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Abstract. Topological indices are numerical parameters used to study the physical and 
chemical residences of compounds. Degree-based topological indices have been studied 
extensively and can be correlated with many properties of the compounds. In the factors of 
degree-based topological indices M-polynomial played an important role. Using M-
polynomial we can derive several degree-based topological indices of a graph. In this 
article, we have obtained 18 different topological indices of the Barbell graph, Pan graph 
and Sun graph. 
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1. Introduction 
All graphs considered here are finite, nontrivial, without isolated vertices, undirected, 
without loops or multiple edges. Undefined terms or notations in this paper may be found 
in Harary [10]. Vertex set is denoted by ����, edge set is denoted by ���� for a graph �. 
The degree ����� of a vertex ∈ ���� is the number of edges incident to it in �. An isolated 
vertex or singleton graph is a vertex with degree zero. Let ��, ��, … ��� be the vertices of 
� and let �� � ������ . The �-barbell graph denoted by ���, ��is the simple graph 
obtained by connecting two copies of a complete graph �� by a bridge. The pan graph 
denoted by ��is the graph obtained by joining a cycle graph to a singleton graph with a 
bridge. The �-sun graph denoted by ���� is a graph with 2� vertices consisting of a central 
complete graph with �� an outer ring of � vertices, each of which is joined to both 
endpoints of the closest outer edge of the central core. In graph theory, information about 
a graph can be encoded in the form of a polynomial and many such polynomials are 
available in the literature. One of the most commonly used polynomials called M-
polynomial denoted by ���, �� throughout the article, makes use of a degree of vertices of 
the graph. The illustration of the M-polynomial was done by Deutsch and Klavžar in the 
year 2015 [8]. We denote the degree of a vertex � by � . The degree of an edge is defined 
to be � ! � � " �! # 2. In the year 1947, the first topological index in graphs was 
introduced by Weiner which is known as the Weiner index [1]. In the year 1972, the first 
and second Zagreb indices were introduced [13]. In the year 2003, modifications to Zagreb 
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indices were introduced [14]. Many topological indices are studied in the literature. In 
1975, the Randic index was introduced [34] and a general Randic index was introduced in 
the year 1998 [7]. In the same year Atom Bond Connectivity index was introduced [15]. 
Kulli introduced a series of indices namely Banahatti indices, hyper Banahatti indices and 
their modified versions [32-34]. Khalaf et al obtained different topological indices using 
the M-polynomial of Book Graph [3] in the year 2020. In this article, we have obtained the 
M-polynomial of 3 different graphs and hence various topological indices associated with 
these graphs. The barbell graph denoted by ���, �) is a graph with 2� vertices and �(� −1) + 1 edges which is a simple graph obtained by connecting two copies of a complete 
graph �� by a bridge. The pan graph denoted by �� is the graph with (� + 1) vertices and (� + 1) edges which is obtained by joining a cycle graph to a singleton graph with a bridge. 

The sun graph denoted by �(�) is a graph with 2� vertices and 
�%&'��   edges consisting of 

a central complete graph with �� an outer ring of � vertices, each of which is joined to 
both endpoints of the closest outer edge of the central core. The M-polynomial of a graph 
is denoted by �(�, �) or ((�: �, �) and is defined as �(�, �) = ∑ +�,(�) ���,-.�.,.∆  
where 0 and ∆ are the minimum and maximum of degree of vertices in the graph � and +�,(�) is the number of edges with end vertices � and � and (� , �!) = (1, 2). This 
polynomial was introduced in 2015 by Deutsch and Klavžarin and it is useful in 
determining many degree-based topological indices. This motivates us to study the M-
polynomial of some complete and cycle-related graphs.  
 

Table 1: Definitions of different topological indices 
 

Topological Index Definition Formula to derive index 
by applying M- 
Polynomial with  3 = 4 = 5 

First Zagreb Index ((�) = 6 (� +
 !∈7(�)

�!) (89 + 8:)�(�, �) 

Second Zagreb 
Index 

(�(�) = 6 (�  .
 !∈7(�)

�!) (89 . 8:)�(�, �) 

Modified Second 
Zagreb Index +;%(�) = 6 1�  . �! !∈7(�)

 
(�9 . �:)�(�, �) 

General Randic 
Index 

<=(�) = 6 (� . �!)=
 !∈7(�)

 >89= . 8:=? �(�, �) 

Inverse Randic 
Index <<=(�) = 6 @ 1�  . �!A=

 !∈7(�)
 

>�9= . �:=? �(�, �) 

Harmonic Index B(�) = 6 @ 2� +�!A
 !∈7(�)

 
2�9C �(�, �) 

Symmetric Division 
Index ��8(�) = 6 @� �! + �!� A

 !∈7(�)
 

(89�: + �98:) �(�, �) 
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Augmented Zagreb 
Index D��� � 6 @ �  . �!� +�! − 2A'

 !∈7(�)
 

>�9'EF�C89'8:'? �(�, �) 

Inverse Sum Index G(�) = 6 @�  . �!� +�!A
 !∈7(�)

 
(�9 C898:)�(�, �) 

Atom-bond 
Connectivity Index D�H(�) = 6 I� +�! − 2�  . �! !∈7(�)

 
 

@89 �J EF�C�9 �J �: �J A  �(�, �)
Geometric 

Arithmetic Index �D(�) = 6 K2L�  . �!� +�! M
 !∈7(�)

 (2�9 C89 �J 8: �J )�(�, �) 

First K-Banahatti 
Index 

�(�) = 6 (� +
 !∈7(�)

� !) (89 + 8:+ 289EF�C)�(�, �) 

Second K-Banahatti 
Index 

��(�) = 6 (�  !∈7(�)
. � !) (89EF�C(89+ 8:))�(�, �) 

