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1. Introduction  
 In 1965, Zadeh (see, [14]) introduced the notion of fuzzy sets. A few years later, many 
researchers fuzzified algebraic structures (see, [11]). In 2001, Hong (see, [10]) 
introduced the notion of fuzzy dot subalgebras of BCH-algebras as a generalization of the 
notion of fuzzy subalgebras of BCH-algebras.  In 2008, Peng Jia-yin (see, [12]) 
introduced the notion of fuzzy dot ideals of BCH-algebras as a generalization of the 
notion of fuzzy ideals of BCH-algebras. In 50-ties Henkin and Skolem first introduced 
the notion of Hilbert algebra (see, [9]) as an algebraic counterpart of intuitionistic logic. 
In 2007, Chajda and Halas (see, [7]) introduced the notion of distributive implication 
groupoids which is a generalization of the implication reduct of intuitionistic logic. 
Between 2014 and 2015, Bandaru (see, [4,5,6]) introduced the notions of fuzzy ideals, 
fuzzy implicative ideals, fuzzy subalgebras and fuzzy normal subalgebras of distributive 
implication groupoids. In this paper, the notions of fuzzy dot subalgebras, fuzzy normal 
dot subalgebras, fuzzy dot ideals and fuzzy implicative dot ideals are introduced 
respectively as generalizations of the notions of fuzzy subalgebras, fuzzy normal 
subalgebras, fuzzy ideals and fuzzy implicative ideals, and some of their properties are 
investigated. 
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2. Preliminaries 
 In this section, we recall some definitions that are required in the sequel. 

Definition 2.1. (see, [7]) An algebra (�;	∗, 1) of type (2, 0), denoted by �, is called a 
distributive implication groupoid if it satisfies the following identities: 

i. � ∗ � = 1, 
ii. 1 ∗ � = �, 
iii.  	� ∗ (� ∗ �) = (� ∗ �) ∗ (� ∗ �)    (left distributivity). 

Example 2. The five elements groupoid given by the following Cayley table is a 
distributive implication groupoid. 
 ∗ 1 a b c d 

1 1 a b c d 
a 1 1 b b 1 
b 1 a 1 1 d 
c 1 a 1 1 d 
d 1 1 c c 1 

In every distributive implication groupoid, one can introduce the so called induced 
relation ≤ by the setting  � ≤ � if and only if � ∗ � = 1. ≤ is a quasiorder and the 
relationship � ≤ 1 and � ≤ � ∗ � are satisfied. 

Notation 2. For any ��, ⋯ , ��, � ∈ �, we define ∏ �� ∗ ����� = �� ∗ (⋯ (�� ∗ �)⋯ ). 
  
 In what follows, let � denote a distributive implication groupoid unless otherwise 
specified.  

Definition 2.2. A nonempty subset �	of � is called a subalgebra of � if for any �, � ∈ �, �	 ∈ 	� and �	 ∈ 	�	imply � ∗ � ∈ 	�. 

Definition 2.3. (see, [3]) A subset �	of � is called an ideal of � if it satisfies the 
following conditions: 

i. 1 ∈ �, 
ii. � ∈ � and � ∈ � imply � ∗ � ∈ �, 
iii.  � ∈ � and ��, �� ∈ � imply (�� ∗ (�� ∗ �)) ∗ � ∈ �. 

Definition 2.4. (see, [3]) A subset 	� of � is called a deductive system of � if it satisfies 
the following conditions: 

i. 1 ∈ �, 
ii. � ∈ � and � ∗ � ∈ � imply � ∈ �. 

Theorem 2. (see, [3]) A subset � of � is an ideal of � if and only if it is a deductive 
system of �. 

Definition 2.5. (see, [4]) A subset � of � is called an implicative ideal of � if it satisfies 
the following conditions: 

i. 1 ∈ �, 
ii. 	� ∗ ((� ∗ �) ∗ �) ∈ � and � ∈ � imply � ∈ �; for all �, �, � ∈ �. 
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Definition 2.6. Let � and ℬ be two distributive implication groupoids. A mapping � 
from � to   is said to be a homomorphism of distributive implication groupoids if       �(� ∗ �) = �(�) ∗ �(�) for all �, � ∈ �. Note that �(1) = 1. 
Definition 2.7.  A fuzzy subset of � is a function ! ∶ �	 → 	 [0, 1] from � to the real unit 
interval [0, 1]. 
 We define on the set &(�) of all fuzzy subsets of � the binary operations ˄ and ˅  
respectively by: 
 (!˄))(�) 	= 	*+,{!(�), )(�)} and (!˅))(�) 	= 	*��{!(�), )(�)}	for all � ∈ �. We 
also define on &(�) the partial order ≤ by: 
                        !	 ≤ 	) if and only if  !(�) 	≤ 	)(�) for all � ∈ �. 

Definition 2.8. A fuzzy relation on � is a fuzzy subset of � × �. 
 
3. Fuzzy dot subalgebras of distributive implication groupoids 
 In this section, fuzzy dot subalgebras of distributive implication groupoids are defined 
and some of their properties are investigated. 

Definition 3.1. (see, [6]) Let ! be a fuzzy subset of �. ! is called a fuzzy subalgebra of �	if it satisfies the following condition:  
                           !(� ∗ �) ≥ min	{!(�), !(�)} for all �, � ∈ �. 

Definition 3.2. Let ! be a fuzzy subset of �. ! is called a fuzzy dot subalgebra of �	if it 
satisfies the following condition: 
                                !(� ∗ �) ≥ !(�) ∙ !(�) for all �, � ∈ �. 

Example 3.1. Consider the distributive implication groupoid of the example 2. and the 
fuzzy subset 5 defined by 5(1) = 5(�) = 5(6) = 0.3 and 5(8) = 5(9) = 0.5. Then 5 is 
a fuzzy dot subalgebra. 
 Note that every fuzzy subalgebra is a fuzzy dot subalgebra, but the converse is not 
necessarily true. In fact, the fuzzy dot subalgebra 5 of the example 3.1 is not a fuzzy 
subalgebra, since 
                5(9 ∗ 8) = 5(6) = 0.3 ≱ 0.5 = min{0.5,0.5} = min{5(9), 5(8)}. 
Proposition 3.1. Every fuzzy dot subalgebra ! of � satisfies the inequality 
                                   !(1) ≥ !(�)� for all � ∈ �. 
Proof. For any fuzzy dot subalgebra ! of � and � ∈ �, we have  
                       !(1) = !(� ∗ �) ≥ !(�) ∙ !(�) = !(�)�.       
                                       
Theorem 3.1. Let ! be a fuzzy dot subalgebra of	�.  If there exists a sequence {��} in � 
such that lim�→= !(��)� = 1, then !(1) = 1. 
Proof. Assume that there exists a sequence {��} in � such that lim�→= !(��)� = 1. By the proposition 3.1, !(1) ≥ !(��)�  for every positive integer 
n. Thus, 1 ≥ !(1) ≥ lim�→= !(��)� = 1. Hence,	!(1) = 1.                                                                                                   

Proposition 3.2. Let ! be a fuzzy subset of � and * be a positive integer. If ! is a fuzzy 
dot subalgebra of �, then the fuzzy subset !* of �, defined by 	!*(�) = !(�)* for all � ∈ �, is a fuzzy dot subalgebra of �. 
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Proof. Assume that ! is a fuzzy dot subalgebra of �. Since  !(� ∗ �) ≥ !(�) ∙ !(�) for 
all �, � ∈ �, we have !(� ∗ �)> ≥ (!(�) ∙ !(�))> for all �, � ∈ �; i.e.,  !(� ∗ �)> ≥ !(�)> ∙ !(�)> for all �, � ∈ �; i.e., !>(� ∗ �) ≥ !>(�) ∙ !>(�) for all �, � ∈ �. Hence, !> is a fuzzy dot subalgebra of �.                                             

Theorem 3.2. Let {!�}�?@ be a family of fuzzy dot subalgebras of �. Then +,��?@!� is a 
fuzzy dot subalgebra of �. 
Proof. For any �, � ∈ �,   (+,��?@!�)(� ∗ �) = +,��?@	!�(� ∗ �) 
                                                                       ≥ +,��?@[!�(�) ∙ !�(�)] 
                                                                       ≥ +,��?@[A+,��?@!�(�)B ∙ A+,��?@!�(�)B] 
                                                                       = A+,��?@!�(�)B ∙ A+,��?@!�(�)B 
                                                                       = (+,��?@!�)(�) ∙ (+,��?@!�)(�). 
Hence,  +,��?@!� is a fuzzy dot subalgebra of �.                                                           

Definition 3.3. Let ! be a fuzzy subset of �. The smallest fuzzy dot subalgebra of � 
which contains ! is said to be the fuzzy dot subalgebra of � generated by !, and will be 
denoted by 〈!〉. 
Notation 3.1. We denote the set of all fuzzy dot subalgebras of	� by &E(�). 
 For any !, ) ∈ &E(�), we define the meet of ! and ) (denoted by ! ⊓ )) by  
 ! ⊓ ) = !˄) and the join of ! and ) (denoted by ! ⊔ )) by  ! ⊔ ) = 〈! ∨ )〉. 
Notation 3.2. Let I, J ∈ [0, 1],  ⊆ � and 〈 〉 be the subalgebra of � generated by  . 	 LM and [ LM] denote the fuzzy subsets of � respectively defined by: 

        LM(�) = N	 I	+�	� ∈  ,J	OPℎRST+ER.U and  [ LM](�) = N	I	+�	� ∈ 〈 〉,J	OPℎRST+ER.U for all � ∈ �. 

