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Abgtract. In 1977, Nicholson initially proposed the idea d¢tkean ring," where the ring R
is called a clean ring if for eachexR there exist € Id (R) and ue U (R) such that x = e

+ u. This paper proposes the idea of a feebly arcking, where a ring R is said to be
feebly p-clean if each member r can be expressed ast f — e, where p is a pure element
and f and e are orthogonal idempotents. In thiepahpe transfer of the notion of feebly
p-clean rings to the amalgamation of rings alongdaal is studied. In particular, the
necessary and sufficient conditions for amalgamatm be a feebly p-clean ring are
studied.
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1. Introduction

As defined by Nicholson [10], an element r in agrR is clean if it can be written as r =
u+e, where € U(R), the group of units of R, andeeld(R), the set of idempotents of R.
Aring R is clean if every element is clean. Ararad Kundu [3] introduced the concept of
a feebly clean ring. An element r of a ring witlenmdity is called feebly clean if r = ute

e, where ke U(R), e,& € Id(R), and ¢& are orthogonal, thatis; & =e e =0. Aring

R is called a feebly clean ring if every elemenRof feebly clean. They also studied S-
feebly clean rings. For a non-emptye3d(R), R is a S-feebly clean ring if eac R can
be written as r = u +;e- &, where u is a unit and,e> are orthogonal idempotents from
S. An element p in aring R is called a pure eldanifdahere exists g in R such that p = pq
[8], and the set of pure elements in R is writteiF) = {p € R: p = pq, for some g R}.

In [9], Mohammed et al. detailed the concept ofdgan ring: an elementeR is called
p-clean if there existse Id(R) and ps Pu(R) such thatc =e + p. Thering R is callgd a
clean ring if each element in R expresses itselfi@asum of an idempotent element and a
pure element.

Let R and S be two rings with unity; let J be agaildof S; and legg: R - S be a ring
homomorphism. In [2], Anna et al. introduced anadstd the new ring structure of the
following subring of R x S: Ba2J:={(r, f(r) +]) | re R, j € J} called the amalgamation of
R with S along J with respect # This new ring structure construction is a geriea#ibn
of the amalgamated duplication of a ring alongd®al. Aruldoss et al. [4], Aruldoss and
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Selvaraj [5, 6], Selvaganesh and Selvaraj [13], "Wijdyanand and Selvaraj [14, 15]
studied some ring properties and modules charaetesiia amalgamation construction.

The notion of a regular element was first introdlibg von Neumann [16], where an
element re R is called a regular if there existse ® such thatr =rsr. Aring R is called a
regular ring if each element in R is regular. Waeda et al. [17] also studied regular rings
and their properties. Ashrafi and Nasibi [7] intuodd the concept of the r-clean ring,
where the ring R is called r-clean ring if for eaehR there exists € Id(R) and re Reg(R)
such that a = e + r. Anderson and Badawi [1] stlithe idea of a von Neumann local ring,
where a ring R is called a von Neumann local rinfpi each re R we have either €
Reg(R) or 1- € Reg(R). Saravanan [11, 12] studied feebly r-ciéags, feebly r-clean
ideals, and their properties. An element x in g fis called feebly r-clean if there exists
a regular elementa Reg(R) and orthogonal idempotents €,lf(R) such thatx =r + e -
f. Aring R is called a feebly r-clean ring if eyeglement of R is feebly r-clean.

This paper proposes the idea of a feebly p-cleag and studies the transfer of the
notion of feebly p-clean rings to the amalgamatibmings along an ideal. In particular,
the necessary and sufficient conditions for amalgaon to be a feebly p-clean ring are
studied. U(R), Id(R), Nilp(R), and Pu(R) denote tet of unit elements, the set of
idempotents, the set of nilpotent elements, and sise of all pure elements of R,
respectively.