First K-hyper 
Banahatti Index 

B�(�) = 6 (� +� !)�
 !∈7(�)

 K89� + 8:� + 289�EF�C+289EF�C(89 + 8:)M �(�
Second K-hyper 
Banahatti Index 

B��(�) = 6 (� . � !)�
 !∈7(�)

 N89�EF�C>89�+ 8:�?O �(�, �) 

Modified First K-
hyper Banahatti 

Index 

+�(�) = 6 @ 1� +� !A
 !∈7(�)

 >�9EF�C(P9+ P:)?�(�, �) 

Modified Second K-
hyper Banahatti 

Index 

+��(�) = 6 @ 1� . � !A
 !∈7(�)

 >�9EF�C(�9 + �:)?�(�, �) 

Harmonic K-
Banahatti Index BQ(�) = 6 @ 2� +� !A

 !∈7(�)
 >2�9EF�C(P9+ P:)?�(�, �) 

 
Table 2: Notations used in computing indices 

 

89 = � R�R� 
C = �(�, �) 89 �J = I� R�R�   . �(�, �) 

8: = � R�R� 
E= = �=�(�, �) 8: �J = I� R�R�  . �(�, �) 

P9 =  �(��, �) �9 = S �(T, �)T
9

U �T �9 �J = IS �(T, �)T
9

U   . �(�, �) 
P: =  �(�, ��) �: = S �(�, T)T

:
U  �T �: �J = IS �(�, T)T

:
U   . �(�, �) 
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Different notations used in the formulae are explained in Table 2. 
 
2. Main results 
Theorem 2.1. If ���, �) is the barbell graph, then �(�, �) = (� − 1)(� − 2)��F��F + 2(� − 1)��F�� + ���� 
Proof: By definition of the barbell graph and by computation, we find that�(�, �)has 2� 
vertices and�(� − 1) + 1 edges. Based on the degrees of end vertices, the edge set of �(�, �) can be tabulated in Table 3. 
 
Table 3: Details of the degrees of vertices and number of edges in B(p, n) (� , �!) (� − 1, � − 1) (� − 1, �) (�, �) 

Total number of 
edges 

(� − 1, � − 2) 2� − 2 1 

 
The M-polynomial of �(�, �) is given as  ((�(�, �): �, �) = �(�, �) = 6 +�,(�) ���,

-.�.,.∆
 

�(�, �) = (� − 1)(� − 2)��F��F + 2(� − 1)��F�� + ���� 
 
 
 
 
 

 
 
 
 
 

Figure 1: The n-Barbell Graph �(�, �) 
 

Theorem 2.2. Topological indices of barbell graph�(�, �) are given by the following. 
1. ((�(�, �)) = 2�' − 4�� + 6� − 2 
2. (�(�(�, �)) = �[ − 3�' + 6�� − 5� + 2 

3. +;%(�(�, �)) = �^F�F�^F�%  

4. <=(�(�, �)) = (�� − 3� + 2)(� − 1)�= + 2(� − 1)=&�= + ��= 

5. <<=(�(�, �)) = �%F'�&�(�F)%_ + ��F��_(�F)_ + �%_ 

6. B(�(�, �)) = ��^F�%F��%F�  

7. ��8(�(�, �)) = �� (�' − �� + � − 1) 

8. D(�(�, �)) = (�F)`(�F�)(��F[)^ + ��^(�F)a
(��F')^ + �b

(��F�)^ 

9. G(�(�, �)) = (�F)^(�F�)��F� + ��(�F)%
��F + �%

�� 
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10. D�H����, �)) = (� − 2)√2� − 4 + �(�F)L�(�F) √2� − 3 + √��F��  

11. �D(�(�, �)) = ��^Fd�%&e�F'&([�F[)L�(�F)��F  

12. �(�(�, �)) = 6�' − 16�� + 22� − 10 
13. ��(�(�, �)) = 4�[ − 16�' + 32�� − 30� + 10 
14. B�(�(�, �)) = 18�[ − 78�' + 164�� − 160� + 58 
15. B��(�(�, �)) = 2(� − 1)'(� − 2)(2� − 4)� + 2(� − 1)(2�� − 2� +1)(2� − 3)� + 2��(2� − 2)� 
16. +�(�(�, �)) = �(�F)(�F�)'�Fi + �(�F)'�F[ + �(�F)'�F' + �'�F� 

17. +��(�(�, �)) = �(��F')(��F�)&�(��F)(��F�)&�(��F')�(��F')(��F�)  

18. BQ(�(�, �)) = [(�F)(�F�)'�Fi + [(�F)'�F[ + [(�F)'�F' + ['�F� 

 
Proof: 

1. First Zagreb Index 89�(�, �) = (� − 1)�(� − 2)��F��F + 2(� − 1)���F�� + ����� 8:�(�, �) = (� − 1)�(� − 2)��F��F + 2�(� − 1)��F�� + ����� 
Thus ((�(�, �)) = >89 + 8:?�(�, �) jT � = 1 j�� � = 1 gives ((�(�, �)) = 2�' − 4�� + 6� − 2 

2. Second Zagreb Index 8:�(�, �) = (� − 1)�(� − 2)��F��F + 2�(� − 1)��F�� + ����� >89 . 8:?�(�, �) = (� − 1)�(� − 2)��F��F + 2�(� − 1)��F�� + ����� 
Thus (�(�(�, �)) = >89 . 8:?�(�, �) jT � = 1 j�� � = 1 gives (�(�(�, �)) = �[ − 3�' + 6�� − 5� + 2 

