therefore, the HAM series solution of equation ([B3jiven by

K(0) =5 (1) + X %) =20(0)+2(8) + (1) .o
122, 2354 hzjt%

x@y4@~£@+%+hﬂﬂ#—§ihmeﬁL(
35 18375 2113125 14791875

_{ 2 h 22487 h2]t34— 400574 B2

4930625 4913015625 5215984921875
4 387353 2450 _ 93 L
545659325859375 32646284453125
(28)

If we put 2 = —1,in equation (28), we have

x@):t2—0+0—(— 122, 2354:1;2E
2113125 1479187

+(_ 2, 22487 ék34_ 400574 .
4930625 49130156 5215984921875
.. 387383 98w,
545659325859375  32646284453125

(29)
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The result in (29) was obtained earlierfyet al. [18] using the method of ADM. It can
be easily observed that fér=-1,the series solution converges to the exact solution
x(t)=t> asm - oo,

In Table 1, we compare the approximate solution obtaineddiyguHAM with the
exact solution.Figure 1 and Figure 2 show the comparison graph of the approximate
solution by the HAM with the exact solution and tiesolute error graph between them,

respectively. It is worth noting that the approxiensolutions in all the figures and tables are
evaluated using only three terms from the homotoysis solution.

Table 1: Numerical comparison of solution of the equatio8)(dy HAM with the exact
solution at different valuestof

Exact Solutior

HAM Solution

| Xewact ~ XHam

1.00000000000000-002

1.00000000000000-00z

0

4.00000000000000-00z

4.00000000000000-00z

0

9.00000000000000-002

9.00000000000000-00z

0

1.60000000000000-001

1.59999999999995-001

4.57966997657877-01¢

2.50000000000000-001

2.49999999998489-001

1.51081924748552-012

3.60000000000000-001

3.59999999827137-001

1.72862391067951-01C

4.89999999999999-001

4.89999990502986-001

9.49701395303037-00¢

6.40000000000000-001

6.39999695624707-001

3.04375292303760-007

8.10000000000000-001

8.09993563111850-001

6.43688814994103-00¢

1.000000000000000e+C

9.99902688285069-001

9.73117149303259-00%
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Figure: 1.Comparison Graph of HAM solution with exact solatiaf equation (13),
wheh = -1
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Figure 2: Graph of absolute error between HAM solution andogxsolution of
equation (13), when=-1
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Example 2.Consider the following quadratic integral equatigiven by

tl t20 t3 2 t

t) =t —— —— +— t 1)x°
x(t) 100 10" 1 X2 ( )J;(s+ )x%(s)ds (30)
The equation has the exact solution
x(t)=t°. (31)
Applying HAM Method to equation (31) and taking theear operator as
L[#(t:a)]=¢(t:a), (32)
and nonlinear operator as
3 t 19 t20 t
N| @(t; =@(t;q)- t 1
Loltia)]=lt:a) ( 100 110} 16”2 A { s+1)g(sia)ds

(33)
For the above operator, with assumptibh(t)=l, we construct the zeroth-order
deformation equation from equation (13) as

(1-q)L[e(t;a) =% (t) |=arn H(t)N[¢(t;q)]. (34)
and the i-order deformatlon equation is given by
L[ % (t) =K Xa (1) ] =R, [ Xa (1) ], (35)
where
. 1 |0™N[g(ta)] (o, m=1
Rﬂ[xm—l]_(m_l)!li e ande—{l, nap o @O
q=0
By using equation (36), we evaluate the valu&Rgfx_ |
form=1
R[%]=x(t){ - - =L e () (s ()as @)
%ol =% 100 110) 10" ) %0 ’
form=2
R[%] = () =21 (1) [(s+1) #(s1a)os @)
10 Mrag| ™ ’ o
and so on.