The paper is organized as follows: In Section &,dbncept of a feebly p-clean ring
is introduced and many properties of feebly p-cleags are studied. In Section 3, the
transfer of the notion of feebly p-clean ringstie amalgamation of rings along an ideal is
studied. In particular, the necessary and sufficeamditions for amalgamation to be a
feebly p-clean ring are studied. Section 4 contedrglusions.

2. Feebly p-clean ring
In this section, the concept of a feebly p-cleag iis introduced and many properties of
feebly p-clean rings are studied.

Definition 2.1. An element i€ R is called feebly p-clean ifr = p + f — e, where Pu(R),
f, ee Id(R), and f, e are orthogonal, that is, fe = €f.=

Definition 2.2. Let R be aring. Then R is called a feebly p-cleag if each element of R
is feebly p-clean.

Example 2.3.The matrix ring M(Zs) is a feebly p-clean ring.

a b 10
Proof: For any elemer{ d} € M2(Z3), there is an elemerﬁto J € M2(Zs) such that
Cc

ab a bjj1 O )
= . Then all the elements inX&s) are pure elements. Clearly,
c d c dj|0 1
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10 00 _ . la b
and 0 1 are orthogonal idempotents in{ds). Now one can writ q €

0 O C
a b a-1 b 1 0 00

Mz(Zs) as = + - .
L d} [ c d+1} {O O} {0 J

a b

Therefore, each element %f d}e M2(Z5) is feebly p-clean. Hence, XZs) is a feebly
¢

p-clean ring.

Definition 2.4. Let R be a ring and a non-empty set 8I(R). Then R is called a S-feebly
p-clean ring if each element r of R can be writiem = p + f — e, where p is a pure element
and f and e are orthogonal idempotents from S.

Proposition 2.5.Every feebly clean ring is a feebly p-clean ring.

Proof: Let R be a feebly clean ring, and R. Thenr=u + f — e, whereauwU(R) and f, e

€ Id(R), with fe = ef = 0. To prove that r is feelgyclean, it remains only to prove that u
is a pure element. SinceslJ(R), then u = u.1, and so u is a pure elemenisTiis feebly
p-clean. Therefore, R is a feebly p-clean ring.

The converse of the above proposition is not true.

Example 2.6.The matrix ring M(Zs) is a feebly p-clean ring but not a feebly cleguy r
because not each element in(E4) is a unit.

We can choose Id(R) = {0,1} to show the conversthefprevious proposition.

Theorem 2.7.Let R be a ring and Id(R) = {0,1}. Then R is a fgep-clean ring if and
only if it is a feebly clean ring.

Proof. By Proposition 2.5, every feebly clean ring is abfig p-clean ring. Conversely,
suppose that R is a feebly p-clean ring. LetR. Since r is a feebly p-clean, there exist p
€ Pu(R), f, ee Id(R), and f, e are orthogonal such that r = p~tef Since EPu (R), then
there is a non-zero elemenedr such that p = pd. Consider d = gp, then p = plgv,
(PaY = (pq) (pa) = (pap) g = pg, which implies thatgdd (R), and hence, by hypothesis,
either pg=0or pg = 1. If pq = 0, then p = 0 &r §, which is a contradiction, thus pq = 1.
On the other hand, (oP¥ (gp) (ap) = q(pap) = gp, which implies that gdd (R), and
hence by hypothesis either gp = 0 or qp = 1. =@, then p = 0 or q = 0, which is a
contradiction, thus gp = 1. This implies thaegdJ(R). Then r is the sum of a unit and
orthogonal idempotent elements, and hence r iglalyffeclean element. Therefore, R is a
feebly clean ring.

Proposition 2.8.Every feebly r-clean ring is a feebly p-clean ring.

Proof: Let R be a feebly r-clean ring, and le€ R. Then x =r + e — f, whererReg (R)
and orthogonal idempotents e and [d(R). To prove x is a feebly p—clean element in R
it is enough to prove that r is a pure elementc&ire Reg (R), then there is&sR such
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thatr=rsr. Letq=sr, theragR. Hence, r =r g. Thus, ris a pure element, viiwplies
x is a feebly p-clean element. Therefore, R iseblfigp-clean ring.