3. Modified Second Zagreb Index 

�:(�(�, �)) = (� − 2)��F��F + 2(� − 1)��F��F
� + ����

�  

>�9 .  �:?�(�, �) = (� − 2)(� − 1) ��F��F + 2��F�� + ����
��  

Thus +;%(�(�, �)) = >�9 . �:?�(�, �) jT � = 1 j�� � = 1 gives 

+;%(�(�, �)) = �' − � − 1�' − ��  

4. General Randic Index 8:=>�(�, �)? = (� − 1)(� − 2)(� − 1)=��F��F + 2(� − 1)�=��F��
+ �=���� >89=  .  8:=?�(�, �)= (� − 1)(� − 2)(� − 1)�=��F��F+ 2(� − 1)�=(� − 1)=��F�� + ��=���� 

Thus <=(�(�, �)) = >89= .  8:=?�(�, �) jT � = 1 j�� � = 1 gives <=(�(�, �)) = (�� − 3� + 2)(� − 1)�= + 2(� − 1)=&�= + ��= 
 

5. Inverse Randic Index 
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�:=>���, �)? = (� − 1)(� − 2)��F��F
(� − 1)= + 2(� − 1)��F��

�= + ����
�=  

>�9= .  �:=?�(�, �) = (� − 1)(� − 2)��F��F
(� − 1)�= + 2(� − 1)��F��

�=(� − 1)= + ����
��=  

Thus <<=(�(�, �)) = >�9= .  �:=?�(�, �) jT � = 1 j�� � = 1 gives 

<<=(�(�, �)) = �� − 3� + 2(� − 1)�= + 2� − 2�=(� − 1)= + 1��= 

 
6. Harmonic Index C�(�, �) = (� − 1)(� − 2)���F� + 2(� − 1)���F + ��� 

2�9 C�(�, �) = (� − 2)���F� + 4(� − 1)���F
2� − 1 + ���

�  

Thus B(�(�, �)) = 2�9 C�(�, �) jT � = 1 gives 

B(�(�, �)) = 2�' − �� − 12�� − �  

 
7. Symmetric Division Index 

>89�:?�(�, �) = (� − 1)(� − 2)��F��F + 2(� − 1)���F��
� + ���� 

>�98:?�(�, �) = (� − 1)(� − 2)��F��F + 2���F�� + ���� >89�: + �98:?�(�, �)
= 2(� − 1)(� − 2)��F��F + 2 k(� − 1)�

� + �l ��F��
+ 2���� 

Thus ��8(�(�, �)) = >89�: + �98:?�(�, �) jT � = � = 1 gives 

��8(�(�, �)) = 2� (�' − �� + � − 1) 

 
8. Augmented Zagreb Index 8:'>�(�, �)? = (� − 1)(� − 2)(� − 1)'��F��F + 2(� − 1)�'��F��

+ �'���� 89'8:'>�(�, �)? = (� − 1)d(� − 2)��F��F + 2(� − 1)[�'��F�� + �m���� C89'8:'>�(�, �)? = (� − 1)d(� − 2)���F� + 2(� − 1)[�'���F + �m��� EF�C89'8:'>�(�, �)? = (� − 1)d(� − 2)���F[ + 2(� − 1)[�'���F' + �m���F� >�9'EF�C89'8:'?�(�, �)
= (� − 1)d(� − 2)���F[

(2� − 4)' + 2(� − 1)[�'���F'
(2� − 3)' + �m���F�

(2� − 2)' 

Thus D(�(�, �)) = >�9'EF�C89'8:'?�(�, �) jT � = 1 gives 

D(�(�, �)) = (� − 1)d(� − 2)(2� − 4)' + 2�'(� − 1)[
(2� − 3)' + �m

(2� − 2)' 

9. Inverse Sum Index >898:?�(�, �) = (� − 1)'(� − 2)��F��F + 2�(� − 1)���F�� + ������ 
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>C898:?���, �) = (� − 1)'(� − 2)���F� + 2�(� − 1)����F + ����� 

>�9C898:?�(�, �) = (� − 1)'(� − 2) ���F�
2� − 2 + 2�(� − 1)� ���F

2� − 1 + �� ���
2�  

Thus G(�(�, �)) = >�9C898:?�(�, �) jT � = 1 gives 

G(�(�, �)) = (� − 1)'(� − 2)2� − 2 + 2�(� − 1)�
2� − 1 + ��

2� 

 
10. Atom-bond Connectivity Index 

@�: �J A �(�, �) = (� − 1)(� − 2)√� − 1 ��F��F + 2(� − 1)√� ��F�� + ����
√�  

@�9 �J �: �J A �(�, �) = (� − 1)��F��F + 2(� − 1)L�(� − 1) ��F�� + ����
�  

@C�9 �J �: �J A �(�, �) = (� − 1)���F� + 2(� − 1)L�(� − 1) ���F + ���
�  

@EF�C�9 �J �: �J A �(�, �) = (� − 1)���F[ + 2(� − 1)L�(� − 1) ���F' + ���F�
�  

@89 �J EF�C�9 �J �: �J A �(�, �)
= (� − 1)√2� − 4���F[ + 2(� − 1)L�(� − 1) √2� − 3  ���F'

+ √2� − 2� ���F� 

Thus D�H(�(�, �)) = @89 �J EF�C�9 �J �: �J A �(�, �) jT � = 1 gives 

D�H(�(�, �)) = (� − 2)√2� − 4 + 2(� − 1)L�(� − 1) √2� − 3 + √2� − 2�  

11. Geometric Arithmetic Index 

@8: �J A �(�, �) = (� − 1)(� − 2)L(� − 1)��F��F + 2√�(� − 1)��F��
+ ������ 

@89 �J 8: �J A �(�, �)
= (� − 1)�(� − 2)��F��F + 2(� − 1)L�(� − 1)��F��+ ����� 

@C89 �J 8: �J A �(�, �)
= (� − 1)�(� − 2)���F� + 2(� − 1)L�(� − 1)���F + ���� 

@2�9C89 �J 8: �J A �(�, �)
= 2(� − 1)�(� − 2) ���F�

2(� − 1) + 4(� − 1)L�(� − 1) ���F
2� − 1+ ��� 
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Thus �D����, �)) = @2�9C89 �J 8: �J A �(�, �) jT � = 1 gives 