For mCON (m#1)

Rﬂ[?m-l]zxm-l(t)‘;—; (m1—1)! aaqmr;_ll[ﬁ(t;Q).:[(s+l){f'(s;q)ds} . (39)

q=0
Hence, the value oR, [, ] for mONis given by
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R0~ - - )

o1 0™ {(f (t ;Q)j324”3 (S?Q)dslzo'

10 (m-1)log™* g

Appling the operatol_™ on both sides of equation (35), we have

X (£) = KXo (£) + AL [ Ry (R) ] (41)
Now, taking initial solution as
5 t19 t20
t)=t" ——-—.
XO() 100 110
The equation (41) is a recurrence relation ok 1, using equation (42) in equation

(41),we get the value of, (t)for m=1,2,3,..as follows
&(t)=—ﬁ[—1—ﬁ9+-55¢2°— 4l t3°- 19 t 36— 89 t %
100 110 130000 33000 338800
N 183 514 10177 1524 5639 54 859 54
45500000 922350000 559020000 279510000

(42)

727 & 768101 . 10807001
26390000000 7618611000000  78123045000000
527271 _n__ 320851 o, 43w

6251707000000  16211580000000 406000000000
. 2742059 4, 20924839 s, 102302983 55
5665121000000000  23637229000000000  1580788700000000

1688987 s, 23w 1 o
4568211615000000 340403250000 58000000000
B 1779 oo _ 89391 o1 _ 125050 .o
1882100000000000  41406200000000000  47902690000000000
B 99741 s _ 501 j0s_ 1 tm%’
55372262000000000  761368602500000 9985162000000

(43)
and so on. The other rest of components may beatksccordingly.
Therefore, the HAM series solution of problem (BOgiven by
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x(t)=t3—(h+1)(it19+ Ly

40|yl = 41 £35_ 19 t 36 89 t 37
100 110

130000 33000 338800
, 183 o 10177 ., 5639 ., 859 .
45500000 922350000 559020000 279510000

__ 727 o 768101 . 10807001
26390000000 7618611000000  78123045000000
527271 ;0 320851 i, 8w

6251707000000  16211580000000 406000000000
2742959 o, 20024839 45, 102302983 46

+
5665121000000000 23637229000000000 1580788700000000

,_ 1688987 . 23w 1
4568211615000000 340403250000 5800000000000
B 1779 00 _ 89391 in_ 125050 1
1882100000000000  41406200000000000  47902690000000000
_%97AL e 501 1 t};
55372262000000000  761368602500000 9985162000000

(44)

If we put # =-1, in equation (44), we have
o0 :t3—0+[— A s 19 .5 8 5 18 . 1007, 5639
130000 33000 338800 45500000 922350000 559020000

o 89 e T o TEBWOL o 10807001 o 527271, 7

279510000 26300000000 7618611000000  788@80200  625170700000C

L BBl o, B, 2RO

16211580000000 406000000000  5665121000000000 Xl

. 102302983 1688087 o, B 1 .«

1580783700000000  4568211615000000 340403250000 RN
1779 o 8089l 125060 e

182100000000000  41406200000000000  47902690000000000

_ 99741 o_ 501 0 1 (1]
55372262000000000  761363602500000 9985162(1)4&)
(45)

The result in (45) was obtained earlierfayet al. [18] using the method of ADM. It can
be easily observed that fér=—1,the series solution converges to the exact solution

x(t)=t° asm - o,
In Table 2 we compare the approximate solution obtained digguHAM with the exact

solution.Figure 3 andFigure 4 show the comparison graph of the approximate isallty
the HAM with the exact solution and the absoluteregraph between them, respectively. It
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is worth noting that the approximate solutionslithe figures and tables are evaluated using
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only two terms from the homotopy analysis solution.

Table 2: Numerical comparison of solution of the equatio®) By HAM with the
exact solution at differentued oft

Exact Solution

HAM Solution

|XExact ~ Xyam

1.00000000000000-002

1.00000000000000-00z

0

8.00000000000000-002

8.00000000000000-00z

2.70000000000000-00z

2.70000000000000-00z

6.40000000000000-00z

6.40000000000000-00z

1.25000000000000-001

1.24999999999980-001

1.94705362943636-014

2.16000000000000+001

2.15999999987014-001

1.29859178965574-011

3.42999999999999-001

3.42999996791121-001

3.20887827420790-00¢

5.12000000000000-001

5.11999617260390-001

3.82739609561255-007

7.29000000000000-001

7.28973921064845-001

2.60789351543833-00¢

1.000000000000000e+C

9.98874078025010-001

1.12592197498939-00%
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Figure 3: Comparison Graph of HAM solution with exact solatif
equation (3@henz =-1

