Annals of Pure and Applied Mathematics

Vol. 14, No. 3, 2017, 489-496 Annals of

ISSN: 2279-087X (P), 2279-0888(online) .
Published on 9 November 2017 Pure and Applied
www.researchmathsci.org :
DOI: http://dx.doi.org/10.22457/apam.v14n3al6 Mathe—n‘atlcs

Further Resultson Prime Cordial Labeling
A.Sugumaran® and V. Mohan?

L Department of Mathematics
Government Arts College
Thiruvannamalai-606603, Tamil Nadu, India.
e-mail :sugumaran3@yahoo.com
“Corresponding author. e-maWwmb5685@gmail.com

Received 1 October 2017; accepted 31October 2017

Abstract. A prime cordial labeling of a graph G with verteet V(G) is a bijection f :
V(G) — {1, 2, 3,... ,|V(G)|} such that for every edge uvaissigned the label 1 if gcd
(f(w), f(v)) = 1 and 0 if gcd (f(u), f(v)) > 1, &n the number of edges labeled with 0 and
the number of edges labeled with 1 differ by at infasA graph which admits prime
cordial labeling is called prime cordial graph.this paper, we prove that the butterfly
graph, W-graph, H-graph and duplication of edgesawmfH-graph are prime cordial
graphs.
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1. Introduction

In this paper, we consider only finite simple uedbted graph. Throughout the paper, we
denote V(G) and E(G) are the vertex set and edpefsthe graph G respectively. A
graph labeling is an assignment of integers tocestor edges or both based on certain
criteria. In graph theory various labeling have rbestudied in recent years, and
interestingly they have applications in varioudd&esuch as communication network,
coding theory, database management, data minirquitcdlesign, cryptography, etc. For
a detailed survey on various graph labeling onerefer Gallian [4].

A binary vertex labeling is lalmg]iof vertices with either 0 or 1. The concept
of cordial labeling was introduced by Cahit [1].dardial labeling, each edge e = uv in
E(G) is assigned by [f(u) — f(v)|. Thus binary latgpis called a cordial labeling, if the
number of vertices (edges) labeled with 0 and nurobeertices (edges) labeled with 1
differ by at most 1. The concept of cordial labglia further extended to various labeling
such as divisor cordial labeling, product cordabdling, total product cordial labeling,
prime cordial labeling etc.

Vaidya and Shah [7] proved tha tltaph helm, flower and gear are divisor
cordial graphs. Further, they proved that bistagdew graph and square graph admit
divisor cordial labeling in [9]. Sugumaran and R&j¢5] proved that swastik graph, jelly
fish graph and Petersen graph admit sum divisatigblabeling. Deshmukh and Shaik
[3] proved that the tadpole and olive tree grapksnaean cordial graphs.
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In this paper we focus our atmmtion prime cordial labeling of graphs.
Baskar Babuji and Shobana [2] proved that the leanyic subdivision of cycle Qs
prime and full binary tree is prime cordial labeglinvaidya and Shah [8] proved that the
square graph of B, wheel graph are prime cordial graphs. SugumananSuresh [6]
proved that duplication of pair of vertices in pajlly fish, bistar and actina graph
admits prime cordial labeling.

2. Basic definitions
In this section, we provide a brief summary of thedinitions and notations which are
useful for the present work.

Definition 2.1. A prime cordial labeling of a graph G with vertex set V(G) is a bijection f
V(G — {1, 2, 3,... ,|V(G)|} such that for every edge uvaissigned the label 1 if gcd
(f(u), f(v)) =1 and 0 if gcd (f(u), f(v)) > 1, &n the number of edges labeled with 0 and
the number of edges labeled with 1 differ by at infasA graph which admits prime
cordial labeling is calledrime cordial graph.

Definition 2.2. A cycle butterfly graph B, .m consists of two cycles of same order n
sharing a common vertex together with an arbitnamnber of m pendant vertices
attached at the common vertex.

Definition 2.3. Consider the two copies of the star graph,KIf the last pendant vertex
in the first copy of K ,is merged with the initial pendant vertex in teeand copy of K

» then the resulting graph is called tégraph and it is denoted by Y... Note that
[E(Wan:9)| = 2n and [V(Wh)| = 2n+1.

Definition 2.4. Let P, B? be any two paths with n vertices. LetP§] = {uy, W, Us, ... ,
U} and V(P?) = {vy, V, Vs, ... , W}. We join the verticesin+1 and vn+1 by an edge, if n
2

2
is odd. Otherwise join the vertices andvn_,, then the resulting graph is calleHa
2 2

graph on 2n vertices.