�D(�(�, �)) = 2�' − 7�� + 9� − 3 + (4� − 4)L�(� − 1)2� − 1  

 
12. First K-Banahatti Index (289EF�C)�(�, �)= 2(� − 1)(� − 2)(2� − 4)���F[ + 4(� − 1)(2� − 3)���F'+ 2(2� − 2)���F� >89 + 8:?�(�, �)= 2(� − 1)�(� − 2)��F��F+ 2(� − 1)(2� − 1)(� − 1)�(� − 2)��F��+ 2�(� − 1)�(� − 2)���� 

Thus �(�(�, �)) = >89 + 8: + 289EF�C?�(�, �) jT � = � = 1 gives �(�(�, �)) = 6�' − 16�� + 22� − 10 
 

13. Second K-Banahatti Index 
 >EF�C(89 + 8:)?�(�, �)= 2(� − 1)�(� − 2)���F[ + 2(� − 1)(2� − 1)���F'+ 2����F� >89EF�C(89 + 8:)?�(�, �)= 2(� − 1)�(� − 2)(2� − 4)���F[+ 2(� − 1)(2� − 1)(2� − 3)���F' + 2�(2� − 2)���F� 
Thus ��(�(�, �)) = >89EF�C(89 + 8:)?�(�, �) jT � = 1 gives ��(�(�, �)) = 4�[ − 16�' + 32�� − 30� + 10 
 

14. First K-hyper Banahatti Index >89� + 8:�?�(�, �)= 2(� − 1)'(� − 2)��F��F + 2(� − 1)[��+ (� − 1)�]��F�� + 2������ >289�EF�C?�(�, �)= 2(� − 1)(� − 2)(2� − 4)����F[ + 4(� − 1)(2� − 3)����F'+ 2(2� − 2)����F� >289EF�C(89 + 8:)?�(�, �)= 4(� − 1)�(� − 2)(2� − 4)���F[+ 4(� − 1)(2� − 1)(2� − 3)���F' + 4�(2� − 2)���F� 

Thus B�(�(�, �)) = N89� + 8:� + 289�EF�C + 289EF�C>89 +
8:?O �(�, �) jT � = 1 gives B�(�(�, �)) = 18�[ − 78�' + 164�� − 160� + 58 
 

15. Second K-hyper Banahatti Index 
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>89� " 8:�?���, �)= 2(� − 1)'(� − 2)��F��F + 2(� − 1)[��+ (� − 1)�]��F�� + 2������ NC>89� + 8:�?O �(�, �)= 2(� − 1)'(� − 2)���F� + 2(� − 1)[�� + (� − 1)�]���F+ 2����� NEF�C>89� + 8:�?O �(�, �)= 2(� − 1)'(� − 2)���F[ + 2(� − 1)[�� + (� − 1)�]���F'+ 2�����F� N89�EF�C>89� + 8:�?O �(�, �)= 2(� − 1)'(� − 2)(2� − 4)����F[+ 2(� − 1)[�� + (� − 1)�](2� − 3)����F'+ 2��(2� − 2)����F� 

Thus B��(�(�, �)) = N89�EF�C>89� + 8:�?O �(�, �) jT � = 1 gives B��(�(�, �)) = 2(� − 1)'(� − 2)(2� − 4)� + 2(�− 1)(2�� − 2� + 1)(2� − 3)� + 2��(2� − 2)� 
 

16. Modified First K-hyper Banahatti Index >EF�C(P9 + P:)?�(�, �)= 2(� − 1)(� − 2)�'�Fi + 2(� − 1)�'�F[ + 2(� − 1)�'�F'+ 2�'�F� >�9EF�C(P9 + P:)?�(�, �)
= 2(� − 1)(� − 2)3� − 5 �'�Fi + 2(� − 1)3� − 4 �'�F[ + 2(� − 1)3� − 3 �'�F'
+ 23� − 2 �'�F� 

Thus +�(�(�, �)) = >�9EF�C(P9 + P:)?�(�, �) jT � = 1 gives 

+�(�(�, �)) = 2(� − 1)(� − 2)3� − 5 + 2(� − 1)3� − 4 + 2(� − 1)3� − 3 + 23� − 2 

17. Modified Second K-hyper Banahatti Index 

>EF�C(�9 + �:)?�(�, �) = 2(� − 2)���F[ + 2 @2� − 1� A ���F' + 2� ���F� 

>�9EF�C(�9 + �:)?�(�, �)
= 2(� − 2)2� − 4 ���F[ + 2 N��F� O2� − 3 ���F' + 2�(2� − 2) ���F� 

Thus +��(�(�, �)) = >�9EF�C(�9 + �:)?�(�, �) jT � = 1 gives 

+��(�(�, �)) = �(2� − 3)(2� − 2) + 2(2� − 1)(2� − 2) + 2(2� − 3)�(2� − 3)(2� − 2)  

18. Harmonic K-Banahatti Index 
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>EF�C�P9 " P:�?���, �)
= 2(� − 1)(� − 2)3� − 5 �'�Fi + 2(� − 1)3� − 4 �'�F[ + 2(� − 1)3� − 3 �'�F'
+ 23� − 2 �'�F� 

>2�9EF�C(P9 + P:)?�(�, �)
= 4(� − 1)(� − 2)3� − 5 �'�Fi + 4(� − 1)3� − 4 �'�F[ + 4(� − 1)3� − 3 �'�F'
+ 43� − 2 �'�F� 

ThusBQ(�(�, �)) = >2�9EF�C(P9 + P:)?�(�, �) jT � = 1 gives 
 

BQ(�(�, �)) = 4(� − 1)(� − 2)3� − 5 + 4(� − 1)3� − 4 + 4(� − 1)3� − 3 + 43� − 2 

 
Theorem 2.3. If �� is the pan graph, then �(�, �) = (� − 2)���� + 2���' + ��' 
Proof: By definition of pan graph and by computation, we find that�� has (� + 1) vertices 
and(� + 1) edges. Based on the degrees of end vertices, the edge set of �� can be tabulated 
in Table 4. 
 