The converse of the above proposition is not true.

Example 2.9.The ring (Z, +;) is a feebly p-clean ring but not a feebly r-cleiag because
each element in Z is not a regular element.

Proposition 2.10.Let R be a ring and& R. Then r is feebly p-clean if and only if —r is
feebly p-clean.

Proof: Let R be aring, andg R. Assume that r is feebly p — clean, then r =fp-+ with

p € Pu(R) and f, € Id(R) and f, e are orthogonal. Now that—-r=—+(p—-e)=-p+e -
f, we have to prove that (-g)Pu (R). Since & Pu (R), then there isg R such that p =
pg. Hence — p =pq = (-p) q, thus (-pE Pu (R). Therefore, — r is feeblyp clean.
Conversely, let — r be feebly-plean, ther-r = p + f— e with g Pu(R) and f, € Id(R)
and f, e are orthogonal. Now, r=- (p + f—¢e) p + e —f; as a prior proof, (-g)Pu (R),
and so r is a feebly p—clean.

Proposition 2.11.Let R be a feebly p-clean ring and Be a ring. Iff: R —» R’ is an
epimorphism, then Rs a feebly p-clean ring.

Proof: Let r € R. Sincef: R — R’ is an epimorphism, there is ag R such that'r=f(r).
Since R is a feebly p-clean ring, r = p + f — ehwpte Pu(R) and f, & Id(R) and f, e are
orthogonal. Now’'r=1(r) =f(p + f — e) =f (p) +f (f) — f (e). Now, it needs to be proven that
f(p) € Pu (R), f(f) € Id(R"), andf(e) € Id(R’). Since pe Pu (R), then there is § R such
that p = pg. Hencd(p) =f(pq) =f (p).f(q), but g€ R, thenf (q) € R’, which implies that
f(p) € Pu (R), Since f, e Id (R), then = f and &= e. Hencd(f) =f(f?) = [f(f)]* andf(e)
=f(e?) = [f(e)]>. Also, f(f) f(e) =f(f.e) = f(0) = 0, and(e) f(f) = f(e.f) = f(0) = 0. Thusf(f)
andf(e) € Id (R) and are orthogonal. Henceg a feebly p-clean. Therefore) iR a feebly
p-clean ring.

Proposition 2.12.Let | be an ideal of a feebly p-clean ring R. TRZhis a feebly p-clean
ring.

Proof: Letr + 1€ R/I. Then re R, since R is a feebly p—clean ring, r = p + fwith p€
Pu(R) and f, & Id(R) and f, e are orthogonal. Hence, r+ | =fpte + l=p+ | +f + |-
e + 1. To prove r + | is a feebly p-clean elemenRil, we have to prove that p + | is a pure
elementin R/land f + | and e + | are orthogadampotent elements in R/l. SincePu
(R), there is g R such that p = pg. Now, p+l = pg+l = (p+l) (g+)nd so p+l is a pure
element in R/I. Since fand e are in Id(Ry; fand é=e. Hence, f+ | =%f+ | =f. f+ | =
f+N).f+D)=(Ff+D}ande+I=t+I=e.e+I=(e+1).(e+) = (e +DAlso (f + I).
(e+D)=fe+I1=1I Similarly, (e +1). (f+ Ik I. Thus, f+ | and e + | are orthogonal
idempotent elements in R/l. Thus, r+l is a feeblglgan element in R/l. Hence, R/l is a
feebly p— clean ring.

Theorem 2.13.For every ring R, there are the following statetaen
() If e is a central idempotent element of R aRé@nd (1-e)R(1-e) are both feebly p-
clean, then sois R;
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(i) Let e, &, - - -, gbe orthogonal central idempotents withe+- - -+e@= 1. Then &Re
is feebly p-clean for each i, if and only if sdRs
(iii) If R is feebly p-clean, then so is the matring M,(R) for any n > 1.