%10
12 T T T
5

—& — Absolute Error |
i

Absolute Error

Figure 4.Graph of absolute error between HAM solution andogxsolution
of equation (30), wherk = -1
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Example 3. Consider the following quadratic integral equatigiven by

. 1Pt h
x(t)—t3—%+%x(t)£sx2(s)ds (46)
The equation has the exact solution
x(t)=t*. (47)
Applying HAM Method to equation (46) and taking theear operator as
L[#(t:0)]=¢(t:c) (48)
and nonlinear operator as
th t t
N[ ¢(t;a)]=¢(t;q) -[tz _3_5] —co(t:0)[s°¢(s:a)ds (49)
0

For the above operator, with assumptibh(t)=l, we construct the zeroth-order
deformation equation from equation (13) as

(1-a)L{g(t;a) =% (t)]=an H (N[ #(t:a) . (50)
and them?®"- order deformation equation is given by
L[ X0 (1) = Xa (8) ] = R [ R (1) ], (51)
where
; 1 | 0™N|g(t:q 0, m<1
R [%na] = (- 1)!{ agm_(l )]Landkm = {1, o 62
By using equation (52), we evaluate the valudRgfx |
form=1
- t?) t h
RIR]=%(0)-{ £ g |- o0 ser (), ©
form=2
R[%] le(t)‘lli{éﬂ(tiQ)jsﬁ(S:Q)dS} : (54)
510dq 5 40
and so on.
For mOON (m#1)
Ro[%a] = % (8) -liﬁ[co(t;q)jscf(s:q)d% : (55)
5(m-1)!og™" . o

Hence, the value oR [, ] for mON s given by
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Rl =50 (0)- () £

40

(56)
_to1 9™ q)(t'q)jsqaz(sq)ds
5m-1taq™| Y ’ 4o

Appling the operatol_™ on both sides of equation (51), we have

X (1) = KXy (1) AL R, (%) ] (57)
Now, taking initial solution as

t12
t)=t*-——.
%(t)=t"-75

(58)
The equation (57) is a recurrence relation ok 1, using equation (58) in equation

(57), we get the value of, (t)for m=1,2,3,..as follows

x(t)= —h{it” - By 9w tﬂ, (59)
40 27200 3536000 8320000
)(z(t)=—h(h+1)[it12— 33 {24 69

tso_ 1 tsg}
40 27200 3536000 8320000
+h2[ 33 . 249

20 21867 4 148431 | 45
o+ - t
27200 2828800 8415680000 3702899200000
139521 o, 21 tej
428789504000000 1834393600000
(60)
and so on. The other rest of components can bklisbied likewise.

Therefore, the HAM series solution of problem (#6given by

K(0) =5 (1) + X5 () =20(0)+2(0) + (1) .o

1
x(t) =t —%(1+ 2h+1° )t +

1768000 1088000

+( 1 he 45757 hz)tgg _ 148431
4160000

16831360000 3702899200000

- ha %+, ...,
428789504000000 18343936000000

(61)

3—31)0h(1+h)t21—( 09 ., 17 hzjtw

48

If we put # =-1, in equation (61), we have
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——0+0- - 69 , 117 [ 1, 45757 38
1768000 108800 4160000 16831360000
148431 (o 139521 (5 _ 21 (o6,
3702899200000 428789504000000 1834393600C '
(62)

The result in (62) was obtained earlierBlySayed etl. [16] using the method of ADM

and RTM. It can be easily observed that for —1,the series solution converges to the

exact solutionx(t) =t> asm - co.
In Table 3 we compare the approximate solution obtaineddiyguHAM with the

exact solution.Figure 5 and Figure 6 show the comparison graph of the approximate
solution by the HAM with the exact solution and tiesolute error graph between them,
respectively. It is worth noting that the approxiensolutions in all the figures and tables are

evaluated using only three terms from the homoto@m}ysis solution.