Table 4: Details of the degrees of vertices and number of edges in Pr (� , �!) (2,2) (2,3) (3,1) 
Total number of edges (� − 2) 2 1 

 
The M-polynomial of �� is given as  ((��: �, �) = �(�, �) = 6 +�,(�) ���,

-.�.,.∆
 

�(�, �) = (� − 2)���� + 2���' + ��' 
 

 
 

Figure 2: The pan graph �� for n = 7 
 
Theorem 2.4. Topological indices of pan graph �� are given by the following. 

1. ((��) = 4� + 6 
2. (�(��) = 4� + 7 
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3. +;%���� � '�&�
�  

4. <=���� � 2�=(� − 2) + 2=&3= + 3= 
5. <<=(��) = �F��%_ + �'_�_ + '_ 

6. B(��) = i�&'U  

7. ��8(��) = m�&'  

8. D(��) = d�s�&d�e�m  

9. G(��) = �U�&�'�U  

10. D�H(��) = √'(�F�)&√m&�√m  

11. �D(��) = U�F�U&s√m&i√'U  

12. �(��) = 8� + 14 
13. ��(��) = 8� + 22 
14. B�(��) = 32� + 92 
15. B��(��) = 32� + 210 
16. +�(��) = i�&s'U  

17. +��(��) = s�&s'm  

18. BQ(��) = i�&si  
Proof: 

1. First Zagreb Index 89�(�, �) = 2(� − 2)���� + 4���' + ��' 8:�(�, �) = 2(� − 2)���� + 6���' + 3��' 
Thus ((��) = >89 + 8:?�(�, �) jT � = 1 j�� � = 1 gives ((��) = 4� + 6 

2. Second Zagreb Index 8:�(�, �) = 2(� − 2)���� + 6���' + 3��' >89 . 8:?�(�, �) = 4(� − 2)���� + 12���' + 3��' 
Thus (�(��) = >89 . 8:?�(�, �) jT � = 1 j�� � = 1 gives (�(��) = 4� + 7 

3. Modified Second Zagreb Index �:>�(�, �)? = (�F�)� ���� + �9%:^
'  +

9:^
'  

>�9 .  �:?�(�, �) = (�F�)[ ���� + 9%:^
'  + 

9:^
'  

Thus +;%(��) = >�9 . �:?�(�, �) jT � = 1 j�� � = 1 gives 

+;%(��) = 3� + 212  

4. General Randic Index 8:=>�(�, �)? = 2=(� − 2)���� + 2. 3=���' + 3=��' >89=  .  8:=?�(�, �) = 2�=(� − 2)���� + 2=&. 3=���' + 3=��' 
Thus <=(��) = >89= .  8:=?�(�, �) jT � = 1 j�� � = 1 gives 
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<=���� � 2�=(� − 2) + 2=&. 3= + 3= 
5. Inverse Randic Index 

�:=>�(�, �)? = (� − 2)2= ���� + 2���'
3= + ��'

3=  

>�9= .  �:=?�(�, �) = (� − 2)2�= ���� + 2���'
2=3= + ��'

3=  

Thus <<=(��) = >�9= .  �:=?�(�, �) jT � = 1 j�� � = 1 gives 

<<=(��) = (� − 2)2�= + 22=3= + 13= 

6. Harmonic Index C�(�, �) = (� − 2)�[ + 2�i + �i 

2�9 C�(�, �) = k(� − 2)2 + 12l �[ + 45 �i 

Thus B(��) = 2�9 C�(�, �) jT � = 1 gives 

B(��) = 5� + 310  

7. Symmetric Division Index 

>89�:?�(�, �) = (� − 2)���� + 4���'
3 + ��'

3  

>�98:?�(�, �) = (� − 2)���� + 3���' + 3��' 

>89�: + �98:?�(�, �) = 2(� − 2)���� + 103 ��' + t43 + 3u ���' 

Thus ��8(��) = >89�: + �98:?�(�, �) jT � = � = 1 gives 

��8(��) = 6� + 113  

8. Augmented Zagreb Index 
 8:'>�(�, �)? = 8(� − 2)���� + 54���' + 27��' 89'8:'>�(�, �)? = 64(� − 2)���� + 432���' + 27��' C89'8:'>�(�, �)? = 64(� − 2)�[ + 432�i + 27�[ EF�C89'8:'>�(�, �)? = 64(� − 2)�� + 432�' + 27�� 

>�9'EF�C89'8:'?�(�, �) = 8(� − 2)�� + 43227 �' + 278 �� 

Thus D(��) = >�9'EF�C89'8:'?�(�, �) jT � = 1 gives 

D(��) = 1728� + 729216  

9. Inverse Sum Index >898:?�(�, �) = 4(� − 2)���� + 12���' + 3��' >C898:?�(�, �) = 4(� − 2)�[ + 12�i + 3�[ 

>�9C898:?�(�, �) = (� − 2)�[ + 125 �i + 34 �[ 

Thus G(��) = >�9C898:?�(�, �) jT � = 1 gives 
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G���� � 20� + 2320  

 
10. Atom-bond Connectivity Index 

@�: �J A �(�, �) = (�F�)9%:%
√�  + 

�9%:^
√' + 9:^

√'  