Lemma 3.1. Let   be a nonempty subset of � and I, J ∈ [0, 1] such that J ≤ I. Then [ LM] is a fuzzy dot subalgebra of �.  
Proof. Let �, � ∈ �. 
If � ∗ � ∉ 〈 〉, then � ∉ 〈 〉 or � ∉ 〈 〉; thus, [ LM](�) = J or  [ LM](�) = J; thus,  [ LM](� ∗ �) = J ≥ max	{J�, I ∙ J} ≥ [ LM](�) ∙ [ LM](�).  
If � ∗ � ∈ 〈 〉, then [ LM](� ∗ �) = I ≥ max	{I�, J�, I ∙ J} ≥ [ LM](�) ∙ [ LM](�). 
Hence, [ LM] is a fuzzy dot subalgebra of �.                                                                 
 If   is a subalgebra of �, then  LM is a fuzzy dot subalgebra of �; but the converse is not 
necessarily true. In fact, consider the distributive implication groupoid of the example 2.; {1, 8, 9}Y.ZY.[ is a fuzzy dot subalgebra but {1, 8, 9} is not a subalgebra, because 
 8 ∗ 9 = 6 ∉ {1, 8, 9}. 
 
Theorem 3.3. Let   be a nonempty subset of � and J ∈ [0, 1]. Then [ L�] is the fuzzy dot 

subalgebra of � generated by  L�; i.e., 〈 L�〉 = [ L�]. 
Proof. Since	 L�(�) ≤ 1 = [ J1]	(�) for all � ∈ 〈 〉 and  L�(�) = β =	[ L�](x) for all � ∉ 〈 〉, it follows that  L�(�) ≤ [ L�](x) for all � ∈ �; i.e., [ L�] contains  L�. More, [ L�] is a fuzzy dot subalgebra of  � by the lemma 3.1, because J ≤ 1. It suffices now 
to show that [ L�] is the smallest fuzzy dot subalgebra of	� containing	 L�. So, let ) 
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be a fuzzy dot subalgebra of	� containing  L�. For any � ∉ 〈 〉, we have 	[ L�](�) 	= J =  L�(�) 	≤ )(�). For any � ∈ 〈 〉, there is an ,-ary term P in the 
language of distributive implication groupoids and ��, … , �� ∈   such that � = P�(��, … , ��); thus, there is a positive integer ] such that 
 )(�) ≥ 	 ()(��)⋯)(��))^; thus, 

 )(�) ≥ _ L�(��)⋯ L�(��)`^ = (1⋯1)^ = 1^ = 1 = a L�b(�). Therefore, 

)(�) 	≥ 	 [ L�](�) for all � ∈ �; i.e., ν contains  L�. Hence, [ L�] is the smallest 
fuzzy dot subalgebra of � containing	 L�; i.e., [ L�] is the fuzzy dot subalgebra of  

� generated by	 L�.                                                                                        

Corollary 3.1. Let   be a nonempty subset of � and J ∈ [0, 1]. Then  L� is a fuzzy dot 
subalgebra of � if and only   is a subalgebra of �. 
Proof.  L� is a fuzzy dot subalgebra of  � if and only if 〈 L�〉 =  L�; i.e., [ L�]	=  L�; i.e., 〈 〉 =  ; i.e.,   is a subalgebra of �.                                                                   

Notation 3.3. cd denotes the characteristic function of a subset   of �. 
Corollary 3.2. Let   be a nonempty subset of �. Then cd  is a fuzzy dot subalgebra of �  if and only if   is a subalgebra of �. 
Proof. Straightforward, because cd =  Y�.                                                              

Theorem 3.4. A&E(�);	⊓, ⊔;	0, 1B is a complete lattice; where 0 and 1 are the fuzzy 
subsets of � with values 0 and 1 respectively. 
Proof. Since 0 ≤ 0 and 1 ≤ 1, 0 =  YY and 1 =  �� (for all subalgebra   of �) are fuzzy 
dot subalgebras of �. Therefore, A&E(�);	⊓, ⊔;	0, 1B is a complete lattice by the 
theorem 3.2.                                                                                                 

Definition 3.4. For any fuzzy subset ! of � and I ∈ [0, 1], the subset {� ∈ � ∶ 	!(�) ≥ I} of �, denoted by e(!; I), is called a level subset of !. 

Proposition 3.3. (see, [6]) A fuzzy subset of � is a fuzzy subalgebra of � if and only if 
all its nonempty level subsets are subalgebras of �. 
There is a fuzzy dot subalgebra of a distributive implication groupoid with a nonempty 
level subset which is not a subalgebra. Consider the fuzzy dot subalgebra 5 of the 
example 3.1; e(5; 0.5) = {8, 9} is not a subalgebra, since 1 ∉ e(5; 0.5).  
Theorem 3.5. Let ! be a fuzzy subset of �. If ! is a fuzzy dot subalgebra of �, then e(!; 1) is either empty or a subalgebra of �. 
Proof. Assume that µ is a fuzzy dot subalgebra of � and e(!; 1) is a nonempty subset of �. If x and y belong to e(!; 1), then !(� ∗ �) ≥ !(�) ∙ !(�) = 1 ∙ 1 = 1; thus, 
 !(� ∗ �) = 1; i.e., � ∗ �	 ∈ e(!; 1).  
Hence, e(!; 1) is a subalgebra of �.                                                                                                                                       
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Definition 3.5. Let � ∶ � →   be a function from a set � to a set   and ) be a fuzzy 
subset of  . The preimage under � of ), denoted by �f�[)], is the fuzzy subset of � 
defined by: �f�[)](�) = )A�(�)B for all � ∈ �. 

Theorem 3.6. Let � ∶ � → ℬ be a homomorphism of distributive implication groupoids 
and ) be a fuzzy subset of  . If ) is a fuzzy dot subalgebra of ℬ, then �f�[)] is a fuzzy 
dot subalgebra of �. 
Proof. Assume that ) is a fuzzy dot subalgebra of ℬ. For any �, �	 ∈ �, �f�[)](� ∗ �) = )A�(� ∗ �)B = )A�(�) ∗ �(�)B 
                                                        	≥ 	)A�(�)B ∙ )A�(�)B 
                                                       		= 	 �f�[)](�) ∙ �f�[)](�). 
Hence, �f�[)] is a fuzzy dot subalgebra of �.                                                              

Theorem 3.7. Let � ∶ � → ℬ be an onto homomorphism of distributive implication 
groupoids and ) be a fuzzy subset of  . If �f�[)] is a fuzzy dot subalgebra of �, then ) 
is a fuzzy dot subalgebra of ℬ. 
Proof. For any �, � ∈   and (�, 8) ∈ �f�(�) × �f�(�), )(� ∗ �) = )A�(�) ∗ �(8)B = )A�(� ∗ 8)B = �f�[)](� ∗ 8) 
                                      ≥ �f�[)](�) ∙ �f�[)](8) 
                                      = )A�(�)B ∙ )A�(8)B 
                                      = )(�) ∙ )(�). 
Hence, ) is a fuzzy dot subalgebra of ℬ.                                                          

Definition 3.6. Let � ∶ � →   be a function from a set � to a set   and ! be a fuzzy 
subset of �. The image under � of !, denoted by �[!], is the fuzzy subset of   defined 

by: �[!](�) = NEghi?jkl(m)!(�)	+�	�f�(�) ≠ ∅,0	OPℎRST+ER. U for all � ∈  . 