Table 3: Numerical comparison of solution of the equatio8) @y HAM with the
exact solution at differentued oft

t

Exact Solution

HAM Solution

|XExact - XHAM

0.1

1.00000000000000-00z

1.00000000000000-00z

0

8.00000000000000-00<

8.00000000000(02¢-00<

2.70000000000000-00z

2.70000000000000-00z

0

6.40000000000000-00=

6.39999999999999-00Z

8.32667268468867-017

1.25000000000000-001

1.24999999999936-001

6.38100683403308-014

2.16000000000000-001

2.1599999998485'-001

1.51401668979644-011

3.42999999999999-001

3.42999998458090-001

1.54190898937756-00¢

5.12000000000000-001

5.11999915600068-001

8.43999320432331-00¢

7.29000000000000-001

7.28997136243320-001

2.86375667934990-00¢

1.000000000000000e+C

9.99933928795475-001

6.60712045246203-00%
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Example 4.Consider the following quadratic integral equatigiven by

— 2 t 1 2 t 2.2
X(t) =t -+ X (t)!)(t s)’x?(s)ds (63)
The equation has the exact solution
x(t)=t>. (64)
Applying HAM Method to equation (63) and taking theear operator as
L[#(t:a)]=¢(t:a). (65)

and nonlinear operator as
. — aq) — 2_i _1 . i Y .
Neftal] =ofta)- ¢ oo |-t ()] (-Fo(saes @o

For the above operator, with assumptibh(t)=l, we construct the zeroth-order
deformation equation from equation (13) as

(1-a)L[e(tia) - %, (t) ]=ar H () N[¢(t:q)]. (67)
and them?®"- order deformation equation is given by

L[ X0 (1) = Xa (8) ] = R [ R (1) ], (689)
where

B} 1 | 0™'N|g(t;q) 0, ms1

Ra[%na] = (m—l)!{ agm_l ]Landkm = {1, g - 9
By using equation (569), we evaluate the valuRpfx,,_]
for m=1

RI%] =) gz |- (01 o

630/ 6 5

form=2

RIx]=x()-F5a o i)l F (s -

61dq 5 4co

and so on.

For mOON (m#1)

R[50 5 | # 6 (-o se)es] 2

q=0
Hence, the value oR [, ] for mON s given by
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Ry [0 =xm_1(t)—(1-,(m)[tz_ I j

630
1 1 am—l t (73)
-= t;q)[(t-s)’¢?(s:q)d
6(m—1)!0qm_{¢2( ’q)l( S (sia)os o
Appling the operatol.™ on both sides of equation (68), we have
X () = KXo (1) + ALY R, (%,10) ] (74)
Now, taking initial solution as
tll
t)=t*———. 75
% ()=t~ 25 (75)

The equation (74) is a recurrence relationffok 1, using equation (75) in (74), we get
the value ofx (t)for m=1,2,3,..as follows

Xl(t)=—h[1t“— CUBIC PR
630 3175200 57510810000

43, 1 ‘ﬂ

(76)

© 144927241200000 652172585400000

X, (t) =—h(1+) L I o, O s WS =, = t ¥
630 3175200 57510810000  144927241200000 65217258

a7 o 219 16337737 =
3175200 92017296000  433622305670400000

B 388643 o, 186434859 .

22858090113196800000 2109831432965211795840000000
B 176249640017 .
77658579483154744635288000000000

N 230762317 .
596645183833993769758920000000000

— 547 t83
173555483338912214862

and so on. The other rest of components can béetdtaccordingly.
Therefore, the HAM series solution of equation (83jiven by

K(0) =5 (1) + X %) =20(0)#2(0) + (1) oo

(77)
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x@):ﬁ——1{1+2Hwﬂﬁhu—11—hmfhﬁ”
630 1587600

61 89 2 |420
—_ h+
28755405000 3129840000
+( 143 e 5588531 ;fJ}%
72463620600000  14454076855680000
_( 1 - 4575059 ’thM
3260862927000000 266677717987296000000
1864343059 125
2109831432965211795840000000
~ 176249640017 1260
776585794831547446352838000000000
230762317 #27

+
596645183833993769758920000000000
_ 547 2%
17355548333891221486200000000000

(78)

If we put # =-1, in equation (78), we have
x(t) =t>+0+ ol _ 89 |
28755405000 3129840000

e 143 N 5588531 )
72463620600000 144540768556800000

_( 1 . 4575059 ;ku
3260862927000000  266677717987296000000
. 18643430059 50
2109831432965211795840000000
B 176249640017 o5
77658579483154744635288000000000
230762317 s

+
596645183833993769758920000000000
547 o

- 1o+, ...
1735554833389122148620000000000(
(79)
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The result in (79) was obtained earlierBlySayedet al. [16] using the methods of ADM
and RTM. It can be easily observed that for —1,the series solution converges to the

exact solutionx(t) =t* asm .

