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1. Introduction

In 1965, Zadeh (see, [14]) introduced the notibfupzy sets. A few years latemany
researchers fuzzified algebraic structu(ese, [11]). In 2001, Hong (see, [10])
introduced the notion of fuzzy dot subalgebras 6HBalgebras as a generalization of the
notion of fuzzy subalgebras of BCH-algebras. IM0&0Peng Jia-yin (see, [12])
introduced the notion of fuzzy dot ideals of BCHatiras as a generalization of the
notion of fuzzy ideals of BCH-algebras. In 50-tldenkin and Skolem first introduced
the notion of Hilbert algebra (see, [9]) as an hig& counterpart of intuitionistic logic.
In 2007, Chajda and Halas (see, [7]) introducedrtbion of distributive implication
groupoids which is a generalization of the implimatreduct of intuitionistic logic.
Between 2014 and 2015, Bandaru (see, [4,5,6])daoted the notions of fuzzy ideals,
fuzzy implicative ideals, fuzzy subalgebras andzfumormal subalgebras of distributive
implication groupoids. In this paper, the notiorifuzzy dot subalgebras, fuzzy normal
dot subalgebras, fuzzy dot ideals and fuzzy imgilieadot ideals are introduced
respectively as generalizations of the notions ufzy subalgebras, fuzzy normal
subalgebras, fuzzy ideals and fuzzy implicativeaideand some of their properties are
investigated.
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2. Preliminaries
In this section, we recall some definitions that @equired in the sequel.

Definition 2.1. (see, [7]) An algebrd4; =, 1) of type (2,0), denoted byA, is called a
distributive implication groupoid if it satisfieke following identities:
i x*x =1,
ii. 1*xx =x,
iii. xx(y*z)=(x*y)*(x=*z) (leftdistributivity).

Example 2. The five elements groupoid given by the followingygy table is a
distributive implication groupoid.

x|1|a|lbjc|d
l1/{1|a|b|c|d
all|1l|b|b|1
bl1|la|1|1]|d
cl|llajl|1|d
di1l|1l|c|c|1

In every distributive implication groupoid, one camtroduce the so called induced
relation < by the setting x <y if and only ifx*y = 1. < is a quasiorder and the
relationshipx < 1 andx < y * x are satisfied.

Notation 2. For anyxy, -+, x,, a € A, we defind [’ x; * @ = x, * (- (% * @) -++).

In what follows, let:A denote a distributive implication groupoid unlestherwise
specified.

Definition 2.2. A nonempty subset of A is called a subalgebra at if for anyx,y € A,
x € Sandy € Simplyx*y € S.

Definition 2.3. (see, [3]) A subsef of A is called an ideal of4 if it satisfies the
following conditions:
i. 1€l,
i. x€eAandyelimplyx=*ye€l,
iii. xe€Aandy;,y, elimply(y, *(y; *xx)) *x € 1.

Definition 2.4. (see, [3]) A subseD of A4 is called a deductive systemdf if it satisfies
the following conditions:

i. 1€D,

i. xeDandxxyeDimplyy€D.

Theorem 2. (see, [3]) A subseb of A4 is an ideal ofA if and only if it is a deductive
system ofA.

Definition 2.5. (see, [4]) A subset of A is called an implicative ideal ofl if it satisfies
the following conditions:

i. 1€l

ii. zx((xxy)*x) €landz € I imply x € I; for all x, y, z € A.
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Definition 2.6. Let A andB be two distributive implication groupoids. A mapgif
from A to B is said to be a homomorphism of distributive iroation groupoids if

flx*y)=f(x)*f(y) forallx,y € A. Note thatf (1) = 1.

Definition 2.7. A fuzzy subset ofl is a functionu : A — [0,1] from A to the real unit
interval [0, 1].
We define on the sef(A4) of all fuzzy subsets ofl the binary operationa andv
respectively by:
(wAv)(x) = min{u(x),v(x)} and (uvv)(x) = max{u(x),v(x)}for all x € A. We
also define or (A) the partial ordex by:

u < vifandonly if u(x) < v(x) for allx € A.