Theorem 3.8. Let � ∶ � → ℬ be an onto homomorphism of distributive implication 
groupoids and ! be a fuzzy subset of �. If ! is a fuzzy dot subalgebra of �, then �[!] is a 
fuzzy dot subalgebra of ℬ. 
Proof. Assume that ! is a fuzzy dot subalgebra of �. 
Let ��, �� ∈  , �� = �f�(��), �� = �f�(��) and ��� = �f�(�� ∗ ��). Consider the set �� ∗ �� = {� ∈ � ∶ � = �� ∗ ��	for some	�� ∈ ��	and	�� ∈ ��}. 
If � ∈ �� ∗ ��, then	� = �� ∗ �� for some �� ∈ �� and �� ∈ ��; so that, �(�) = �(�� ∗ ��) = �(��) ∗ �(��) = �� ∗ ��; that is, � ∈ �f�(�� ∗ ��) = ��� 
Hence, �� ∗ �� ⊆ ���. It follows that 
                      �[!](�� ∗ ��) = Eghi?jkl(ml∗mp)!(�) = Eghi?qlp!(�)    
                                             ≥ Eghi?ql∗qp!(�) = Eghil?ql,ip?qp!(�� ∗ ��) 
                                             ≥ Eghil?ql,ip?qp!(��) ∙ !(��). 
Since ∙	∶ [0,1] × [0,1] → [0,1] is continuous, for every r > 0 there exists t > 0 such that 
if I� ≥ Eghil?ql!(��) − t and I� ≥ Eghip?qp!(��) − t, then  I� ∙ I� ≥ Eghil?ql!(��) ∙ Eghip?qp!(��) − r. 
Choose �� ∈ �� and �� ∈ �� such that 
           !(��) ≥ Eghil?ql!(��) − t and !(��) ≥ Eghip?qp!(��) − t, then  
               !(��) ∙ !(��) ≥ Eghil?ql!(��) ∙ Eghip?qp!(��) − r. 
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Consequently,    �[!](�� ∗ ��) ≥ Eghil?ql,ip?qp!(��) ∙ !(��) 
                                                  ≥ Eghil?ql!(��) ∙ Eghip?qp!(��) 
                                                  = �[!](��) ∙ �[!](��). 
Hence, �[!] is a fuzzy dot subalgebra of ℬ.                                                                  

Theorem 3.9. Let ! and ) be two fuzzy dot subalgebras of �. The fuzzy subset  ! × ) of � × �, defined by (! × ))(�, �) = !(�) ∙ )(�) for all (�, �) ∈ � × �, is a fuzzy dot 
subalgebra of � ×�. 
Proof. For any (��, ��), (��, ��) ∈ � × �, 
                     (! × ))A(��, ��) ∗ (��, ��)B = (! × ))(�� ∗ ��, �� ∗ ��) 
                                                                   = !(�� ∗ ��) ∙ )(�� ∗ ��) 
                                                                   ≥ A!(��) ∙ !(��)B ∙ A)(��) ∙ )(��)B 
                                                                   = A!(��) ∙ )(��)B ∙ A!(��) ∙ )(��)B 
                                                                   = (! × ))(��, ��) ∙ (! × ))(��, ��). 
Hence, ! × ) is a fuzzy dot subalgebra of � ×�.                                                        

Theorem 3.10. Let v be a fuzzy subset of �. The strong v-relation !w on �, defined by !w(�, �) = v(�) ∙ v(�) for all (�, �) ∈ � × �, is a fuzzy dot subalgebra of � ×� if and 
only if v is a fuzzy dot subalgebra of �. 
Proof. (⇒) Assume that !w is a fuzzy dot subalgebra of � ×�. 

For any �, � ∈ �, v(� ∗ �) = yv(� ∗ �) ∙ v(� ∗ �)                                             
                                            = y!w(� ∗ �, � ∗ �) 
                                            = z!wA(�, �) ∗ (�, �)B 
                                            ≥ y!w(�, �) ∙ !w(�, �) 
                                            = y(v(�) ∙ v(�)) ∙ (v(�) ∙ v(�))          
                                            = y(v(�) ∙ v(�)) ∙ (v(�) ∙ v(�)) 
                                            = 	v(�) ∙ v(�). 
Hence, v is a fuzzy dot subalgebra of �. 
(⇐)	Assume that v is a fuzzy dot subalgebra of �. 
For any (��, ��), (��, ��) ∈ � × �, 
        !wA(��, ��) ∗ (��, ��)B = !w(�� ∗ ��, �� ∗ ��) = v(�� ∗ ��) ∙ v(�� ∗ ��) 
                                              ≥ Av(��) ∙ v(��)B ∙ Av(��) ∙ v(��)B 
                                              = Av(��) ∙ v(��)B ∙ Av(��) ∙ v(��)B 
                                              = !w(��, ��) ∙ !w(��, ��). 
Hence, !w is a fuzzy dot subalgebra of � ×�.                                                            

Definition 3.7. Let v be a fuzzy subset of �. A fuzzy relation ! on � is called a 
 v-product relation on � if !(�, �) ≥ v(�) ∙ v(�) for all �, � ∈ �. 

Definition 3.8. Let v be a fuzzy subset of �. A fuzzy relation ! on � is called a left fuzzy 
relation on v if !(�, �) = v(�) for all �, � ∈ �. Similarly, we can define a right fuzzy 
relation on v. 
 Note that a left (resp. right) fuzzy relation on v is a fuzzy v-product relation on �. 
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Theorem 3.11. Let ! be a left fuzzy relation on a fuzzy subset v of �. If ! is a fuzzy dot 
subalgebra of � ×�, then v is a fuzzy dot subalgebra of �. 
Proof. Assume that ! is a fuzzy dot subalgebra of � ×�. 
For any ��, ��, ��, �� ∈ �, 	v(�� ∗ ��) = !(�� ∗ ��, �� ∗ ��) = !A(��, ��) ∗ (��, ��)B 
                                                              ≥ !(��, ��) ∙ !(��, ��)=v(��) ∙ v(��). 
Hence, v is a fuzzy dot subalgebra of �.                                                                       

Theorem 3.12. Let � ∈ � and ! be a fuzzy relation on � satisfying the inequality 
 !(�, �) ≤ !(�, 1) for all �, � ∈ �. If ! is a fuzzy dot subalgebra of �, then the fuzzy 
subset v| of �, defined by v|(�) = !(�, �) for all � ∈ �, is a fuzzy dot subalgebra of � ×�. 
Proof. Assume that ! is a fuzzy dot subalgebra of �. 
For any �, � ∈ �, v|(� ∗ �) = !(� ∗ �, �) = !(� ∗ �, 1 ∗ �) = !A(�, 1) ∗ (�, �)B 
                                             ≥ !(�, 1) ∙ !(�, �) ≥ !(�, �) ∙ !(�, �) = v|(�) ∙ v|(�). 
Hence, v| is a fuzzy dot subalgebra of �.                                                                         

Theorem 3.13. Let ! be a fuzzy subset of � × � satisfying  !(�, 1) = !(1, �) = 1 for all � ∈ �. If ! is a fuzzy dot subalgebra of � ×� then, the fuzzy subset v}of �, defined by v}(�) = +,�|?q!(�, �) ∙ !(�, �) for all � ∈ �, is a fuzzy dot subalgebra of �. 
Proof. For any �, �, � ∈ �, !(� ∗ �, �) = !(� ∗ �, 1 ∗ �) = !A(�, 1) ∗ (�, �)B 
                                                               ≥ !(�, 1) ∙ !(�, �) = 1 ∙ !(�, �) = !(�, �) 
                                                             and 
                                            !(�, � ∗ �) = !(1 ∗ �, � ∗ �) = !A(1, �) ∗ (�, �)B 
                                                               ≥ !(1, �) ∙ !(�, �) = 1 ∙ !(�, �) = !(�, �); 
It follows that !(� ∗ �, �) ∙ !(�, � ∗ �) ≥ !(�, �) ∙ !(�, �) 
                                                               ≥ A!(�, �) ∙ !(�, �)B ∙ A!(�, �) ∙ !(�, �)B. 
So that, for any �, � ∈ �, 
                v}(� ∗ �) = +,�|?q!(� ∗ �, �) ∙ !(�, � ∗ �) 
                                 ≥ +,�|?qA!(�, �) ∙ !(�, �)B ∙ A!(�, �) ∙ !(�, �)B 
                                 ≥ +,�|?qA+,�|?q!(�, �) ∙ !(�, �)B ∙ A+,�|?q!(�, �) ∙ !(�, �)B 
                                 = A+,�|?q!(�, �) ∙ !(�, �)B ∙ A+,�|?q!(�, �) ∙ !(�, �)B 
                                 = v}(�) ∙ v}(�). 
Hence, v} is a fuzzy dot subalgebra of �.                                                                    

 Definition 3.9. (see, [8]) A fuzzy map � from a set � to a set   is an ordinary map 
 � ∶ � → &( ) from � to the set &( ) of all fuzzy subsets of   satisfying the following 
conditions: 

i. for any � ∈ �, there exists �~ ∈   such that �(�)(�~) = 1; 
ii. for any � ∈ � and ��, �� ∈  , �(�)(��) = �(�)(��) implies �� = ��.  