In Table 4 we compare the approximate solution obtaineddiyguHAM with the
exact solution.Figure 7 and Figure 8 show the comparison graph of the approximate
solution by the HAM with the exact solution and tiesolute error graph between them,
respectively. It is worth noting that the approxiensolutions in all the figures and tables are
evaluated using only three terms from the homogomm}ysis solution.

Table 4: Numerical comparison of solution of the equatio8)(8y HAM with the exact
solution at different valuestof

Exact Sdution

HAM Solution

|XExact ~ Xpam

1.00000000000000+-00z

1.00000000000000+-00z

0

4.00000000000000-00z

4.00000000000000-00z

9.00000000000000-00z

9.00000000000000-00z

1.60000000000000~-001

1.6000000000000(e-001

2.50000000000000-001

2.49999999999999-001

5.55111512312578-017

3.60000000000000-001

3.59999999999990-001

9.71445146547012-01¢%

4.89999999999999-001

4.89999999999152-001

8.47266701242688-01<

6.40000000000000-0C1

6.39999999959287-001

4.07122113799118-011

8.10000000000000-001

8.09999998761217-001

1.23878285407386-00¢

1.000000000000000e+C

9.99999973722071-001

2.62779290549630-00¢
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Figure 7Comparison Graph of HAM solution with exact solatiaf equation
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5. Concluding remark

In this work, we have determined the approximatieitems of thequadratic integral
equationsby the use of the homotopy analysis method (HAM).\6bmpared the
approximate and exact solutions graphically. Theiokd results demonstrate that the
proposed approach is highly efficient and stramfwird, and it may be implemented to
investigate solutions to other nonlinear problems.

Acknowledgment. The authors would like to thank the editor and gnaous reviewers
for their careful reading and constructive suggestiand comments, which helped a lot
in the improvement of the manuscript.

Conflict of interest. The authors declare that they have no conflichtefrest.

Authors’ Contributions. All the authors contributed equally to this work.
REFERENCES

1. Z.Abbas, S.Vahdati, F.Ismail and A.K.Dizicheh, Apption of homotopy analysis
method for linear integro-differential equations) International Mathematical
Forum, 5(5) (2010) 237-249.

A. Adawi, F.Awawdeh and H.Jaradat, A numerical metfadsolving linear integral
equations|nt. J. Contemp. Math. Sciences, 4(10) (2009) 485-496.

2. H.Al-badrani, F.A.Hendi, and W.Shammakh, Variatiom@amotopy perturbation
method of quadratic integral equatioApplied Mathematical Sciences, 11(13)
(2017) 623-635.

3. M.F.Araghi and S.S.Behzadi, Solving nonlinear wvoadredholm integro-
differential equations using the modified adomian ecamposition
method,Computational Methods in Applied Mathematics, 9(4) (2009) 321-331.

4. M.F.Araghi and S.S.Behzadi, Numerical solution ohlmear Volterra-Fredholm
integro-differential equations using Homotopy as&ymethodJournal of Applied
Mathematics and Computing, 37(1) (2011) 1-12.

5. LLK.Argyros, Quadratic equations and applicatioosChandrasekhar's and related
equationsBulletin of the Australian Mathematical Society, 32(2) (1985) 275-292.

6. J.Bana and A.Martinon Monotonic solutions of a quadrdtitegral equation of
Volterra type Computers & Mathematics with Applications, 47 (2004) 271-279.

7. J.Bana M.Lecko and W.G.El-Sayed, Existence theorems fome quadratic
integral equationslournal of Mathematical Analysis and Applications, 222(1)
(1998) 276-285.

8. J.Biazar and H.Ghazvini, Numerical solution for @pk non-linear Fredholm
integral equation by HPMApplied Mathematics and Computation, 195(2) (2008)
681-687.