Definition 2.5. Theduplication of an edge e = uv of a graph G is the graph @btained
from G by adding a new vertexto G such thatis adjacent to both u and v.

3. Main results

Lemma 3.1. Cycle butterfly graph B, admits prime cordial labeling, where n = 3 and
for all integer values of m>2 and m = 1.

Proof: Let G be a cycle butterfly graph with two cycle s&fme order n. Let u be the
common vertex and lebuws, ... , U, be the vertices of left wing and,ws, ... , i, be the
vertices of right wing and let;xx,, ... , %, be the pendant vertices of G. Clearly |V(G)| =
2n+m-1 and |E(G)| = 2n+m. We define a vertex labdi: V(G) — {1, 2, 3,... ,2n+m

1} as follows.

Let us consider the following three cases.

Casel. Whenn=3andm=1.
f(u) = 2, f(w) = 4, f(w) = 6, f(w) = 1, f(w) = 3 and f(x) = 5.
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Case2. Whenn=3and m=3.
f(u) = 2, f(w) = 4, f(w) = 6, f(w) = 1, f(w) = 3, and f(x) =5, f(x) = 7, f(x) = 8.

Case3. When n =3 and rx 4.

flu) = 2, f(w) = 4, f(k) = 6, f(w) = 3, f(w) = 9 and we label the remaining pendant
vertices uniquely from the set {1, 5, 7,18}10,11,12,...,2n + m — 1} in ascending
order.

In view of the above labeling pattern we havg@® — e; (1)| < 1.

Hence G is a prime cordial graph.

Theorem 3.2. Cycle butterfly graph B, admits prime cordial labeling, wheren4 and
m=1.

Proof: Let G be a cycle butterfly graph with two cycle sEfme order n. Let u be the
common vertex and lebuus, ... , U, be the vertices of left wing and,ws, ... , i, be the
vertices of right wing and let;xx,, ... , %,be the pendant vertices of G. Clearly |[V(G)| =
2n+m-1 and |E(G)| = 2n+m. We define a vertex lagdl: V(G) — {1, 2, 3,... ,2n+m-

1} as follows.

Let us consider the following five cases.

Casel. Whenn=4andm=1.

f(u) = 2,

flu)=2i;2<i <4,

f(v2) = 1, f(w) = 3, f(w) = 5, f(x) = 7.

Case2. Whenn =4 and e 2.

f(u) = 2,

fu) =2i;2<i<4,

f(vy) = 1, f(w) = 3, f(v) = 9. We label the remaining pendant vertices ftbenset
{5, 7}u {10,11,12, ...,2n + m — 1} in ascending order.

Case3. Whenn=5and rz 1.

f(u) = 2,

flu)=2i;2<i <5,

f(vy) = 1, f(w) = 3, f(vy) = 9, f(w) = 5. We label the remaining pendant vertices welig
from the set {7p {11,12,13, ...,2n + m — 1} in ascending order.

Case4. Whenn =6 and rz 1.

f(u) = 2,

flu)=2i;2<i <6,

f(vy) = 1, f(w) = 3, f(w) = 9, f(w) =5, f(w) = 7. We label the remaining pendant vertices
uniquely from the set {11} {13, 14,15, ...,2n + m — 1} in ascending order.

Case 5. When n> 7 and nm> 1.

f(u) = 2,

f(uip) = 2i+2 ; 1< i < n-1,

f(VZ) = 11 f(V3) = 3! f(V4) = 91 f(VS) = 51 f(vﬁ) = 71
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f(viie) = 2i+9 ; 1< i <n-6, where n > 6We label the remaining pendant verti

uniquely from the set {-1}u {2n+1,2n+ 2,2n+3,...,2n+m — 1} in ascending
order.

In view of all the above cases, we havy (0) — e; (1)] < 1. Hence G is a prime cordi
graph.

Example 1. Prime cordial labeling of cycle butterfly grapls, 4is shown in Figure 1

7 11

Figure 1: Prime cordial labeling of cycle butterfly graplg, B

Theorem 3.3. The Wgraph W, is a prime cordial graph.

Proof: Let Kllvn and KZLn be the first and second copies of star graph wptxarertex ¢
and b. Let V(Ky,) = {a, X, Xz Xa,..., %} and V(K?. ) = {b, y1.Y2 Ya,..., Yu}. We obtain the
W-graph by adjoining xand y. Let G be the Wgraph. Then |V(G)| = 2n+1 and |E(G)
2n.

The vertex labeling df: V(G) — {1, 2, 3,..., 2n+1}is defined as follov

f(Xn = yl) = 11

f(x;) = 2i+2; i <n-1.