@�9 �J �: �J A �(�, �) = (�F�)9%:%
�  + 

�9%:^
√m + 9:^

√'  

@C�9 �J �: �J A �(�, �) = (�F�)9a
�  + 

�9v
√m + 9a

√' 

@EF�C�9 �J �: �J A �(�, �) = (�F�)9%
�  + 

�9^
√m + 9%

√' 

@89 �J EF�C�9 �J �: �J A �(�, �) = (�F�)9%
√�  +√2�' + √�√' �� 

Thus D�H(��) = @89 �J EF�C�9 �J �: �J A �(�, �) jT � = 1 gives 

D�H(��) = √3(� − 2) + √6 + 2√6  

 
11. Geometric Arithmetic Index 

@8: �J A �(�, �) = √2(� − 2)���� + 2√3���' + √3��' 

@89 �J 8: �J A �(�, �) = 2(� − 2)���� + 2' �J √3���' + √3��' 

@C89 �J 8: �J A �(�, �) = 2(� − 2)�[ + 2' �J √3�i + √3�[ 

@2�9C89 �J 8: �J A �(�, �) = (� − 2)�[ + 2i �J √3�i
5 + √32 �[ 

Thus �D(��) = @2�9C89 �J 8: �J A �(�, �) jT � = 1 gives 

�D(��) = 10� − 20 + 8√6 + 5√310  

12. First K-Banahatti Index (289EF�C)�(�, �) = 4(� − 2)�� + 12�' + 4�� >89 + 8:?�(�, �) = 4(� − 2)���� + 10���' + 4��' 
Thus �(��) = >89 + 8: + 289EF�C?�(�, �) jT � = � = 1 gives �(��) = 8� + 14 

 
 

13. Second K-Banahatti Index >EF�C(89 + 8:)?�(�, �) = 4(� − 2)�� + 10�' + 4�� N89EF�C>89 + 8:?O �(�, �) = 8(� − 2)�� + 30�' + 8�� 

Thus ��(��) = >89EF�C(89 + 8:)?�(�, �) jT � = 1 gives ��(��) = 8� + 22 
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14. First K-hyper Banahatti Index 
>89� " 8:�?���, �) = 8(� − 2)���� + 26���' + 10��' >289�EF�C?�(�, �) = 8(� − 2)�� + 36�' + 8�� N289EF�C>89 + 8:?O �(�, �) = 16(� − 2)�� + 60�' + 16�� 

Thus B�(��) = N89� + 8:� + 289�EF�C + 289EF�C>89 + 8:?O �(�, �) jT � =1 gives B�(��) = 32� + 92 
 

15. Second K-hyper Banahatti Index >89� + 8:�?�(�, �) = 8(� − 2)���� + 26���' + 10��' NC>89� + 8:�?O �(�, �) = 8(� − 2)�[ + 26�i + 10�[ 

NEF�C>89� + 8:�?O �(�, �) = 8(� − 2)�� + 26�' + 10�� 

N89�EF�C>89� + 8:�?O �(�, �) = 32(� − 2)�� + 234�' + 40�� 

Thus B��(��) = N89�EF�C>89� + 8:�?O �(�, �) jT � = 1 gives B��(��) = 32� + 210 
 

16. Modified First K-hyper Banahatti Index NEF�C>P9 + P:?O �(�, �) = 2(� − 2)�[ + 3�i + 2�m + �' 

N�9EF�C>P9 + P:?O �(�, �) = (�F�)9a
�  + 

'9v
i + 9b

' + 9^
'  

Thus +�(��) = >�9EF�C(P9 + P:)?�(�, �) jT � = 1 gives 

+�(��) = 15� + 830  

17. Modified Second K-hyper Banahatti Index NEF�C>�9 + �:?O �(�, �) = (� − 2)��+ 
i9^

' + [9%
'  

N�9EF�C>�9 + �:?O �(�, �) = (�F�)9%
�  + 

i9^
e + 9%

� + 9%
m  

Thus +��(��) = >�9EF�C(�9 + �:)?�(�, �) jT � = 1 gives 

+��(��) = 18� + 836  

18. Harmonic K-Banahatti Index NEF�C>P9 + P:?O �(�, �) = (�F�)9a
�  + 

'9v
i + 9b

' + 9^
'  

N2�9EF�C>P9 + P:?O �(�, �) = (� − 2)�[+ 
m9v

i + �9b
' + �9^

'  

ThusBQ(��) = >2�9EF�C(P9 + P:)?�(�, �) jT � = 1 gives 

BQ(��) = 15� + 815  

 
Theorem 2.5. If �(�) is the sun graph, then 
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���, �) = 2� ����& + K�� − �2 M ��&��& 

Proof: By definition of sun graph and by computation, we find that�(�) has 2� vertices 
and �%&'��  edges. Based on the degrees of end vertices, the edge set of �(�)can be tabulated in 

Table 5. 
 

Table 5: Details of the degrees of vertices and number of edges in S(n) (� , �!) (2, � + 1) (� + 1, � + 1) 
Total number of edges 2� �� − �2  

The M-polynomial of �(�) is given as  ((�(�): �, �) = �(�, �) = 6 +�,(�) ���,
-.�.,.∆

 

�(�, �) = 2� ����& + K�� − �2 M ��&��& 

 
 
 
 
 
 
 

 
 
 

Figure 3: The �-sun graph �(�) 
 

Theorem 2.6. Topological indices of sun graph �(�)are given by the following. 
1. ((�(�)) = �' + 2�� + 5� 

2. (�(�(�)) = �a&�^&d�%&d��  

3. +;%(�(�)) = '�%&��(�&)% 

4. <=(�(�)) = 2=& �(� + 1)= + N�%F�� O (� + 1)�= 

5. <<=(�(�)) = �xy_ �(�&)_ + N�%F�� O (�&)%_ 

6. B(�(�)) = [��&' + N�%F�� O �& 

7. ��8(�(�)) = ��>�%&�&�?�&  

8. D(�(�)) = 16� + (�%F�)(�&)b
m�^  
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9. G������ � �a&'�^&i�%&'�
[��&'�  