 One observes that a fuzzy map � from � to   gives rise to a unique ordinary map !j 
from � ×   to [0, 1], given by !j(�, �) = �(�)(�) for all � ∈ � and � ∈  . One also 
notes that a fuzzy map � from � to   gives rise to a unique ordinary map ��from � to  , 
given by ��(�) = �~.          
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Theorem 3.14. Let � ∶ � → ℬ be a fuzzy homomorphism of distributive implication 
groupoids; i.e., !j(�� ∗ ��, �) = Eghm�ml∗mp!j(��, ��) ∙ !j(��, ��) for all ��, �� ∈ � and � ∈  . Then  

a. !j(�� ∗ ��, �� ∗ ��) ≥ !j(��, ��) ∙ !j(��, ��) for all ��, �� ∈ �, ��, �� ∈  ; 
b. 	!j(1,1) = 1. 

Proof. a. For any ��, �� ∈ � and ��, �� ∈  ,  !j(�� ∗ ��, �� ∗ ��) = Eghml∗mp�|l∗|p!j(��, ��) ∙ !j(��, ��) 
     ≥ !j(��, ��) ∙ !j(��, ��). 

b. For any � ∈ �, there exists �~ ∈   such that !j(�, �~) = 1; thus, !j(1,1) = !j(� ∗ �, �~ ∗ �~) ≥ !j(�, �~) ∙ !j(�, �~) = 1 ∙ 1 = 1; 
so, !j(1,1) = 1.                                                                                                             

Definition 3.10. For any fuzzy subsets ! and ) of �, ! ∗ ) is the fuzzy subset of � 
defined by: (! ∗ ))(�) = Egh~�i∗�!(�) ∙ )(8) for all � ∈ �. 

Theorem 3.15. Let ! be a fuzzy subset of �. Then the following are equivalent: 
a. ! is a fuzzy dot subalgebra of �. 
b. ! ∗ ! ≤ !. 

Proof. (�.⇒ �. ) Assume that ! is a fuzzy dot subalgebra of �. For any � ∈ �, we 
have !(�) = !(� ∗ 8) ≥ !(�) ∙ !(8) for all �, 8 ∈ � such that � = � ∗ 8; thus, 
 !(�) ≥ Egh~�i∗�!(�) ∙ !(8); i.e., !(�) ≥ (! ∗ !)(�). Therefore, ! ∗ ! ≤ !. (�.⇒ �. ) Assume that ! ∗ ! ≤ !. Then (! ∗ !)(� ∗ 8) ≤ !(� ∗ 8) for all �, 8 ∈ �; i.e.,  Eghi∗���∗�!(g) ∙ !(�) ≤ !(� ∗ 8) for all �, 8 ∈ �; thus, !(�) ∙ !(8) ≤ !(� ∗ 8) for all �, 8 ∈ �; i.e., ! is a fuzzy dot subalgebra of �.                                                  

Definition 3.11. For any � ∈ � and I ∈ [0, 1], the fuzzy subset �M of �, defined by �M(�) = I and �M(�) = 0 for all � ≠ �, is called a fuzzy point of �. 

Theorem 3.16. Let �M and �L be two fuzzy points of �. Then �M ∗ �L = (� ∗ �)M∙L. 
Proof. For any � = � ∗ 8 ≠ � ∗ �, we have � ≠ � or 8 ≠ �; i.e., �M(�) = 0 or 
 �L(8) = 0; thus, �M(�) ∙ �L(8) ≤ min��M(�), �L(8)� = 0; so, �M(�) ∙ �L(8) = 0. Thus, (�M ∗ �L)(�) = Egh|�i∗��M(�) ∙ �L(8) = Egh|�i∗�0 = 0 for all � ≠ � ∗ �. More, (�M ∗ �L)(� ∗ �) = Egh~∗m�i∗��M(�) ∙ �L(8) = �M(�) ∙ �L(�) = I ∙ J. 
Hence, (�M ∗ �L)(�) = (� ∗ �)M∙L(�) for all � ∈ �; i.e.,	�M ∗ �L = (� ∗ �)M∙L.             

Corollary 3.3. Let �M, �L, �� and 1� be four fuzzy points of �. Then 
a. �M ∗ �M = 1I2, 
b. 1� ∗ �M = ��∙M, 
c. A�M ∗ �LB ∗ (�M ∗ ��) ≤ �M ∗ A�L ∗ ��B. 

Proof. a. �M ∗ �M = (� ∗ �)M∙M = 1I2. 
b. 1� ∗ �M = (1 ∗ �)�∙M = ��∙M. 
c. �M ∗ A�L ∗ ��B = �M ∗ (� ∗ �)L∙� 
                            = A� ∗ (� ∗ �)BM∙(L∙�)                       
                            = ((� ∗ �) ∗ (� ∗ �))(M∙L)∙� 
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                            ≥ ((� ∗ �) ∗ (� ∗ �))(M∙L)∙(M∙�) 
                            = (� ∗ �)M∙L ∗ (� ∗ �)M∙� 

                            = A�M ∗ �LB ∗ (�M ∗ ��).                                           
Hence, A�M ∗ �LB ∗ (�M ∗ ��) ≤ �M ∗ A�L ∗ ��B.                                                            
 We can also establish the following equalities: 

a) �M ∗ 1� = 1M∙�, 
b)  �M ∗ A�L ∗ �MB = 1L∙I2, 
c) A�L ∗ ��B ∗ _A�M ∗ �LB ∗ A�M ∗ ��B` = 1(I∙J∙�)2 , 
d) 	_�M ∗ A�L ∗ ��B` ∗ _�L ∗ A�M ∗ ��B` = 1(I∙J∙�)2, 
e) 	A�M ∗ �LB ∗ _A�L ∗ ��B ∗ A�M ∗ ��B` = 1(I∙J∙�)2. 

Definition 3.12. A fuzzy point �M	of � is said to be contained in a fuzzy subset ! of �, 
denoted by  �M ∈ !, if !(�) ≥ I. 

Theorem 3.17. The following are equivalent: 
a. ! is a fuzzy dot subalgebra of �. 
b. For any �M ∈ ! and �L ∈ !, �M ∗ �L ∈ !. 

Proof. (�.⇒ �.) Assume that ! is a fuzzy dot subalgebra of �. For any �M ∈ ! and �L ∈ !, we have !(�) ≥ I and !(�) ≥ J; thus, !(�) ∙ !(�) ≥ I ∙ J; thus, 
 !(� ∗ �) ≥ I ∙ J; i.e., (� ∗ �)M∙L ∈ !; i.e., �M ∗ �L ∈ !. (�.⇒ �. ) Assume that �M ∗ �L ∈ ! for all �M ∈ ! and �L ∈ !. For any �, � ∈ �, we 
have �}(~) ∗ �}(m) ∈ !, since �}(~), �}(m) ∈ !; thus, (� ∗ �)}(~)∙}(m) ∈ !; i.e., !(� ∗ �) ≥ !(�) ∙ !(�).  
Hence, ! is a fuzzy dot subalgebra of �.                                                           

Notation 3.4. For any � ∈ � ∖ {1} and I ∈ [0, 1], �M� denotes the fuzzy subset of � 
defined by: 

                                      �M�(P) = � I2	+�	P = 1,I	+�	P = �,		0	OPℎRST+ER.
U     for all P ∈ �. 

Theorem 3.18. Let � ∈ � ∖ {1} and I ∈ [0, 1].  Then �M� is the fuzzy dot subalgebra of � 
generated by �M; i.e., 〈�M〉 = �M�. 
Proof. Since �M(�) = I = �M�(�) and �M(P) = 0 ≤ �M�(P) for all P ≠ �, we have �M(P) ≤ �M�(P) for all P ∈ �; i.e., �M� contains �M. Next we show that �M� is a fuzzy dot 
subalgebra of �. 
For any �, 8 ∈ � such that � ∉ {1, �} or 8 ∉ {1, �}, we have �M�(�) = 0 or �M�(8) = 0; thus, �M�(�) ∙ �M� (8) ≤ min{�M�(�), �M� (8)} = 0 ≤ �M�(� ∗ 8). �M�(1 ∗ 1) = �M�(1) = I2 ≥ I2 ∙ I2 = �M�(1) ∙ �M�(1). �M�(1 ∗ �) = �M�(�) = I ≥ I2 ∙ I = �M�(1) ∙ �M�(�). �M�(� ∗ �) = �M�(1) = I2 = I ∙ I = �M�(�) ∙ �M�(�). �M�(� ∗ 1) = �M�(1) = I2 ≥ I ∙ I2 = �M�(�) ∙ �M�(1). 
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Therefore, �M�(� ∗ 8) ≥ �M�(�) ∙ �M�(8) for all �, 8 ∈ �; i.e., �M� is a fuzzy dot subalgebra 
of �. Finally, we show that �M� is the smallest fuzzy dot subalgebra of � containing �M. 
So, let ) be a fuzzy dot subalgebra of � containing �M. Since 

 )(1) ≥ )(�)2 ≥ A�M(�)B2 = I2 = �M�(1), )(�) ≥ �M(�) = I = �M�(�) and  )(P) ≥ 0 = �M�(P) for all P ∈ � ∖ {1, �}, we have )(P) ≥ �M�(P) for all P ∈ �; i.e., ) 
contains �M�. 
Hence, �M� is the smallest fuzzy dot subalgebra of � containing �M.                            
 We remark that 〈1M〉 = 1M for all I ∈ [0, 1]. 
 