From the set {3, 5, 7,..., 2n+1}, choose a numbeughghat it divides only one of ti
number from this set other than p. In this caseagsgn vertex b as p and the remair
numbers from the above set are assigned to thieegy, vys,..., youniquely n any order.
Clearly f is a prime cordial labelir

Hence the W-graph W, is prime cordial graph.

Example 2. Prime cordial labeling of the graphg is shown in Figure Z

463101314161 3 7 o 11 13 15 17

2 5
Figure 2: Prime cordial labeling of the graphgW
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Theorem 3.4. H-graph admits prime cordial labeli

Proof: Let G be a Hgraph with 2n vertices and -1 edges. LeP! and P? be the
parallel paths in G with n vertices and lelP}) = {u;: 1<i<n}and VIP?) = {v;: 1
< i < n}. We consider the followig two cases for the labeling of G.

Case 1. When n is evel
Here the verticesn anc vr  are connected by an edge.
2

The vertex labeling df: \;(G) —{1, 2, 3,..., 2n} is defined as follows.
flu) = 2i-1;1<i <n,

f(v§+1) =2,

f(v) =2+2;1<j <2,

f(v =2k ;2 +1<k <n.

Case 2. When n is odd.
Here the verticesin+1 and vn+1 are connected by an edge.

The vertex labeling of: V(G) — {1, 2, 3.... , 2n}is defined as follows.
flu)=2-1;1<i <n,
H(vntr) = 2,
2
f(v) = 2j+2; 1< j < =2,
f(vi) = 2k ;"= <k <n.

In view of the above labeling pattern, we hav; (0) — e; (1)| = 1.
Hence the Hyraph is a prime cordial gra|

Example 3. Prime cordial labeling of the grapts is shown in Figure 3.

1 4
3 6
) 2
T 8
g 10

Figure 3: Prime cordial labeling of the graph.H

Example 4. Prime cordial labeling of the grapts is shown in Figure 4.
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) 4
3 6
5 8
7 2

9 10

11 12

Figure 4: Prime cordial labeling of the graph.H

Theorem 3.5. Duplicating of all edges of an-graph H, admits prime cordial labelin

Proof: Consider an Hyraph. Let i, W, Us,..., lhand \, Vs, Vs,..., Vi be the consecutiv
vertices of first and second vertical paths oftt-graph respectively. Let G be the gr¢
obtained by duplicating of all the edgeiu,, WUz, UsUg, ..., U.1Un, @nd WV, VoVa, VaVy,...,
VhaVn, DY New vertices’s, U, Us,..., Ung and Vy, Vi, Vs,..., Vg respectively. Let w be
new vertex obtained by duplicating the et un+1vn+1 , Wwhen n is odd or duplication

2 2
the edgeunvn, ., when n is even. Then |[V(G)| =-1 and |[E(G)| = 683. We define f:
2

_+1l
2
V(G) — {1, 2, 3,... ,4nl}is defined as follows, f(w) = 1.
We consider the following two cases for the lalmlii remaining vertices in

Casel. Whenn = 3.
f(ul) = 3! f(Uz) = 51 f(l-é) = 111 f(vl) = 4! f(VZ) = 2! f(Vs) = 10! f(ul) = 91 f(UZ) = 7! f(vl) =
6 and f(%) = 8.

Case2. Whenn > 3.

f(uy) = 3, f(w) =5, f(k) = 11, f(',) =9,
f(us) = 11440 ; 1< i < n-3,

f(uy) =f(w)+2; 2<i <n-1.

Subcase 2(i). When n is eve
f(vgﬂ) =2,
fv)=2j+2;1<j< 2,
fvd =2k;Z+1<k<n,
f(v)) =2n+2j;1<j <n-1.

Subcase 2(ii). When n is odc
f(vn+1) = 2,
2 n-1

flv)) =2j+2,;1<j < -

f(vi) = 2k; == <k <n,

f(v) =2n+2j; 1< j < n-1.

In view of the above labeling pattern, we hav; (0) — e; (1)|= 1, and hence fis a prin
cordial labeling.
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Example 5. Prime cordial labeling of duplication of all edgeSHs-graph is shown il
Figure 5.

Figure5: Prime cordial labeling of duplicion of all edges of s-graph.

Example 6. Prime cordial labeling of duplication of all edgeSHg-graph is shown il
Figure 6.

Figure6: Prime cordial labeling of duplication of all edgefsHs-graph.

4, Concluding remarks

Prime cordial labeling iexplored for several graphs. In this paper we piabat the
butterfly graph B .., W-graph, Hgraph and duplication of all edges of a-graph are
prime cordial graphs. It is an interesting operaarkresearch for applying prime corc
labeling for he remaining unproven grap
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