10. D�H������ � ��
√� " �2�) �J N�%F�� O �& 

11. �D(�(�)) = [�√�√�&�&' + N�%F�� O 

12. �(�(�)) = 3�' + 4�� + 9� 
13. ��(�(�)) = 2�[ + 2�' + 6�� + 6� 
14. B�(�(�)) = 9�[ + 7�' + 23�� + 25� 
15. B��(�(�)) = (� + 1)�(4�[ − 2�' + 4�� + 10�) 

16. +�(�(�)) = ����&� + �%F�'�& + ���&' 

17. +��(�(�)) = �(�&')(�&)% + �%F���(�&) 
18. BQ(�(�)) = [���&� + �(�%F�)'�& + [��&' 

Proof: 
1. First Zagreb Index 

89�(�, �) = 4�����& + (� + 1) K�� − �2 M ��&��& 

8:�(�, �) = 2�(� + 1)����& + (� + 1) K�� − �2 M ��&��& 

Thus ((�(�)) = >89 + 8:?�(�, �) jT � = 1 j�� � = 1 gives ((�(�)) = �' + 2�� + 5� 
 

2. Second Zagreb Index 

8:�(�, �) = 2�(� + 1)����& + (� + 1) K�� − �2 M ��&��& 

>89 . 8:?�(�, �) = 4�(� + 1)����& + (� + 1)� K�� − �2 M ��&��& 

Thus (�(�(�)) = >89 . 8:?�(�, �) jT � = 1 j�� � = 1 gives 

(�(�(�)) = �[ + �' + 7�� + 7�2  

3. Modified Second Zagreb Index 

�:>�(�, �)? = 2�����&
(� + 1) + K �� − �2(� + 1)M ��&��& 

>�9 .  �:?�(�, �) = �����&
(� + 1) + K �� − �2(� + 1)�M ��&��& 

Thus +;%(�(�)) = >�9 . �:?�(�, �) jT � = 1 j�� � = 1 gives 

+;%(�(�)) = 3�� + �2(� + 1)� 

 
4. General Randic Index 
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8:=>���, �)? = 2�(� + 1)=����& + (� + 1)= K�� − �2 M ��&��& 

>89=  .  8:=?�(�, �) = 2�2=(� + 1)=����& + (� + 1)�= K�� − �2 M ��&��& 

Thus <=(�(�)) = >89= .  8:=?�(�, �) jT � = 1 j�� � = 1 gives 

<=(�(�)) = 2=& �(� + 1)= + (� + 1)�= K�� − �2 M 

5. Inverse Randic Index 

�:=>�(�, �)? = 2�����&
(� + 1)= + K�� − �2 M ��&��&

(� + 1)=  

>�9= .  �:=?�(�, �) = 2�����&
2=(� + 1)= + K�� − �2 M ��&��&

(� + 1)�= 

Thus <<=(�(�)) = >�9= .  �:=?�(�, �) jT � = 1 j�� � = 1 gives 

<<=(�(�)) = 2F= �(� + 1)= + K�� − �2 M 1(� + 1)�= 

6. Harmonic Index 

C�(�, �) = 2���&' + K�� − �2 M ���&� 

2�9 C�(�, �) = 4���&'
� + 3 + K�� − �2 M ���&�

� + 1 

Thus B(�(�)) = 2�9 C�(�, �) jT � = 1 gives 

B(�(�)) = 4�� + 3 + K�� − �2 M 1� + 1 

7. Symmetric Division Index 

>89�:?�(�, �) = 4�����&
� + 1 + K�� − �2 M ��&��& 

>�98:?�(�, �) = �(� + 1)����& + K�� − �2 M ��&��& 

>89�: + �98:?�(�, �) = � z(� + 1) + 4(� + 1){ ����& + (�� − �)��&��& 

Thus ��8(�(�)) = >89�: + �98:?�(�, �) jT � = � = 1 gives 

��8(�(�)) = 2�(�� + � + 2)� + 1  

 
8. Augmented Zagreb Index 

8:'>�(�, �)? = 2�(� + 1)'����& + K�� − �2 M (� + 1)'��&��& 

89'8:'>�(�, �)? = 16�(� + 1)'����& + K�� − �2 M (� + 1)m��&��& 
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C89'8:'>���, �)? = 16�(� + 1)'��&' + K�� − �2 M (� + 1)m���&� 

EF�C89'8:'>�(�, �)? = 16�(� + 1)'��& + K�� − �2 M (� + 1)m��� 

>�9'EF�C89'8:'?�(�, �) = 16���& + K�� − �2 M K(� + 1)m
(2�)' M ��� 

Thus D(�(�)) = >�9'EF�C89'8:'?�(�, �) jT � = 1 gives 

D(�(�)) = 16� + (�� − �)(� + 1)m
16�'  

9. Inverse Sum Index 

>898:?�(�, �) = 4�(� + 1)����& + K�� − �2 M (� + 1)���&��& 

>C898:?�(�, �) = 4�(� + 1)��&' + K�� − �2 M (� + 1)����&� 

>�9C898:?�(�, �) = 4�(� + 1)(� + 3) ��&' + K�� − �2 M (� + 1)�
(2� + 2) ���&� 

Thus G(�(�)) = >�9C898:?�(�, �) jT � = 1 gives 

G(�(�)) = �[ + 3�' + 15�� + 13�4(� + 3)  

 
10. Atom-bond Connectivity Index 

@�: �J A �(�, �) = 2�����&
√� + 1 + K�� − �2 M ��&��&

√� + 1  

@�9 �J �: �J A �(�, �) = 2�����&
L2(� + 1) + K�� − �2 M ��&��&

(� + 1)  