Proof: (i) For convenience, write = 1- e for each & Id(R). We use the Pierce
decomposition of A: we have

R =eRed eRe @ eR ed eRe.
eRe O}

Since e,é are central, we have R = eB}eé Re [ — — .
0 eRe

m O - -
Then each matrix M R is of the forrr{0 } , where me eRe and & eRe.
n

By hypothesis, m and n are feebly p-clean. Thenpn+=f;— g and n = p+ f, — &, where

p1 € Pu(eRekE Pu(R), p € PueRe) € Pu(R), f, & € Id(eRe)< Id(R), &, & € Id(eRe
) € Id(R) and fand eare orthogonal fori=1, 2. Then

IVI_mO_p1+f1—e1 0 _p10+f10 g O
o n| 0 p,+f,—e,| |0 p, 0 f,| |0 el

Since p,pz€ Pu(R), there existige in R such that o= ;g and p = p0p. Hence, we have

[pl oMoﬂ oleql OHQ O}andso{pl O}isapweelemem.
0 p, 0, 0 P.d; 0 p, 0 P

f, O
Clearly, 0
2

orthogonal idempotents for i = 1, 2. Hence R, fisebly p-clean ring.

(i) By induction, one direction of (ii) comes frorfi). Proposition 2.12 provides an
alternative direction.

(iii) follows from (ii).

o

0
} and [:l } are orthogonal idempotents, sinceahd ¢ are
€

Theorem 2.14.let Ri(k =1, 2, - - -, n) be a feebly p-clean ring. TltTePRK is a feebly
p-clean ring. )
Proof: Let Ri(k =1, 2, - - -, n) be a feebly p-clean ring. Let(r) € H R, . For each k,

there exist pe Pu(R) and orthogonal idempotenis & € Id(Rs) such thaty= pc + fk —

e. Thenr=p +f-e, where p 5JE Pu and f = (f) and e = (@ are orthogona
h f h (i P df=(f)ande=(9 h '

idempotents oﬂ R, . Henceﬂ R, is a feebly p-clean ring.
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Proposition 2.15.Every homomorphic image of a feebly p-clean ring feebly p-clean
ring.

Proof: Since every homomorphic image of a pure elemengaridempotent element is a
pure and an idempotent element, respectively, elemyomorphic image of a feebly p-
clean ring is a feebly p-clean ring.

3. Feebly p-clean properties in amalgamated rings
In this section, the transfer of the notion of fgg-clean rings to the amalgamation of
rings along an ideal is studied.

Proposition 3.1Let #: R — S be a ring homomorphism and J an ideal of S.HIRJ is
a feebly p-clean ring, then R and f(R) + J are ligpkclean rings.

Proof: Define p: R<12J— R by i(r, # () + K) =rand g Rp><#J— S by p(r, #(r) +
K) = & (r) + k. Then R=<1# J /({0} x J) IR and R1# J /(g “P(J) x {0}) O & (R) + J. By
proposition 2.15, R ang (R) + J are feebly p-clean rings.

The converse of the above proposition is not true.

Proposition 3.2.Let . R — S be a ring homomorphism and J an ideal of S. Assihat
(# (R)+J)/J is uniquely feebly p-clean and S is aegral domain. Then Bi# J is a feebly
p-clean ring if and only if R ang (R) + J are feebly p-clean rings.

Proof: By Proposition 3.1, B¢ J is a feebly p-clean ring, which implies R an@R) + J
are feebly p-clean rings. Conversely, if it is ased that R an@ (R) + J are feebly p-
clean rings. Since R is feebly p-clean, we canewrit p + f — e with £ Pu(R) and f, &
Id(R) and f, e are orthogonal. Similarly, sing€R) + J is feebly p-clean, we can write

N+j=@P) +jit & (f) + j2— (@ () + jo) With @ (p) + ju is a pure element and (f1)
+ j2 and ¢ (e1) + js are orthogonal idempotent elements. Cleaglyp,) = ¢(p,) + j, =