4. Fuzzy normal dot subalgebras of distributive implication groupoids 
 In this section, fuzzy normal dot subalgebras are defined and the relationship between 
fuzzy normal dot subalgebras, fuzzy normal subalgebras and fuzzy dot subalgebras are 
discussed. 

Definition 4.1. (see, [6]) Let ! be a fuzzy subset of �. ! is called a fuzzy normal 
subalgebra of � if it satisfies the following condition: 
           !A(� ∗ �) ∗ (� ∗ 8)B ≥ min	{!(� ∗ �), !(� ∗ 8)} for all �, �, �, 8 ∈ �. 

Definition 4.2. Let ! be a fuzzy subset of �. ! is called a fuzzy normal dot subalgebra of � if it satisfies the following condition: 
            !A(� ∗ �) ∗ (� ∗ 8)B ≥ !(� ∗ �) ∙ !(� ∗ 8) for all �, �, �, 8 ∈ �. 

Example 4.1. The fuzzy subset 5 of the example 3.1 is a fuzzy normal dot subalgebra. 
 Note that every fuzzy normal subalgebra is a fuzzy normal dot subalgebra, but the 
converse is not necessarily true. In fact, the fuzzy normal dot subalgebra 5 of the example 
4.1 is not a fuzzy normal subalgebra, since  
          5A(8 ∗ 6) ∗ (9 ∗ 9)B = 5(1) = 0.3 ≱ 0.5 = min	{5(8 ∗ 9), 5(6 ∗ 9)}. 
Theorem 4.1. Every fuzzy normal dot subalgebra of � is a fuzzy dot subalgebra of �. 
Proof. Let ! be a fuzzy normal dot subalgebra of �. For any �, � ∈ �,  
               !(� ∗ �) = !A(1 ∗ 1) ∗ (� ∗ �)B ≥ !(1 ∗ �) ∙ !(1 ∗ �) = !(�) ∙ !(�). 
Hence, ! is a fuzzy dot subalgebra of �.                                                                       
 The converse of the theorem 4.1 is not necessarily true. Consider the distributive 
implication groupoid of the example 2. and the fuzzy subset � defined by 
 �(1) = 	�(�) = 0.7, �(8) = �(9) = 0.6 and �(6) = 0.4. Then � is a fuzzy dot 
subalgebra; but � is not a fuzzy normal dot subalgebra, since 
      �A(� ∗ �) ∗ (9 ∗ 8)B = �(6) = 0.4 ≱ 0.42 = �(1) ∙ �(8) = �(� ∗ 9) ∙ �(� ∗ 8).  

Theorem 4.2. Let ! be a fuzzy normal dot subalgebra of �. Then 

                                          !(�) ≥ !(1)2 for all � ∈ �. 
Proof. For any � ∈ �,  
                                             !(�) = !(1 ∗ �) = !A(� ∗ �) ∗ (1 ∗ �)B 
                                                       ≥ !(� ∗ 1) ∙ !(� ∗ �) 
                                                       = !(1) ∙ !(1)                                                         

                                                       = !(1)2.                                                                  
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Corollary 4. Let ! be a fuzzy normal dot subalgebra of �. If !(1) = 1, then	! is the 
constant fuzzy subset of � with value 1. 
Proof. Assume that	!(1) = 1. We have !(�) ≥ !(1)2 = 12 = 1 for all � ∈ �; thus,                                         
 !(�) = 1 for all � ∈ �; i.e., ! is the constant fuzzy subset of � with value 1.             
 
5. Fuzzy dot ideals of distributive implication groupoids 
 In this section, fuzzy dot ideals are defined and some of their properties are investigated. 

Definition 5.1. (see, [5]) A fuzzy subset ! of � is called a fuzzy ideal of � if it satisfies 
the following conditions: 

i. !(1) ≥ !(�), 
ii. !(�) ≥ min	{!(�), !(� ∗ �)}; for all �, � ∈ �. 

Definition 5.2. A fuzzy subset ! of � is called a fuzzy dot ideal of � if it satisfies the 
following conditions: 

i. !(1) ≥ !(�), 
ii. !(�) ≥ !(�) ∙ !(� ∗ �); for all �, � ∈ �. 

Example 5.1. Let � = {1, �, 8, 6, 9} be a set with the following Cayley table: 
                                            ∗ 1 a b c d 

1 1 a b c d 
a 1 1 1 1 d 
b 1 1 1 1 d 
c 1 1 1 1 d 
d 1 a b c 1 

Then � = (�;	∗, 1) is a distributive implication groupoid. Define a fuzzy subset � of � 
by �(1) = �(8) = 0.6, �(�) = 0.5 and �(6) = �(9) = 0.4. Then � is a fuzzy dot ideal of �. 
 Note that every fuzzy ideal of � is a fuzzy dot ideal of �, but the converse is not 
necessarily true. In fact, the fuzzy dot ideal � of the example 5.1 is not a fuzzy ideal, 
since �(6) = 0.4 ≱ 0.5 = min{0.5,0.6} = min	{�(�), �(1)} = min	{�(�), �(� ∗ 6)}. 
 
Proposition 5.1. Let ! be a fuzzy subset of �. If ! is a fuzzy dot ideal of �, then ! is a 
fuzzy dot subalgebra of �. 
Proof. Assume that ! is a fuzzy dot ideal of �.  
For any �, � ∈ �, !(� ∗ �) ≥ !(�) ∙ !A� ∗ (� ∗ �)B 
                                           = !(�) ∙ !(1) 
                                           ≥ !(�) ∙ !(�) 
                                           = !(�) ∙ !(�). 
Hence, ! is a fuzzy dot subalgebra of �.                                                                       

Proposition 5.2. Let ! be a fuzzy dot ideal of �. If the inequality � ≤ � holds in �, then !(�) ≥ !(�) ∙ !(1) for all �, � ∈ �. 
Proof. Let �, � ∈ � such that � ≤ �. Then � ∗ � = 1, and thus !(�) ≥ !(�) ∙ !(� ∗ �) = !(�) ∙ !(1).                                                                          

Corollary 5.1. Every fuzzy dot ideal ! of � such that !(1) = 1 is order-preversing. 
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Proof. Straightforward.                                                                                                                                                                  

Proposition 5.3. Let ! be a fuzzy dot ideal of �. Then 
                 � ≤ � ∗ � implies !(�) ≥ !(�) ∙ !(�) ∙ !(1) for all �, �, � ∈ �. 
Proof. Let �, �, � ∈ � such that � ≤ � ∗ �. Then � ∗ (� ∗ �) = 1, and thus !(�) ≥ !(�) ∙ !(� ∗ �) ≥ !(�) ∙ !(�) ∙ !(� ∗ (� ∗ �)) = !(�) ∙ !(�) ∙ !(1).                    
Corollary 5.2. Let ! be a fuzzy subset of � such that !(1) = 1. Then ! is a fuzzy dot 
ideal of  � if and only if 
                         � ≤ � ∗ � implies !(�) ≥ !(�) ∙ !(�) for all �, �, � ∈ �.       
Proof. Assume that ! is a fuzzy dot ideal of �.  Then for any �, �, � ∈ � such that � ≤ � ∗ �, we have  !(�) ≥ !(�) ∙ !(�) ∙ !(1) = !(�) ∙ !(�) ∙ 1 = !(�) ∙ !(�). 
Conversely, assume that � ≤ � ∗ � implies !(�) ≥ !(�) ∙ !(�) for all �, �, � ∈ �.  
For any � ∈ �, !(1) = 1 ≥ !(�). For any �, � ∈ �, we have � ∗ � ≤ � ∗ �; thus, !(�) ≥ !(�) ∙ !(� ∗ �). 
Hence, ! is a fuzzy dot ideal of �.                                                                                

Proposition 5.4. Let ! be a fuzzy subset of � and * be a positive integer. If ! is a fuzzy 
dot ideal of �, then !* is a fuzzy dot ideal of �. 
Proof. Assume that ! is a fuzzy dot ideal of �. Since !(1) ≥ !(�) and !(�) ≥ !(�) ∙ !(� ∗ �) for all �, � ∈ �, we have !(1)> ≥ !(�)> and !(�)> ≥ (!(�) ∙ !(� ∗ �))> for all �, � ∈ �; i.e., !(1)> ≥ !(�)> and 
 !(�)> ≥ !(�)> ∙ !(� ∗ �)>; i.e., !>(1) ≥ !>(�) and !>(�) ≥ !>(�) ∙ !>(� ∗ �) for 
all �, � ∈ �. Hence, !> is a fuzzy dot ideal of �.                                                  

Proposition 5.5. Let ! be a fuzzy subset of �. If ! and the fuzzy subset !� of � (defined 
by !�(�) = 1 − !(�) for all � ∈ �) are fuzzy dot ideals of �, then ! is the constant 
fuzzy subset of � with value !(1). 
Proof. Assume that ! and !� are fuzzy dot ideals of �. Since !(1) ≥ !(�) and 
 !�(1) ≥ !�(�) for all � ∈ �, we have !(1) ≥ !(�) and 1 − !(1) ≥ 1 − !(�) for all � ∈ �; i.e.,	!(1) ≥ !(�) and	!(1) ≤ !(�) for all � ∈ �; i.e., !(�) = !(1) for all � ∈ �; 
i.e., ! is the constant fuzzy subset of � with value !(1).       
                      