Definition 2.8. A fuzzy relation ord is a fuzzy subset of x A.

3. Fuzzy dot subalgebras of distributiveimplication groupoids
In this section, fuzzy dot subalgebras of distiilmiimplication groupoids are defined
and some of their properties are investigated.

Definition 3.1. (see, [6])Let u be a fuzzy subset of. u is called a fuzzy subalgebra of
A if it satisfies the following condition:

u(x *y) = min {u(x), u(y)} for allx,y € A.

Definition 3.2. Let u be a fuzzy subset &f. u is called a fuzzy dot subalgebraddfif it
satisfies the following condition:

p(x *xy) = u(x) - u(y) forallx,y € A.

Example 3.1. Consider the distributive implication groupoid betexample 2. and the
fuzzy subse€ defined byé(1) = é(a) = &(c) = 0.3 andé(b) = £(d) = 0.5. Thené is
a fuzzy dot subalgebra.
Note that every fuzzy subalgebra is a fuzzy ddiafyebra, but the converse is not
necessarily true. In fact, the fuzzy dot subalgebef the example 3.1 is not a fuzzy
subalgebra, since
&(d *b) = &(c) = 0.3 £ 0.5 = min{0.5,0.5} = min{é(d), £(b)}.
Proposition 3.1. Every fuzzy dot subalgebgaof A satisfies the inequality
u(1) = p(x)? for all x € A.
Proof. For any fuzzy dot subalgebgeof A andx € A, we have
n(1) = p(x*x) = p(x) - pulx) = p(x)?.

Theorem 3.1. Let u be a fuzzy dot subalgebraf. If there exists a sequenfe,} in A
such thalim,,_,, u(x,)? = 1, thenu(1) = 1.

Proof. Assume that there exists a sequenG@ in A such that

lim,,_,o p(x,)? = 1. By the proposition 3.Jy(1) > u(x,)? for every positive integer
n. Thus,1 > u(1) = lim,,_¢ u(x,)? = 1. Henceu(1) = 1.

Proposition 3.2. Let u be a fuzzy subset df andm be a positive integer. [f is a fuzzy
dot subalgebra afl, then the fuzzy subsgt” of 4, defined by

w(x) = u(x)™ for all x € A, is a fuzzy dot subalgebra &f.
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Proof. Assume that: is a fuzzy dot subalgebra &f. Since u(x * y) = u(x) - u(y) for
allx,y € A, we haveu(x * y)™ = (u(x) - u(y))™ for allx,y € 4; i.e.,

Ul =)™ = ux)™ - u(y)™ for all x,y € 4; i.e.,, u™(x xy) = u™m(x) - u™(y) for all
x,y € A. Henceu™ is a fuzzy dot subalgebra &f.

Theorem 3.2. Let {u;}i; be a family of fuzzy dot subalgebras.df Theninf;u; is a
fuzzy dot subalgebra ofl.

Proof. For anyx,y € A, (infieu;)(x * y) = infier wi(x * y)

infier [ (%) - 1 (V)]

inﬁ'el[(infielﬂi(x)) . (infiel.ui(y))]
(infieri () - (infiert; )

= (infierp) (%) - ((nfierps) (v).

Hence, inf;.u; is a fuzzy dot subalgebra &f.

v iv

Definition 3.3. Let u be a fuzzy subset &f. The smallest fuzzy dot subalgebra.éf
which containg: is said to be the fuzzy dot subalgebratbfyenerated by, and will be
denoted by{u).

Notation 3.1. We denote the set of all fuzzy dot subalgebrad &y Fs(A).
For anyu,v € Fs(A), we define the meet ¢f andv (denoted by 1 v) by
u v = puav and the join oft andv (denoted by Ll v) by uUv = {(uVvv).