(resp.g( p)) is a pure element ofA(R) + J)/J andp( f,) = ¢( f,) + j, (resp.g( f )) and

o(e)=¢(e)+ |, (resp.g(e)) are orthogonal idempotent elements gf(R) + J)/J.
Then we havep(r) = ¢(p)+¢(f)-¢(e)= @(p,) +@(f,)-¢(e). Since B (R) + )13
is uniquely feebly p-clearnp(p)=¢(p,), @(f)=¢(f,)and@(e)=g¢(g). Consider
j1,i2+]5 € suchthap (o) = g (p) +j,, # () = () + |, andg (e) = # (e) +]s .
Then (g (N +))=(p+f-eg () +jr+ g () +j2— (B (&) +]3) = (p. £ (P) +], + jn)
+( S() +i, i) — (&8 () +j;+ o). Clearly, (f,#(f) + ], + j2) and (e (e) +]; + a)
are an orthogonal idempotent elements okR J. Sinceg (p) + j, + jiis pure ing (R) +
J, there exists an elemepi(a) + jo such thats (p) +j, + j1= (8 (p) +J, + j2) (& (a) + jo).
Since p = pq for some g R, we havep( p) @(q) = ¢(p) =@(p)@(a,) . Since S is an

integral domaing(q) = ¢(a, ) . This impliesg (a) = ¢ (q) + j, and hences () + jo= &
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(@) +jo + jo. Therefore (p) +j; + j1= (4 (p) +], + j)( # () +j, + Jo). Hence, (P (p)
+ji i) =(pa @) +i + (2 (@) +jo+ [0) = (P, 2 () +]1 + J1) (@, £ (@) + o + J0)-
Therefore, (pg (p) + j1'+ j1) is a pure element in Ri# J and hence (& (r) + j) is a feebly
p-clean in R<1# J. Hence, R<# J is a feebly p-clean ring.

Remark 3.3.Let . R — S be a ring homomorphism and J an ideal of S.

1. If S=J, then R«# S is feebly p-clean if and only if R and S arebfgg-clean since
R<2J=R xS

2. If p7(J) = 0, then by [Anna et al. [2], Proposition B)I{ R1<i# J is feebly p-clean if
and only ifg (R) + J is feebly p-clean.

Corollary 3.4. Let R be aring and | an ideal such that R/I igjuely feebly p-clean. Then
R ¢ J is feebly p-clean if and only if R is feebly lean.

Theorem 3.5.Let . R — S be a ring homomorphism and J an ideal of S thatty (p)

+ j € Pu(S) for each g Pu(R) and j€ J. Then Rx1# J is feebly p-clean if and only if R
is feebly p-clean.

Proof: By Proposition 3.1, B¢ J is feebly p-clean, which implies R is feeblylpan.
Conversely, assume that R is feebly p-clean@fg) + j € Pu(S) for each g Pu(R) and
j € J. Since R is feebly p-clean, we can write r =fp—e with pe Pu(R) and f, & Id(R)
and f, e are orthogonal. Since p is pure in Retlegists g= R such that p = pg. Therefore,
(P, #(p) +])) (@,2(a)) = (pa, & (p) +]) (@) = (pa& (P) # (A)+) = (p. Z(P)+)). Thus, (p,
@ (p)+) is pure in R<17 J. Hence, (r¢ (p)+) = (p. & (p)+) + (f, #(f)) — (e, #€)) in R
>1¢ J such that (pg (p)+j) € Pu(R) and (fg (f), (e, # (e)) € Id(R) and (f,#(f)) and (e,
& (e)) are orthogonal. ThereforepRe J is a feebly p-clean.

Theorem 3.6.Let . R — S be a ring homomorphism and J an ideal of S.Roet
R/Nilp(R), S= S/Nilp(S). 77: S - S, the canonical projection, andi= 71(J) . Consider

aring homomorphism;_ozﬁ _ Sdefined by?a(?) :m. Then R4 J is feebly p-clean

(resp., uniquely feebly p-clean) if and onlyﬁflij is feebly p-clean (resp., uniquely
feebly p-clean).

