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1. Introduction
Unless mentioned or defined otherwise, for all iagtogy and notion in graph theory, the
reader is referred to [2]. We consider only fingenple graphs free from self-loops.

Letn> 1 be an integer. An-tuple(a, &,... ,&) is symmetricif ax= an-k+1,1 <k < n.
LetHn={(av,a,...,a&) : &€ {+,~}, &= ar+1,1 <k < n} be the set of all symmetriztuples.
Note thatHnis a group under coordinate-wise multiplicationd ahe order oH,is 2",
wherem = [g]

A symmetric n-sigraph (symmetric n-marked graiptgn ordered pak = (G0) (&=
(G,W), whereG = (V,E) is a graph called thenderlying graptof S;ande: E— Ha (1 : V
— Hy) is a function.

In this paper, by an-tuple/n-sigraph/n-marked graptye always mean a symmetric
n-tuple/symmetrim-sigraph/symmetrio-marked graph.
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An n-tuple @y, &, ... ,a) is theidentity n-tupleif a= +, for 1<k <n, otherwise, itis a
non-identity n-tupleln ann-sigraphS,= (G, o) an edge labelled with the identitytuple
is called aridentity edgeotherwise it is anon-identity edge

Further, in am-sigraphS,= (G, o), for anyA < E(G) then-tuples(A) is the product of
then-tuples on the edges Af

In [10], the authors defined two notions of balairca-sigraphS. = (G, o) as follows
(See also Rangarajan and Reddy [6]):

Definition 1.1. Let S,= (G,0) be am-sigraph. Then,

(i) S is identity balancedor i-balanced, if the product oh-tuples on each cycle of
Shis the identityn-tuple, and

(ii) S.is balancedif every cycle inS,contains an even number of non-identity edges.

Note: An i-balanced-sigraph need not be balanced and conversely.
The following characterization @fbalanced-sigraphs is obtained in [10].

Theorem 1.1.(E. Sampathkumar et al. [10) An n-sigraphS,= (G, o) isi-balanced if, and
only if, it is possible to assigmtuples to its vertices such that tiiuple of each edgev
is equal to the product of timetuples ofu andv.

Let S= (G, o) be ann-sigraph. Consider the-marking  on vertices ofS, defined as

follows: each vertex€eV , u(v) is then-tuple which is the product of thetuples on the
edges incident witl. The complemerdf S,is ann-sigraph S,=(G, o¢), where for any
edge e wve G, o°(uv) =pu(w)u(v). Clearly,S,, is defined here as @balanced-sigraph
due to Theorem 1.1.

In [10], the authors also have defined switchind eycle isomorphism of amsigraph
S = (G, o) as follows: (See also [1, 4, 5, 7-9, 12-23])

Let Si= (G, o) andS;, = (G',d") be twon-sigraphs. Therg, andS;,, are said to be
isomorphicif there exists an isomorphisgn: G — G'such that ifuvis an edge irg with
label @, &,... ,&) theng(u)¢(v) is an edge i, with label @, a,... ,a).

Given ann-markingu of ann-sigraphS, = (G, o), switching $with respect tqu is the
operation of changing thetuple of every edgev of S, by p(u)e(uv)p(v). Then-sigraph
obtained in this way is denoted by(8) and is called th@-switched n-sigraplor just
switched n-sigraph

Further, am-sigraphS, switchego n-sigraphS,, (or that they arswitching equivalent
to each other), written a§,~S,,, whenever there exists ammarking of S, such that
S, (Sp)=Sy.

Two n-sigraphsS,= (G,¢) andS,, = (G',d") are said to be a cycisomorphic if there
exists an isomorphisigh: G —G' such that the-tuples(C) of every cycleC in S, equals
to then-tuple a(®(C)) in S;,.

We use the following known result (see [10]).
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Theorem 1.2.(E. Sampathkumar et al. [10) Given a graph G, any two n-sigraphs with
G as underlying graph are switching equivalenaiid only if, they are cycle isomorphic.

2. Wing n-sigraph of ann-sigraph

The wing graph W&) of G = (V,E) is a graph with/ (W(G)) = E(G) and any two vertices
erandexin W(G) are joined by an edge if they are non-incidergesdf some induced 4-
vertex path inG. This concept was introduced by Hoang [3]. Wingpiis have been
introduced in connection with perfect graphs.

By the motivation of complement of arsigraph and balance in arsigraph, we now
extend the notion of wing graphsnesigraphs as follows: Th&ing n-sigraphWV(S,) of an
n-sigraphS= (G, o) is ann-sigraph whose underlying graph are®y@nd then-tuple of
any edgeeie in W(S) is o(el)o(e). Further, am-sigraphS, = (Go) is called wingn-
sigraph, ifS:= W(S,,") for somen-sigraphs,,’. The following result restricts the class of
wing graphs.

Theorem 2.1.For any n-sigraph $= (G,0), its wing n-sigrapiW(S,) is i-balanced.

Proof: Leto’'denote then-tuple of W&, and let then-tuple o of S, be treated as am

marking of the vertices of V&). Then by definition of W&,) we see that'(eie)) =

o(e1)a(e), for every edgee; of W(S,) and hence, by Theorem 1.1, $(is i-balanced.