Theorem 5.1. Let {!�}�?@ be a family of fuzzy dot ideals of �. Then +,��?@!� is a fuzzy 
dot ideal of �. 
Proof. For any � ∈ �, (+,��?@!�)(1) = +,��?@!�(1) ≥ +,��?@!�(�) = (+,��?@!�)(�). 
For any �, � ∈ �, (+,��?@!�)(�) = +,��?@!�(�) 
                                                   ≥ +,��?@[!�(�) ∙ !�(� ∗ �)] 
                                                   ≥ +,��?@[A+,��?@!�(�)B ∙ A+,��?@!�(� ∗ �)B] 
                                                   = A+,��?@!�(�)B ∙ A+,��?@!�(� ∗ �)B 
                                                   = (+,��?@!�)(�) ∙ (+,��?@!�)(� ∗ �). 
Hence, +,��?@!� is a fuzzy dot ideal of �.                                                                    

Definition 5.3. Let ! be a fuzzy subset of �. The smallest fuzzy dot ideal of � which 
contains ! is said to be the fuzzy dot ideal of � generated by !, and will be denoted by 
( U!〉. 
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Notation 5.1. We denote the set of all fuzzy dot ideals of � by &+(�). 
For any !, ) ∈ &+(�), we define the meet of ! and ) (denoted by ! ⊓ )) by ! ⊓ ) = ! ∧ ) and the join of ! and ) (denoted by	! ⊔ )) by ! ⊔ ) = U(! ∨ )〉. 
Notation 5.2. Let I, J ∈ [0, 1], � ⊆ � and (�] be the ideal of � generated by �. (U�LMb 
denotes the fuzzy subset of � defined by: (U�LMb(�) = N I	+�	� ∈ (U�],J	OPℎRST+ER.U  for all � ∈ �. 

Lemma 5.1. Let � be a nonempty subset of � and I, J ∈ � such that J ≤ I. Then (U�LMb is 
a fuzzy dot ideal of �. 
Proof. Since 1 ∈ (U�], we have (U�LMb(1) = I = max	{I, J} ≥ (U�LMb(�) for all � ∈ �. Let �, � ∈ �. 
If � ∉ (U�], then � ∉ (U�] or � ∗ � ∉ (U�]; thus, (U�LMb(�) = J or (U�LMb(� ∗ �) = J; thus, 

(U�LMb(�) = J ≥ max	{J2, I ∙ J} ≥ (U�LMb(�) ∙ (U�LMb(� ∗ �). 
If � ∈ (U�], then (U�LMb(�) = I ≥ max	{I2,J2, I ∙ J} ≥ (U�LMb(�) ∙ (U�LMb(� ∗ �). 
Hence, (U�LMb is a fuzzy dot ideal of �.                                                                           
  If � is an ideal of �, then �LM is a fuzzy dot ideal of �; but the converse is not 
necessarily true. In fact, consider the distributive implication groupoid � of the example 
5.1; {1, �}Y.�Y.[ is a fuzzy dot ideal of � but {1, �} is not an ideal of �, since � ∈ {1, �}, � ∗ 8 = 1 ∈ {1, �} and 8 ∉ {1, �}. 
Theorem 5.2. Let � be a nonempty subset of � and J ∈ [0, 1]. Then (U�L�b is the fuzzy dot 

ideal of � generated by �L�; i.e., (U�L�〉 = (U�L�b.  
Proof. Since �L�(�) ≤ 1 = (U�L�b(�) for all � ∈ (U�] and �L�(�) = J = (U�L�b(�) for all 

 � ∉ (U�], it follows that �L�(�) ≤ (U�L�b(�) for all � ∈ �; i.e., (U�L�b contains �L�. More, (U�L�b is 

a fuzzy dot ideal of � by the lemma 5.1, because J ≤ 1. It suffices now to show that (U�L�b 
is the smallest fuzzy dot ideal of � containing �L�. So, let ) be a fuzzy dot ideal of � 

containing �L�.  
For any � ∉ (U�], we have (U�L�b(�) = J = �L�(�) ≤ )(�). )(1) ≥ )(�) ≥ �L�(�) = 1 = (U�L�b(1) for all � ∈ �. 
For any � ∈ (U�] ∖ {1}, ∏ �� ∗ � = 1����  for some ��, …	, �� ∈ �; thus, 
             )(�) ≥ )(��) ∙ )(�� ∗ �) 
                      ≥ )(��) ∙ )(��) ∙ )A�� ∗ (�� ∗ �)B 
                       ⋮ 
                      ≥ )(��) ∙ )(��) ∙ …	∙ )(��) ∙ )(∏ �� ∗ �)����  
                      = )(��) ∙ )(��) ∙ …	∙ )(��) ∙ )(1) 
                      ≥ )(��) ∙ )(��) ∙ …	∙ )(��) ∙ )(�) for all � ∈ � 
                      ≥ �L�(��) ∙ �L�(��) ∙ …	∙ �L�(��) ∙ �L�(�) for all � ∈ �    
                      = 1 ∙ 1 ∙ …	∙ 1 ∙ 1  
                      = 1 
                      = (U�L�b(�). 
Therefore, )(�) ≥ (U�L�b(�) for all � ∈ �; i.e., ) contains (U�L�b. 
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Hence, (U�L�b is the smallest fuzzy dot ideal of � containing �L�; i.e., (U�L�b is the fuzzy dot 

ideal of � generated by �L�.                                                                                      

Corollary 5.3. Let � be a nonempty subset of � and J ∈ [0,1]. Then �L� is a fuzzy dot 
ideal of � if and only if � is an ideal of �. 
Proof. �L� is a fuzzy dot ideal of � if and only if (U�L�〉 = �L�; i.e., (U�L�b = �L�; i.e., (U�] = �; 
i.e., � is an ideal of �.                                                                                       

Corollary 5.4. Let � be a nonempty subset of �. Then c@ is a fuzzy dot ideal of � if and 
only if � is an ideal of �. 
Proof. Straightforward, because c@ = �Y�.                                                                      

Theorem 5.3. A&+(�);	⊓,⊔;	0, 1B is a complete lattice. 
Proof. Since 0 ≤ 0 and 1 ≤ 1, 0 = �YY and 1 = ��� (for all ideal � of �) are fuzzy dot 
ideals of �. Therefore,  A&+(�);	⊓,⊔;	0, 1B	is a complete lattice by the theorem 5.1.  

