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Abstract. In this study, our aim is to prove all the solusaf the exponential Diophantine
equation 10— 17 = Z, wherex, yandz are non-negative integers. We applied the modular
arithmetic and Catalan’s conjecture to obtain alligsons. The result indicates that there
are only two solutions to the equation.

Keywords. exponential Diophantine equation; factoring methatbdular arithmetic
method

AM S Mathematics Subject Classification (2010): 11D61
1. Introduction
The exponential Diophantine equations are clagsiolpms in Number Theory. The most

famous equation ix" + y" = Z", where x, yand z are non-negative integers ang 3.

This equation was presented by Pierre de Fernt3@, and Andrew Wiles proved that
the equation had no solution in 1993. Over a decawmy researchers computed and
proved solutions to many equations. A major reaonthe study is its wealth of

application to cryptography, geometry, trigonometigd applied algebra. In 2004,

Mihailescu [4] proved that the exponential Diopha@tequationa®* —b¥ =1 where
a,b,x and y are integers with min(a,b,x,y)>1 has a unique solution,
(a,b,x ¥)=(3,2,2,3. In 2018, Rabago [5] studied and computed all t&ois of
47" =7* and4*-17 = 7*. In 2019, Thongnak et al. [7] proved that the exgdial
Diophantine equatio2* — 3 = z* has only two solutions. Later, Burshtein [2] exaeu
the exponential Diophantine equatié —11' = z*> where 3< x<16. He found one
solution, (X, y, 2)=(2,1,9 . In 2020, Buosi et al. [1] suggested the expoaénti
Diophantine equatiorp*—2¥ = Z, where p=k*+2 is a prime number ank>0.
They used Catalan’s conjecture to compute the émteglutions(x, y, Z) =(0,0,0 and

(1,1,k) with k=3 . Recently, many exponential Diophantine equatibase been
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studied, for example, [6, 8, 9, 10]. These reseantitles motivated us to prove all
solutions to other equations.
In this article, we aim to prove all solutions dfetexponential Diophantine

equationl0* — 17 = z* where x, y and z are non-negative integers.

2. Preliminaries
In this section, we introduce basic knowledge aupin this proof.

Theorem 2.1.(Euler’s criterion [3]) Letp be an odd prime argj:d(a,p) =1 Thena
is a quadratic residue qfif and only if al"™¥"> =1(modp).

Lemma 2.2. (Catalan’s conjecture [4]) Lea, b, xand y be integers. The Diophantine
equation a*-b’=7 with min{a,b, X, )} >1 has the unique solution

(ab,x y)=(3,2,23.

3. Main result
Theorem 3.1. The exponential Diophantine equatib@ — 17’ = z* has exactly two
non-negative integer solutionfx, y, ) =(0,0,0 and(1,0,3).
Proof: Let X, y and zbe non-negative integers such that

100 -17 = 7°. 1)
We separate into four cases, including case 20 andy =0, case 2:x =0 andy >0,
case 3:x>0 andy =0, and case 4x>0 andy >0.
Case 1 x=0 andy =0. From (1), we getz” =0, implying thatz=0. Hence one
solution to the equation 0,0,0).
Case 2 x=0andy > 0. In this case, (1) becomeb-17" = 7> < 0, which is

impossible.
Case 3 x>0andy =0. (1) becomes

100-22=1. 2)
There are two cases to be considered:l and x> 1.
If x=1, then (2) becomeg® =9, which impliesz = 3. Hence one solution is
(x,y.2)=(10,3.

If x>1, then (2) impliesz>1. Lemma 2.2 (Catalan’s conjecture) yields thath@ no
solution.

Case 4 x>0andy >0, (1) implies thatz* =10°( mod17 , and it follows thafl0" is
a quadratic residue df/ . By theorem 2.1, it follows that
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(10*)(17_1)/2 =10" = 1 mod1}, and this yield{-1)" =1( mod17. Thusxis even.
We let x = 2k, OkO0O *. Clearly, (1) is equivalent to

17 =10*-22=(10 - 7)( 16+ 2.
There exister 0{0,1, 2,3,...y} such thatl0* ~z=17 and10‘+z=17"", where
a<y-a.ltfollows that210 = 17 + 177 or 2B =17 ( e 172”) . Since
17/ 2" B we havea =0and 2[5 = 1+ 17'. It yields 0= 2( mod 4, which is
impossible. From all casef0,0,0) and (1,0, 3 arethe solutions to the equation
10¢-17 =2,

4. Conclusion

In this work, we determined all solutions of thepemential Diophantine equation

10 =17 = Zz* wherex, y and zare non-negative integers. The solutio(*ns., Y, z), to
the equation ar¢0,0,0) and(1,0,3).
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