Notation 3.2. Let o, 8 € [0,1], B € A and(B) be the subalgebra e generated by.
Bg and[Bg] denote the fuzzy subsetsAfespectively defined by:

Bg(x)={ aif x€B, 4 [Bg](x)={“ifxe<3>' for all x € A,

[ otherwise. [ otherwise.
Lemma 3.1. Let B be a nonempty subset Afanda, 8 € [0,1] such that < a. Then
[Bg] is a fuzzy dot subalgebra &f.
Proof. Letx,y € A.
If x xy & (B), thenx & (B) ory & (B); thus,[Bg](x) = p or [Bg](y) = B; thus,
[Bg1(x * y) = B = max {#?% & B} = [BF](x) - [BF1(¥).
If x + y € (B), then[BF](x * y) = a = max {a?, % a - B} = [BF](x) - [BF](¥).
Hence,[Bg] is a fuzzy dot subalgebra &f.
If B is a subalgebra ofl, thenB;;‘ is a fuzzy dot subalgebra &f; but the converse is not
necessarily true. In fact, consider the distribaiiimplication groupoid of the example 2.;

{1,b,d}83 is a fuzzy dot subalgebra Kut, b, d} is not a subalgebra, because
bxd=c¢{l1,b,d}.

Theorem 3.3. Let B be a nonempty subset #fandg € [0, 1]. Then[Bé] is the fuzzy dot
subalgebra o generated bg;; i.e.,(B;) = [Bj].

Proof. SinceBj(x) <1 = [B}g] (x) for all x € (B) andBj(x) = p =[Bz](x) for all
x & (B), it follows thatBj(x) < [Bz](x) for all x € 4; i.e.,[Bj] containss;. More,
[Bé] is a fuzzy dot subalgebra efi by the lemma 3.1, becauge< 1. It suffices now
to show thafBj] is the smallest fuzzy dot subalgebratontainingB;. So, letv

52



Fuzzy Dot Subalgebras and Fuzzy Dot Ideals of Digtive Implication Groupoids

be a fuzzy dot subalgebraf containingBé. For anyx ¢ (B), we have

[Bs1(x) =B = Bz(x) <v(x). For anyx € (B), there is am-ary termt in the
language of distributive implication groupoids ang,...,x,, € B such that
x = t*(xy, ..., x,); thus, there is a positive integesuch that

v(x) = (v(xq) - v(xy))¥; thus,

v(x) = (B/%(xl) ---Bé(xn))k = (1 1D¥ = 1% = 1 = [Bj](x). Therefore,

v(x) = [B;](x) for all x € 4; i.e., v containsB;. Hence,[B;] is the smallest
fuzzy dot subalgebra ofl containingB;; i.e., [B;] is the fuzzy dot subalgebra of
A generated bi;.

Coradllary 3.1. Let B be a nonempty subset afandg € [0, 1]. ThenBé is a fuzzy dot
subalgebra ofd if and onlyB is a subalgebra ofl.

Proof. B is a fuzzy dot subalgebra ofl if and only if(Bz) = Bg; i.e.,[Bs] = By i.e.,
(B) = B; i.e.,B is a subalgebra ofl.

Notation 3.3. yz denotes the characteristic function of a suBset A.

Corollary 3.2. Let B be a nonempty subset 4f Theny; is a fuzzy dot subalgebra of
A if and only if B is a subalgebra of.

Proof. Straightforward, because, = B}.

Theorem 3.4. (Fs(A); M, U; 0,1) is a complete lattice; whei@ and1 are the fuzzy
subsets ofl with valuesd and1 respectively.

Proof. Since0 < 0 and1 < 1, 0 = B{ and1 = B (for all subalgebr® of A) are fuzzy
dot subalgebras of4. Therefore,(Fs(c/l); n, u; g,l) is a complete lattice by the
theorem 3.2.

Definition 3.4. For any fuzzy subset of A anda € [0, 1], the subset
{x €A: u(x) = a} of A, denoted by (u; @), is called a level subset pf

Proposition 3.3. (see, [6]) A fuzzy subset df is a fuzzy subalgebra of if and only if
all its nonempty level subsets are subalgebrag.of

There is a fuzzy dot subalgebra of a distributivglication groupoid with a nonempty
level subset which is not a subalgebra. Considerftlzzy dot subalgebr& of the
example 3.1J(¢; 0.5) = {b,d} is not a subalgebra, sintez U(¢;0.5).