For any positive integds, thek™iterated wingn-sigraph, W(S,) of Svis defined as follows:
WYS) =S WKS) = WWHS)).

Corollary 2.2. For any n-sigraph $= (G,¢) and for any positive integer VS, is i-
balanced.
The following result characterize signed graphscivldre wingn-sigraphs.

Theorem 2.3.An n-sigraph $= (G,0) is a wing n-sigraph if, and only if,8 i-balanced
n-sigraph and its underlying graph G is a wing dnap
Proof: Suppose tha§, is i-balanced andG is a wing graph. Then there exists a graph
G'such that W§') =G. SinceS,is i-balanced, by Theorem 1.1, there exists a markofg
G such that each edge= uvin S, satisfiess(uv) = {(u){(v). Now consider tha-sigraph
S, = (G',a"), where for any edgein G', o'(€) is then-marking of the corresponding
vertex inG. Then clearly, W{,,") = S,. HenceS,is a wingn-sigraph.

Conversely, suppose th& = (G, o) is a wingn-sigraph. Then there exists an
sigraph S, = (G',¢") such that W§,,) = S,, . HenceG is the wing graph of’and by
Theorem 2.15,is i-balanced.

Theorem 2.4.For any two n-sigraphs,SandsS,,’ with the same underlying graph, their
wang n-sigraphs are switching equivalent.

Proof: Suppos&,= (G,s) and S,," = (G',¢")) be twon-sigraphs withG=G'. By Theorem
2.1, WS) and WG,,") arei-balanced and hence, the result follows from Thaote2.
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For anym € H,, them-complemendf a = (a1, &,... ,a) is:a"=am For anyM < H,,
andm € H,, them-complementf M is M"= {a":a € M}.
For anym € Hn, them- complementf ann-sigrapls.= (G,0), written §,™), is the same
graph but with each edge lalzet (a1, &,... ,a) replaced bya™.

For ann-sigraphS, = (G, o), theW(S,) isi-balanced. We now examine, the condition under
which m-complement of W&,) is i-balanced, where for amg € H,.

Theorem 2.5.Let S= (G, ¢) be an n-sigraph. Then, for any@&H,, if W(G) is bipartite
then(W(S)))"is i-balanced.

Proof: Since, by Theorem 2.1, \&{) isi-balanced, for eack 1<k <n, the number ofi-
tuples on any cycl€ in W(S)) whosek™ co-ordinate are — is even. Also, sind4G) is
bipartite, all cycles have even length; thus, fiechk, 1<k <n, the number ofi-tuples on
any cycleC in W(S,) whosek!" co-ordinate are + is also even. This implies thatdame
thing is true in anyn-complement, where for amgeH,. Hence (W§,))' is i-balanced.

. In [3], the author proved that, the gra@land its wing grapk\(G) are isomorphic,
i

G =Cue1. In view of this, we have the following result:

Theorem 2.6.For any n-sigraph $= (G, o), S~ W(S)) if, and only if, Sis an i-balanced
n-sigraph and &Ca1.

Proof: Supposes, ~W(S,). This impliesG = W(G), and henc&s is isomorphic taCoxs1.
Now, if S is anyn-sigraph with underlying grap® is Ca+1, Theorem 2.1 implies that
W(S) isi-balanced, and henceSfis i-unbalanced and iM/S,) beingi-balanced cannot
be switching equivalent t&iin accordance with Theorem 1.2. Therefdgemust bei-
balanced.

Conversely, suppose th8tis ani-balancedn-sigraph ands is isomorphic toCac1.
Then, since W&,) isi-balanced as per Theorem 2.1 and stBee W(G), the result follows
from Theorem 1.2 again.

Theorem 2.4 and 2.6 provides easy solutions ta otiseggraph switching equivalence
relations, which are given in the following results

Corollary 2.7. For any two n-sigraphs,and S,, with the same underlying grapi/(S,)
andW((S,)™) are switching equivalent.

Corollary 2.8. For any two n-sigraphs »3and S,,’ with the same underlying graph,
W((S)™ andW(S,,") are switching equivalent.

Corollary 2.9. For any two n-sigraphs .%nd S, with the same underlying graph,
W((S)™ andW((S,,’)™) are switching equivalent.

Corollary 2.10.For any two n-sigraphs:S (G,0) and S, = (G, ¢") with the GeG'and
G, G'are bipartite,(W(S,))™and W(S,,") are switching equivalent.
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Corollary 2.11.For any two n-sigraphs:S (G,0) and S,,’ = (G',¢") with the G=G'and
G, G'are bipartite, WS,) andW((S,,)™) are switching equivalent.

Corollary 2.12. For any two n-sigraphs, = (G,0)andS, = (G',¢") with
the &G'andG, G'are bipartite,(W(S))™and (W(S))™are switching
equivalent.

Corollary 2.13. For any n-sigraph &= (G, o), S ~W(S)™ if, and only if, $is an i-
balanced n-sigraph and SCo1.

3. Conclusion

We have introduced a new notion fesigned graphs called wingsigraph of am-signed
graph. We have proved some results and presergestrifictural characterization of the
wing n-signed graph. There is no structural charactéomatf the wing graph, but we have
obtained the structural characterization of thegwitsigned graph.
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