Proposition 5.6. (see, [5]) A fuzzy subset of � is a fuzzy dot ideal of � if and only if all 
its nonempty level subsets are ideals of �. 
There is a fuzzy dot ideal of a distributive implication groupoid with a nonempty level 
subset which is not an ideal. Consider the fuzzy dot ideal �of the example 5.1; e(�; 0.6) = {1, 8} is not an ideal, since 8 ∈ e(�; 0.6), 8 ∗ � ∈ e(�; 0.6) and  � ∉ e(�; 0.6). 
Theorem 5.4. Let ! be a fuzzy subset of �. If ! is a fuzzy dot ideal of �, then e(!, 1) is 
either empty or an ideal of �. 
Proof. Assume that ! is a fuzzy dot ideal of � and e(!, 1) is a nonempty subset of �. 
For any �, � ∈	A such that � ∈ e(!, 1)  and � ∗ � ∈ e(!, 1), we have 
 !(�) ≥ !(�) ∙ !(� ∗ �) = 1 ∙ 1 = 1; thus, !(�) = 1; i.e., � ∈ e(!, 1).  
Hence, e(!, 1) is an ideal of �.                                                                                    

Theorem 5.5. Let � ∶ 	� → 	ℬ be a homomorphism of distributive implication groupoids 
and ) be a fuzzy subset of  . If ) is a fuzzy dot ideal of ℬ, then �f�[)] is a fuzzy dot 
ideal of �. 
Proof. Assume that ) is a fuzzy dot ideal of ℬ. 
For any � ∈ �, �f�[)](1) = )A�(1)B = )(1) ≥ )A�(�)B = �f�[)](�). 
For any �, � ∈ �, �f�[)](�) = )A�(�)B 
                                              ≥ )A�(�)B ∙ )A�(�) ∗ �(�)B 
                                              = )A�(�)B ∙ )A�(� ∗ �)B 
                                             = �f�[)](�) ∙ �f�[)](� ∗ �). 
Hence, �f�[)] is a fuzzy dot ideal of �.                                                                       

Theorem 5.6. Let � ∶ 	� → 	ℬ be an onto homomorphism of distributive implication 
groupoids and ) be a fuzzy subset of  . If �f�[)] is a fuzzy dot ideal of �, then ) is a 
fuzzy dot ideal of ℬ. 
Proof. Assume that �f�[)] is a fuzzy dot ideal of �. 
For any � ∈   and � ∈ �f�(�), 
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                  )(1) = )A�(1)B = �f�[)](1) ≥ �f�[)](�) = )A�(�)B = )(�). 
For any �, � ∈   and (�, 8) ∈ �f�(�) × �f�(�), )(�) = )A�(�)B = �f�[)](�) 
                                                      ≥ �f�[)](8) ∙ �f�[)](8 ∗ �) 
                                                      = )A�(8)B ∙ )A�(8 ∗ �)B 
                                                      = )A�(8)B ∙ )A�(8) ∗ �(�)B 
                                                      = )(�) ∙ )(� ∗ �). 
Hence, ) is a fuzzy dot ideal of ℬ.                                                                                 

Theorem 5.7. Let ! and ) be two fuzzy dot ideals of �. Then ! × ) is a fuzzy dot ideal 
of � ×�. 
Proof. For any (��, ��), (��, ��) ∈ � × �, 
                  (! × ))(1,1) = !(1) ∙ )(1) ≥ !(��) ∙ !(��) = (! × ))(��, ��) 
                                                   and 
                              (! × ))(��, ��) = !(��) ∙ )(��) 
                                                        ≥ A!(��) ∙ !(�� ∗ ��)B ∙ A)(��) ∙ )(�� ∗ ��)B 
                                                        = A!(��) ∙ )(��)B ∙ A!(�� ∗ ��) ∙ )(�� ∗ ��)B 
                                                        = (! × ))(��, ��) ∙ (! × ))(�� ∗ ��, �� ∗ ��) 
                                                        = (! × ))(��, ��) ∙ (! × ))A(��, ��) ∗ (��, ��)B. 
Hence, ! × ) is a fuzzy dot ideal of � ×�.                                                                 

Theorem 5.8. Let v be a fuzzy subset of �. The strong v-relation !w on � is a fuzzy dot 
ideal of � ×� if and only if v is a fuzzy dot ideal of �. 
Proof. (⇒) Assume that !w is a fuzzy dot ideal of � ×�. 
For any �, � ∈ �,  
 v(1) = yv(1) ∙ v(1) = y!w(1,1) ≥ y!w(�, �) = yv(�) ∙ v(�) = v(�) 
                                                    and 

  v(�) = yv(�) ∙ v(�) = y!w(�, �) 
                                      ≥ y!w(�, �) ∙ !w((�, �) ∗ (�, �)) 
                                      = y!w(�, �) ∙ !w(� ∗ �, � ∗ �) 
                                      = zAv(�) ∙ v(�)B ∙ (v(� ∗ �) ∙ v(� ∗ �)) 
                                      = zAv(�) ∙ v(� ∗ �)B ∙ (v(�) ∙ v(� ∗ �)) 
                                      = v(�) ∙ v(� ∗ �). 
Hence, v is a fuzzy dot ideal of �. (⇐) Assume that v is a fuzzy dot ideal of �.  
 For any (��, ��), (��, ��) ∈ � × �, 
                   !w(1,1) = v(1) ∙ v(1) ≥ v(��) ∙ v(��) = !w(��, ��) 
                                              and 
                       !w(��, ��) = v(��) ∙ v(��) 
                                         ≥ Av(��) ∙ v(�� ∗ ��)B ∙ Av(��) ∙ v(�� ∗ ��)B 
                                         = Av(��) ∙ v(��)B ∙ Av(�� ∗ ��) ∙ v(�� ∗ ��)B 
                                         = !w(��, ��) ∙ !w(�� ∗ ��, �� ∗ ��) 
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                                         = !w(��, ��) ∙ !w((��, ��) ∗ (��, ��)). 
Hence, !w is a fuzzy dot ideal of � ×�.                                                                      

Proposition 5.7. Let ! be a fuzzy dot ideal of � ×�. Then  
   !(�, �) ≥ !(�, 1) ∙ !(1, �) and !(�, �) ≥ !(1, �) ∙ !(�, � ∗ �) for all �, � ∈ �. 
Proof. For any �, � ∈ �, !(�, �) ≥ !(�, 1) ∙ !((�, 1) ∗ (�, �)) 
                                                       = !(�, 1) ∙ !(� ∗ �, 1 ∗ �) 
                                                       = !(�, 1) ∙ !(1, �) 
                                                    and !(�, �) ≥ !(1, �) ∙ !((1, �) ∗ (�, �)) 
                                                       = !(1, �) ∙ !(1 ∗ �, � ∗ �) 
                                                       = !(1, �) ∙ !(�, � ∗ �).                                               
Proposition 5.8. Let ! be a fuzzy dot ideal of � ×� such that !(1,1) = 1. Then 
            !(�, 1) ≥ !(�, �) and !(1, �) ≥ !(�, �) for all �, � ∈ �. 
Proof. For any �, � ∈ �, !(�, 1) ≥ !(�, �) ∙ !((�, �) ∗ (�, 1)) 
                                                       = !(�, �) ∙ !(� ∗ �, � ∗ 1) 
                                                       = !(�, �) ∙ !(1,1) 
                                                       = !(�, �) ∙ 1 
                                                       = !(�, �) 
                                                    and  !(1, �) ≥ !(�, �) ∙ !((�, �) ∗ (1, �)) 
                                                       = !(�, �) ∙ !(� ∗ 1, � ∗ �) 
                                                       = !(�, �) ∙ !(1,1) 
                                                       = !(�, �) ∙ 1 
                                                       = !(�, �).                                                                   

Corollary 5.5. Let � ∈ � and ! be a fuzzy dot ideal of � ×� such that !(1,1) = 1. 
Then the fuzzy subset v| of �, defined by v|(�) = !(�, �) for all � ∈ �, is a fuzzy dot 
ideal of �. 
Proof. For any � ∈ �, v|(1) = !(�, 1) ≥ !(�, �) = v|(�). 
For any �, � ∈ �, v|(�) = !(�, �) 
                                       ≥ !(1, �) ∙ !A(1, �) ∗ (�, �)B  
                                       = !(1, �) ∙ !(1 ∗ �, � ∗ �) 
                                       = !(1, �) ∙ !(�, � ∗ �) 
                                       ≥ !(�, �) ∙ !(�, � ∗ �) 
                                       = v|(�) ∙ v|(y∗ �). 
Hence, v| is a fuzzy dot ideal of �.                                                                               

Theorem 5.9. Let ! be a fuzzy subset of � and, �M and �L be two fuzzy points. If ! is a 
fuzzy dot ideal of �, then 

                               �M ∈ ! and �M ∗ �L ∈ ! imply �Mp∙L ∈ !. 
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Proof. Assume that ! is a fuzzy dot ideal of �, �M ∈ ! and �M ∗ �L ∈ !. We have 	�M ∈ ! and (� ∗ �)M∙L ∈ !; i.e., !(�) ≥ I and !(� ∗ �) ≥ I ∙ J; thus, !(�) ∙ !(� ∗ �) ≥ I ∙ (I ∙ J) = I� ∙ J; thus, !(�) ≥ I� ∙ J; i.e., 	�Mp∙L ∈ !.   
 
6. Fuzzy implicative dot ideals of distributive implication groupoids 
 In this section, fuzzy implicative dot ideals are defined and the relationship between 
fuzzy implicative dot ideals, fuzzy implicative ideals and fuzzy dot ideals are discussed. 

Definition 6.1. (see, [4]) Let ! be a fuzzy subset of �. ! is called a fuzzy implicative 
ideal of � if it satisfies the following conditions: 

i. !(1) ≥ !(�), 
ii. 	!(�) ≥ min	{!(�), ! _� ∗ A(� ∗ �) ∗ �B`}; for all �, �, � ∈ �. 