9. N.Bildik and M.Inc, Modified decomposition methoarf nonlinear Volterra-
Fredholm integral equation€haos, Solitons & Fractals, 33(1) (2007) 308-313.

10. 1.W.Busbridge, The mathematics of radiative trandfimiversity PressCambridge,
England,(1960).

11. S.Chandrasekhar, Radiative transizoyer Publications, Inc., New York, (1960).

38



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Solution of the Quadratic Integral Equation by Héopy Analysis Method

P.Darania and K.lvaz, Numerical solution of nordin&olterra—Fredholm integro-
differential equationsgComputers & Mathematics with Applications, 56(9) (2008)
2197-2209.

El-Sayed and H.H.G.Hashem, Integrable and contisismiutions of a nonlinear
gquadratic integral equatiok]ectronic Journal of Qualitative Theory of Differential
Equations, (25) (2008) 1-10.

A.M.AEl-Sayed and H.H.G.Hashem, Solvability of finear Hammerstein
quadratic integral equationtournal of Nonlinear Sciences & Applications, 2(3)
(2009) 152-160.

A.M.A.El-Sayed, M.M.Saleh, and E.A.A.Ziada, Numetiand analytic solution for
nonlinear quadratic integral equatiodath. ci. Res. J, 12(8) (2008) 183-191.
W.G.El-Sayed and B.Rzepka, Non decreasing solutmng quadratic integral
equation of Urysohn typ&omputers & Mathematics with Applications, 51(6-7)
(2006) 1065-1074.

S.Z.Fu, ZWang and J.S.Duan, Solution of quadratiegral equations by the
Adomian decomposition metho@MES-Comput. Modedl. Eng. ci, 92(4) (2013)
369-385.

J.M.Heris, Solving the Integro-Differential Equat® Using the Modified Laplace
Adomian Decomposition Methathurnal of Mathematical Extension, 6, (2012)
S.Hu, M.Khavanin and W.A.N.Zhuang, Integral equadicarising in the kinetic
theory of gasedpplicable Analysis, 34(3-4) (1989) 261-266.

J.lzadian and S.Salahshour, Solution of nonlinealtevta and Fredholm integral
equations by HAM|CPACS, 1 (2012) 1-6.

H.Jafari and S.Seifi, Homotopy analysis methoddolving linear and nonlinear
fractional diffusion-wave equatio@ommunications in Nonlinear Science and
Numerical Smulation, 14(5) (2009) 2006-2012.

J.Juang, K.Y.Lin and W.W.Lin, Spectral analysis sdme iterations in the
Chandrasekhar's H-functiordumerical Functional Analysis & Optimization, 24(5-
6) (2003) 575-586.

S.Liao, Beyond perturbation: introduction to thertmtopy analysis methodCRC
press, (2003).

S.Liao, On the homotopy analysis method for nomlingroblemsApplied
Mathematics and Computation, 147(2) (2004) 499-513.

S.Liao, Notes on the homotopy analysis method: sodeinitions and
theoremsCommunications in Nonlinear Science and Numerical Simulation, 14(4)
(2009) 983-997.

S.Liao and Y.Tan, A general approach to obtainesesolutions of nonlinear
differential equationsudiesin Applied Mathematics, 119(4) (2007) 297-354.
S.J.Liao, Beyond perturbation: a review on thedatgas of the homotopy analysis
method and its application&dv. Mech., 38 (2008) 1-34.

Z.M.Odibat, Differential transform method for saigi Volterra integral equation
with separable kernelsjathematical and Computer Modelling, 48(7-8) (2008)
1144-1149.

A.Shidfar, A.Molabahrami, A.Babaei and A.YazdaniaA, series solution of the
nonlinear Volterra and Fredholm integro-differehéguations. Communications in
Nonlinear Science and Numerical Smulation, 15(2) (2010) 205-215.

39



R. K. Bairwa and Ajay Kumar

29. L.Song, and H.Zhang, Application of homotopy analysethod to fractional KdV—
Burgers—Kuramoto equatioRhysics Letters A, 367(1-2) (2007) 88-94.

30. H.Xu, S.J.Liao and X.C.You,Analysis of nonlineaadtional partial differential
equations with the homotopy analysis metheatnmunications in Nonlinear
Science and Numerical Smulation, 14(4) (2009) 1152-1156.

40