Proof: Clearly, q_ois well defined and a ring homomorphism. Consitiermapy : (R b<¢
J)/Nilp(R1<1# J) — R<1# J defined by)(((r ,(r)+ j)) = (F;E(F) +T) .To prove Rx<i#

J is feebly p-clean (resp., uniquely feebly p-c)aband only if Rp<# Jis feebly p-clean
(resp., uniquely feebly p-clean), it is enough tove that the above defined functipiis

an isomorphism. i{r,@(r)+ j) =(s,¢(s)+ j), then (r - sg (r - s) +j - ]) € Nilp(R

> J). Therefore, r — & Nilp(R) and j— ) € Nilp(S). Thenr :§andj =]. Hencey is
well defined. It can be easily checkei a ring homomorphism. MoreOVE(rf_,,a(F) +T)
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= (0, 0) implies that £ Nilp(R) and je Nilp(S). Consequently, (i(r)+j) € Nilp(R ><¢
J). Hence,(r,qo(r)+ j)= (0, 0) and sq is injective. Clearly, by the constructiop,is
surjective and s@is an isomorphism. Hence proved.

Proposition 3.7.Let . R — S be a ring homomorphism and let (e) be an idé& o
generated by the idempotent element e of S. Theww ) is feebly p-clean if and only if
R andg (R) + (e) are feebly p-clean. In particular, if@n element of R, therbR¢ (e) is
feebly p-clean if and only if R is feebly p-clean.

Proof: By Proposition 3.1, B¢ (e) is feebly p-clean, which implies R agdR) + (e) are
feebly p-clean. Conversely, assume that R &iiR) + (e) are feebly p-clean. Let ,(r)

+ se) be an element obR# (e) with re R and < S. Since R is feebly p-clean, there exists
a pure element p and orthogonal idempotent elenfiems v such that r = p + f — v. Also,
sinceg (R)+(e) is feebly p-clean, there exists a purenelgt p and orthogonal idempotent
elements’fand v such thats (r) + se = p+ f' - V. We have (rg (r) + se) = (pg# (p) + (P
—gP)e) + (fgd) + (P -g{)e) - (v.g(v) + (V- #(v))e). On the other handg((f)
+f'- @ (ef = [¢ ((1-e)+ef = g (N(1-e)+fe = ¢ (N+(f- ¢ (e and p (v)
+(V=g(V))eF = [#v)(1-e)+Vef = Hv)(1-e)+Ve = Fv)+(V'-g#V))e. Now [H(f)+(f'- ¢
(H)e] [ M+ - g (V)e] = [# (D1 -e) +Te][ #(v)(1-e)+ve] = Afv)(1-e)+fve = 0 +

0 =0. Similarly, p (V)+(v' ~g(Vv))e] [#(f)+(f'- & (f))e] = 0. Also g (p) + (- Ap))ell #
@ + (d= ¢ (@)e] = [# (P - e) + ]l # ()1 —e)+ce] = Apa)(1-e)+ie = &
(p)(1-e)+pe =g (p)+(P- & (p))e. Then (f4 (f) + (F - # (N)e) and (v.4 (v) + (V - &
(v))e) are orthogonal idempotents, andgap) + (F— & (p))e) is a pure element in-R4
(e). Hence, B4 (e) is a feebly p-clean. Moreover, if R = S aad ida, then BR<1# (e) =
R« (e) andg (R) + (e) = R. Then R is feebly p-clean ring.

4. Conclusion

This paper proposes the idea of a feebly p-cleagsrand studies the transfer of the notion
of feebly p-clean rings to the amalgamation of sirdong an ideal. In particular, the
necessary and sufficient conditions for amalgamatidoe a p-clean ring are studied. This
study will further help in studying the propertigsother ring structures, such as the A +
XB[X] and A + XBJ[X]] constructions. In the futurethere is scope to study the
generalization of amalgamated rings, namely bi-garaktion rings with feebly p-clean
properties.
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