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Abstract. This article aims to prove all solutions to the Diophantine equation 55x – 53y = 
z2 where x, y and z are non-negative integers. The results indicated that the solution is (x, 
y, z) = (0, 0, 0).  
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1. Introduction 
The diophantine equation is a topic in Number Theory. It concerns finding only an integer 
solution to an equation. The exponential diophantine equation is the diophantine equation 
where the unknown variables are exponents. Many researchers studied these equations. For 

example, in 2007, the exponential diophantine 22 5x y z+ = was proved by Acu [1]. He 

found all non-negative integer solutions ( ), ,x y z  including ( )3,0,3 and ( )2,1,3 . In 

2011, the diophantine equation 24 7x y z+ = and 24 11x y z+ =  were studied and proved 
that both equations have no solution [10]. Then Sroysang [9] found that the unique solution 

to the equation 23 5x y z+ = is( ) ( ), , 1,0,2x y z = . During 2012-2017, many diophantine 

equations was studied, for example [2, 4, 5, 7, 8]. In 2018, Rabago [6] presented a 

diophantine equation in form 2x ya b z− = , where ,a b are constant and non-negative 

integers and , ,x y z are non-negative integers. He studied for 4a =  and b is prime.  The 

solutions are ( ) ( )1, , 1,1,2 1qx y z q −= − − , whereq is prime. Next year, the diophantine 

equation 26 11x y z− = was studied by Brushtein [3]. He showed that there is no solution 

for 2 16x≤ ≤ . After that, Thongnak et al. [12] proved that the equation 22 3x y z− = has 

three solutions( ), ,x y z : ( ) ( )0,0,0 , 1,0,1and( )2,1,1 . After that, they investigated three 

equations which are 27 5x y z− = , 27 2x y z− = and 25 2 3x y z− ⋅ =  [13, 14, 15]. The first 
two equations had a trivial solution, and the last equation had no solution.  
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From previous works, many equations in the form 2x ya b z− = were proved using 
various methods, but there was no general method to prove the solution to the equations. 
The study of individual equations has been necessary. In this paper, we aim to prove all 

solutions to 255 53x y z− =  where ,x y and z  are non-negative integers. 
    
2. Preliminaries  
In this section, we introduce basic knowledge applied in the proof. 
 

Definition 2.1. [11] If n  is a positive integer and ( )gcd , 1a n = , the least positive integer 

k such that ( )1 modka n≡ is called the order of a modulo n and is denoted by ( )nord a . 

Lemma 2.2. [11]  If ( )nord a k= , then ( )modr sa a n≡ if and only if ( )modr s k≡ . 

 
3. Main results 
Theorem 3.1. For all  �, �, � ∈ ℕ� ∪ {0}, the Diophantine equation 255 53x y z− =  where 

, ,x y z are non-negative integers has only one solution that is ( ) ( ), , 0,0,0x y z = .   

Proof:  Let �, �, � ∈ ℕ� ∪ {0} such that  

                                 255 53x y z− = .                                  (1) 
The proof is divided into four cases.   

Case 1: 0x y= = . (1) becomes 2 0z = . Thus 0z = , the solution ( ), ,x y z  is ( )0,0,0 .  

Case 2: 0x = and 0y > . From (1), we have 21 53y z− = . This means that 2 0z < , 
impossible.  

Case 3: 0x > and 0y = . From (1), we obtain 2 55 1xz = − . We can see that 

( )55 0 mod11≡ , so ( )2 1 mod11z ≡ − . This means that ( )2 10 mod11z ≡ . It is 

impossible because ( )2 0,1,3,4,5,9 mod11z ≡ . 

Case 4: 0x > and 0y > , we separate into two subcases.  

 Subcase 4.1, x is odd. It follows that ( )3 3 mod 4x ≡ . Since ( )55 3 mod 4≡ , we 

obtain ( )2 3 1 mod 4xz ≡ − . This yields ( )2 2 mod 4z ≡ . It is impossible because 

( )2 0,1 mod 4z ≡ .  

Subcase 4.2, x is even. Let  � = 2�, ∃� ∈ ℕ�,                                                  (1)  
becomes 2 253 55y k z= − or  ( )( )53 55 55y k kz z= − + . There exist �, � ∈ ℕ� ∪ {0} for 

which 55 53k Az− = and 55 53k Bz+ = where A B< and A B y+ = . Then, we have 

2 55 53 53k A B⋅ = + or ( )2 5 11 53 1 53k k A B A−⋅ ⋅ = + . Since, 53|2 5 11k k⋅ ⋅ , we obtain 

0A = and B y= . This yields  

                                          2 5 11 1 53k k y⋅ ⋅ = + .                                                    (2) 
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So ( )1 9 0 mod11y+ ≡ . This implies that ( )9 10 mod11y ≡  . Since ( )62 9 mod11≡ and 

( )52 10 mod11≡ , these yield ( )6 52 2 mod11y ≡ . Because 112 10ord = , we have 

( )6 5 mod10y ≡ . There exist � ∈ ℕ such that6 5 10y m= + . This implies that 

( )2 3 5 5y m− =  which is impossible. Hence the solution is ( ) ( ), , 0,0,0x y z = .  
4. Conclusion  
In this article, we have proved the solution to the equation 255 53x y z− =  where ,x y and 
z are non-negative integers. The knowledge of number theory such as factoring method 
and modular arithmetic was applied to obtain the solution. We found that the equation has 

only one solution which is ( ) ( ), , 0,0,0x y z = .   
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