Definition 6.2. Let ! be a fuzzy subset of �. ! is called a fuzzy implicative dot ideal of � if it satisfies the following conditions: 
i. !(1) ≥ !(�), 

ii. 	!(�) ≥ !(�) ∙ ! _� ∗ A(� ∗ �) ∗ �B`; for all �, �, � ∈ �. 

Example 6.1. Let � = {1, �, 8, 6, 9, R, �, �} be a set with the following Cayley table: 
    ∗ 1 a b c d e f g 

1 1 a b c d e f g 
a 1 1 1 1 1 1 1 1 
b 1 c 1 c g 1 1 g 
c 1 f f 1 f 1 f 1 
d 1 c e c 1 e 1 1 
e 1 a f f d 1 f g 
f 1 c e c g e 1 g 
g 1 a b c f e f 1 

 
Then � = (�;	∗, 1) is a distributive implication groupoid. Define a fuzzy subset � of � 
by �(1) = �(�) = �(8) = �(6) = �(9) = 0.7 and �(R) = �(�) = �(�) = 0.5. Then � 
is a fuzzy implicative dot ideal of �. 
 Note that every fuzzy implicative ideal is a fuzzy implicative dot ideal, but the converse 
is not necessarily true. In fact, the fuzzy implicative dot ideal of the example 6.1is not a 
fuzzy implicative ideal, since 
            �(8 ∗ 9) = �(�) = 0.5 ≱ 0.7 = min{0.7,0.7} = min	{�(8), �(9)}. 
Theorem 6. Every fuzzy implicative dot ideal of � is a fuzzy dot ideal of �. 
Proof. Let ! be a fuzzy implicative dot ideal of �.  

For any �, � ∈ �,  !(�) ≥ !(�) ∙ ! _� ∗ A(� ∗ �) ∗ �B` 
                                      = !(�) ∙ !A� ∗ (1 ∗ �)B 
                                      = !(�) ∙ !(� ∗ �). 
Hence, ! is a fuzzy dot ideal of �.                                                                                
 The converse of the theorem 6. is not necessarily true.  
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Example 6.2. Let � = {1, �, 8, 6} be a set with the following Cayley table: 
 ∗ 1 a b c 

1 1 a b c 
a 1 1 1 c 
b 1 1 1 c 
c 1 1 1 1 

Then � = (�;	∗, 1) is a distributive implication groupoid. The fuzzy dot ideal � of �, 
defined by �(1) = 0.7 and �(�) = �(8) = �(6) = 0.2, is not a fuzzy implicative dot ideal 

of �. In fact,     �(1) ∙ � _1 ∗ A(� ∗ 6) ∗ �B` = �(1) ∙ �(6 ∗ �) 
                                                                      = 	�(1) ∙ �(1) 
                                                                      = 0.7 ∙ 0.7 
                                                                      = 0.49 
                                                                      ≰ 0.2 
                                                                      = �(�). 
Proposition 6.1. Let ! be a fuzzy subset of �. If ! is a fuzzy implicative dot ideal of �, 
then 

a. !(�) ≥ !(1) ∙ !A(� ∗ �) ∗ �B, 
b. 	!A(� ∗ �) ∗ �B ≥ !(�) ∙ !(1); for all �, � ∈ �. 

Proof. Assume that ! is a fuzzy implicative dot ideal of �. Let �, � ∈ �. 

a. !(�) ≥ !(1) ∙ ! _1 ∗ A(� ∗ �) ∗ �B` = !(1) ∙ !A(� ∗ �) ∗ �B. 
b. !A(� ∗ �) ∗ �B ≥ !(�) ∙ ! _� ∗ �_A(� ∗ �) ∗ �B ∗ �` ∗ A(� ∗ �) ∗ �B�`  

                             = !(�) ∙ ! _�� ∗ _A(� ∗ �) ∗ �B ∗ �`� ∗ a� ∗ A(� ∗ �) ∗ �Bb` 
                             = !(�) ∙ ! _�� ∗ _A(� ∗ �) ∗ �B ∗ �`� ∗ 1` 
                             = !(�) ∙ !(1).                                                                                   

Corollary 6.1. Let ! be a fuzzy subset of � such that !(1) = 1. If ! is a fuzzy 
implicative dot ideal of �, then !A(� ∗ �) ∗ �B = !(�) for all �, � ∈ �. 
Proof. Straightforward.       
                                                                                   
Corollary 6.2. Let ! be a fuzzy dot ideal of � such that !(1) = 1. Then ! is a fuzzy 
implicative dot ideal of � if and only if !A(� ∗ �) ∗ �B = !(�) for all �, � ∈ �. 
Proof. If ! is a fuzzy implicative dot ideal of �, then !A(� ∗ �) ∗ �B = !(�) for all �, � ∈ �, by the corollary 6.1. 
Conversely, assume that !A(� ∗ �) ∗ �B = !(�) for all �, � ∈ �. Since ! is a fuzzy dot 

ideal of �, we have !(�) = !A(� ∗ �) ∗ �B ≥ !(�) ∙ ! _� ∗ A(� ∗ �) ∗ �B` for all 

 �, � ∈ �. Hence, ! is a fuzzy implicative dot ideal of �.                                              

Proposition 6.2. Let ! be a fuzzy implicative dot ideal of �. Then  
     � ≤ � ∗ A(� ∗ �) ∗ �B  implies !(�) ≥ !(�) ∙ !(�) ∙ !(1); for all �, �, �, � ∈ �. 
Proof. Let �, �, �, � ∈ � such that � ≤ � ∗ A(� ∗ �) ∗ �B. 
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!(�) ≥ !(�) ∙ ! _� ∗ A(� ∗ �) ∗ �B`  
         ≥ !(�) ∙ !(�) ∙ ! _� ∗ ��_� ∗ A(� ∗ �) ∗ �B` ∗ �� ∗ _� ∗ A(� ∗ �) ∗ �B`�` 
         = !(�) ∙ !(�) ∙ ! _�� ∗ �_� ∗ A(� ∗ �) ∗ �B` ∗ ��� ∗ �� ∗ _� ∗ A(� ∗ �) ∗ �B`�` 
         = !(�) ∙ !(�) ∙ ! _�� ∗ �_� ∗ A(� ∗ �) ∗ �B` ∗ ��� ∗ 1`  
         = !(�) ∙ !(�) ∙ !(1).                                                                                             

Corollary 6.3. Let ! be a fuzzy subset of � such that !(1) = 1. Then ! is a fuzzy 
implicative dot ideal of � if and only if  
     � ≤ � ∗ A(� ∗ �) ∗ �B  implies !(�) ≥ !(�) ∙ !(�); for all �, �, �, � ∈ �. 
Proof. Assume that ! is a fuzzy implicative dot ideal of �. Then for any 
 �, �, �, � ∈ � such that � ≤ � ∗ A(� ∗ �) ∗ �B, we have 
                   !(�) ≥ !(�) ∙ !(�) ∙ !(1) = !(�) ∙ !(�) ∙ 1 = !(�) ∙ !(�). 
Conversely, assume that � ≤ � ∗ A(� ∗ �) ∗ �B implies !(�) ≥ !(�) ∙ !(�); for all �, �, �, � ∈ �. For any �, �, � ∈ �, we have 

� ∗ �_� ∗ A(� ∗ �) ∗ �B` ∗ A(� ∗ �) ∗ �B� =  

                                      = �� ∗ _� ∗ A(� ∗ �) ∗ �B`� ∗ a� ∗ A(� ∗ �) ∗ �Bb  
                                      = �(� ∗ �) ∗ _� ∗ A(� ∗ �) ∗ �B`� ∗ a� ∗ A(� ∗ �) ∗ �Bb 
                                      = �1 ∗ _� ∗ A(� ∗ �) ∗ �B`� ∗ a� ∗ A(� ∗ �) ∗ �Bb 
                                      = [� ∗ A(� ∗ �) ∗ �B] ∗ a� ∗ A(� ∗ �) ∗ �Bb 
                                      = 1;  

thus, � ≤ _� ∗ A(� ∗ �) ∗ �B` ∗ A(� ∗ �) ∗ �B; 
thus, !(�) ≥ !(�) ∙ ! _� ∗ A(� ∗ �) ∗ �B`. 
Hence, ! is a fuzzy implicative dot ideal of �.                                                             
 
7. Conclusion 
 In the present paper, fuzzy dot subalgebras, fuzzy normal dot subalgebras, fuzzy dot 
ideals and fuzzy implicative dot ideals of distributive implication groupoids are 
investigated. Using P-norm � and E-norm �, these notions can further be generalized to �-fuzzy sets, �-fuzzy sets and Intuitionistic (T,S)-fuzzy sets. 
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