@C�9 �J �: �J A �(�, �) = 2���&'
L2(� + 1) + K�� − �2 M ���&�

(� + 1) 

@EF�C�9 �J �: �J A �(�, �) = 2���&
L2(� + 1) + K�� − �2 M ���

(� + 1) 

@89 �J EF�C�9 �J �: �J A �(�, �) = 2���&
√2 + √2� K�� − �2 M ���

(� + 1) 

Thus D�H(�(�)) = @89 �J EF�C�9 �J �: �J A �(�, �) jT � = 1 gives 

D�H(�(�)) = 2�√2 + (2�) �J K�� − �2 M 1� + 1 

11. Geometric Arithmetic Index 

@8: �J A �(�, �) = 2�L(� + 1)����& + K�� − �2 M L(� + 1) ��&��& 

@89 �J 8: �J A �(�, �) = 2�L2(� + 1)����& + K�� − �2 M (� + 1) ��&��& 
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@C89
 �J 8:

 �J A ���, �) = 2�L2(� + 1)��&' + K�� − �2 M (� + 1) ���&� 

@2�9C89 �J 8: �J A �(�, �) = 4�L2(� + 1)��&'
(� + 3) + K�� − �2 M  ���&� 

Thus �D(�(�)) = @2�9C89 �J 8: �J A �(�, �) jT � = 1 gives 

�D(�(�)) = 4�√2√� + 1� + 3 + K�� − �2 M 

12. First K-Banahatti Index (289EF�C)�(�, �) = 4�(� + 1)��& + 2�(�� − �)��� >89 + 8:?�(�, �) = 2�(� + 3)����& + (� + 1)(�� − �)��&��& 
Thus �(�(�)) = >89 + 8: + 289EF�C?�(�, �) jT � = � = 1 gives �(�(�)) = 3�' + 4�� + 9� 

13. Second K-Banahatti Index 
 >EF�C(89 + 8:)?�(�, �) = 2�(� + 3)��& + (� + 1)(�� − �)��� N89EF�C>89 + 8:?O �(�, �)= 2�(� + 1)(� + 3)��& + 2�(� + 1)(�� − �)��� 
Thus ��(�(�)) = >89EF�C(89 + 8:)?�(�, �) jT � = 1 gives ��(�(�)) = 2�[ + 2�' + 6�� + 6� 
 

14. First K-hyper Banahatti Index 
 >89� + 8:�?�(�, �) = 2�((� + 1)� + 4)����& + (� + 1)�(�� − �)��&��& >289�EF�C?�(�, �) = 4�(� + 1)���& + (2�)�(�� − �)��� N289EF�C>89 + 8:?O �(�, �)= 4�(� + 1)(� + 3)��& + 4�(� + 1)(�� − �)��� 

Thus B�(�(�)) = N89� + 8:� + 289�EF�C + 289EF�C>89 +
8:?O �(�, �) jT � = 1 gives B�(�(�)) = 9�[ + 7�' + 23�� + 25� 
 

15. Second K-hyper Banahatti Index >89� + 8:�?�(�, �) = 2�(�� + 2� + 5)����& + (� + 1)�(�� − �)��&��& NC>89� + 8:�?O �(�, �) = 2�(�� + 2� + 5)��&' + (� + 1)�(�� − �)���&� 

NEF�C>89� + 8:�?O �(�, �) = 2�(�� + 2� + 5)��& + (� + 1)�(�� − �)��� 

N89�EF�C>89� + 8:�?O �(�, �)= 2�(� + 1)�(�� + 2� + 5)��& + (� + 1)�(2�)�(��− �)��� 
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Thus B�������� � N89�EF�C>89� " 8:�?O ���, �) jT � = 1 gives B��(�(�)) = (� + 1)�(4�[ − 2�' + 4�� + 10�) 
 
 

16. Modified First K-hyper Banahatti Index NEF�C>P9 + P:?O �(�, �) = 2����&� + (�� − �)�'�& + 2���&' 

N�9EF�C>P9 + P:?O �(�, �) = 2����&�
2� + 2 + (�� − �)�'�&

3� + 1 + 2���&'
� + 3  

Thus +�(�(�)) = >�9EF�C(P9 + P:)?�(�, �) jT � = 1 gives 

+�(�(�)) = 2�2� + 2 + �� − �3� + 1 + 2�� + 3 

17. Modified Second K-hyper Banahatti Index 

NEF�C>�9 + �:?O �(�, �) = �(� + 3)��&
� + 1 + (�� − �)���

� + 1  

N�9EF�C>�9 + �:?O �(�, �) = �(� + 3)��&
(� + 1)� + (�� − �)���

(� + 1)(2�) 

Thus +��(�(�)) = >�9EF�C(�9 + �:)?�(�, �) jT � = 1 gives 

+��(�(�)) = �(� + 3)(� + 1)� + �� − �2�(� + 1) 

 
18. Harmonic K-Banahatti Index NEF�C>P9 + P:?O �(�, �) = 2����&� + (�� − �)�'�& + 2���&' 

N2�9EF�C>P9 + P:?O �(�, �) = 4����&�
2� + 2 + 2(�� − �)�'�&

3� + 1 + 4���&'
� + 3  

ThusBQ(�(�)) = >2�9EF�C(P9 + P:)?�(�, �) jT � = 1 gives 

BQ(�(�)) = 4�2� + 2 + 2(�� − �)3� + 1 + 4�� + 3 

 
3. Conclusion  
In this paper, we have obtained M-polynomial of 18 different topological indices of Barbell 
graph, Pan Graph and Sun graph. We can find M-polynomial on different graphs like honey 
comb graph and its derived graphs etc. 
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