Theorem 3.5. Let u be a fuzzy subset of. If u is a fuzzy dot subalgebra &1, then
U(u; 1) is either empty or a subalgebra/éf

Proof. Assume thati is a fuzzy dot subalgebra @f andU (u; 1) is a nonempty subset of
A. If x and y belong td/ (u; 1), thenu(x * y) = u(x) - u(y) = 1-1 = 1, thus,
u(x*y)=1;i.e,x*xy € U(u; 1).

Hence,U(y; 1) is a subalgebra ofl.
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Definition 3.5. Let f : A = B be a function from a set to a setB andv be a fuzzy
subset ofB. The preimage undef of v, denoted byf~1[v], is the fuzzy subset of
defined by:f ~*[v](x) = v(f (x)) for all x € A.

Theorem 3.6. Let f : A — B be a homomorphism of distributive implication gpoids
andv be a fuzzy subset &. If v is a fuzzy dot subalgebra Bf thenf~1[v] is a fuzzy
dot subalgebra ofi.
Proof. Assume that is a fuzzy dot subalgebra Bf For anyx,y € A,
fHIGe = y) = v(f(x * y)) = v(f () * f ()
> v(f(0) v(f(»)
= fHvIC) - fTHIVIOD.
Hence,f~1[v] is a fuzzy dot subalgebra &f.
Theorem 3.7. Let f : A — B be an onto homomorphism of distributive implicatio
groupoids and be a fuzzy subset &. If f~1[v] is a fuzzy dot subalgebra &f, thenv
is a fuzzy dot subalgebra Bf
Proof. For anyy, z € B and(a, b) € f~1(y) x f~1(2),
v(y *2) = v(f(@) * f(b)) = v(f(a*b)) = f'[v](a*b)
= f[vl(a) - f7HvI(b)
=v(f(@) - v(f(b))
=v(y) v(2).
Hencey is a fuzzy dot subalgebra Bf
Definition 3.6. Let f : A - B be a function from a set to a setB andu be a fuzzy
subset ofd. The image undef of u, denoted byf[u], is the fuzzy subset & defined
by: flul(y) = {Supaef_l(y)”(a) IO # 0 g, ally € B.
0 otherwise.
Theorem 3.8. Let f: A - B be an onto homomorphism of distributive implicatio
groupoids ang: be a fuzzy subset df. If i is a fuzzy dot subalgebra &f, thenf[u] is a
fuzzy dot subalgebra &.
Proof. Assume that is a fuzzy dot subalgebra &f.
Lety,, v, €B, A; = f1(y1), 4, = f~1(y,) andA4;, = f~1(y; * y,). Consider the set
Ay xA, ={x €A :x=a, *a, forsomea; € A; anda, € A,}.
If x € A, * A,, thenx = a4 * a, for somea,; € A, anda, € A,; so that,
f() = fag *az) = f(ay) * f(az) = y1 * y; thatisx € f~H(y; * ;) = Ag,
Hence A, * A, € A4,. It follows that
flul(yr*y2) = SuPaef‘l(yl*yz)H(a) = SuPaeAull(a)
2 supaeAl*Azﬂ(a) = SupaleAl,azeAzﬂ(al *ay)
= SupaleAl,azeAzﬂ(al) - p(az).
Since-: [0,1] x [0,1] — [0,1] is continuous, for every > 0 there exist$d > 0 such that
if @y = supg ea,u(a;) — 6 anda, = supg,eq,1(az) — 8, then
a;-az 2 SupaleAll'l(al) ) SupazeAzﬂ(aZ) —¢&
Choosex; € A; andx, € A, such that
1(x1) = supg,ea, i(a;) — 6 andu(x,) = supg,ea,u(a,) — 6, then
p(xq) - puxz) 2 supaleAlﬂ(al) 'SUPaZeAZH(az) — &
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Consequently, f{ul(y1 * ¥2) = SuPa,ea, a,ea,#(a1) - p(az)
> SUPa,ea, H(a1) * SUPG, e, 1(a2)

= flul(va) - flul ().
Hence,f[u] is a fuzzy dot subalgebra Bf

Theorem 3.9. Let 1 andv be two fuzzy dot subalgebrasf The fuzzy subset: x v of
A X A, defined by(u xv)(x,y) = u(x)-v(y) for all (x,y) € Ax A, is a fuzzy dot
subalgebra ofd x A.
Proof. For any(xy, y1), (x2,y,) E AX A,
(U X V)(Cep, 1) * (2,72)) = (0 X V) (X1 * Xp, Y1 * ¥2)

= p(xg * x2) " V(Y1 * ¥2)

> (u(xy) - pu(x) - (vn) - v(y))

= (H(x1) 'V(}’l)) : (.U(xz) : V(}’z))

= (U Xv)(xy,¥1) - (U X V)(x2,¥2).
Henceu X v is a fuzzy dot subalgebra &f x A.
Theorem 3.10. Let ¢ be a fuzzy subset &f. The strongr-relationu, on A, defined by
Us(x,y) =0(x)-a(y) for all (x,y) € A X A, is a fuzzy dot subalgebra &f x A if and
only if o is a fuzzy dot subalgebra &f.
Proof. (=) Assume that,; is a fuzzy dot subalgebra &f x A.

Foranyx,y € A,a(x *y) = \/a(x xy) - a(x*y)

= V(X *xy,x *y)
= \/ua((x. x) * (¥,))

= \/:ua(x' x) ' :ua(yry)
= (@(x) a(x)) (a(y) - a()
= J(e(®) () (6@ - ()
= o(x) a(y).
Henceo is a fuzzy dot subalgebra f.
(&) Assume that is a fuzzy dot subalgebra @f.
For any(xy, y1), (x2,¥2) € A X A,
lia((xb)’l) * (x2:3’2)) = Uo (X1 * X2, Y1 * ¥2) = (X1 * X2) - 0(¥1 * ¥2)
> (0(x1) - 0(x2)) - (1) - 0(32))
= (0(x) - a(y1) - (0(x3) - 0 (32))

= Uo (X1, Y1) " U (X2, ¥2).
Hence,u, is a fuzzy dot subalgebra &f x A.

Definition 3.7. Let o be a fuzzy subset df. A fuzzy relatioru onA is called a
o-product relation od if u(x,y) = o(x) - a(y) for allx,y € A.

Definition 3.8. Let o be a fuzzy subset df. A fuzzy relatioru onA is called a left fuzzy
relation ono if u(x,y) = a(x) for all x,y € A. Similarly, we can define a right fuzzy
relation ono.

Note that a left (resp. right) fuzzy relation @1is a fuzzyo-product relation ord.
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Theorem 3.11. Let u be a left fuzzy relation on a fuzzy subsetf A. If u is a fuzzy dot
subalgebra ofl x A, thene is a fuzzy dot subalgebra .
Proof. Assume that: is a fuzzy dot subalgebra &f x A.
For anyxy, x;,y1,y2 € A, 0(x1 * Xxp) = p(X1 * X2, Y1 * ¥2) = H((xl'%) * (xz'YZ))
= pu(xq,y1) * u(x2, ¥2)=0(x1) - 0(x2).
Henceo is a fuzzy dot subalgebra &f.
Theorem 3.12. Let z € A andu be a fuzzy relation oA satisfying the inequality
ulx,y) <u(x,1) for all x,y € A. If u is a fuzzy dot subalgebra ot, then the fuzzy
subsets, of A, defined byo,(x) = u(x,z) for all x € A, is a fuzzy dot subalgebra of
A X A.
Proof. Assume that is a fuzzy dot subalgebra &f.
Foranyx,y € A, a,(x xy) = u(x xy,z) = p(x xy, 1+ z) = p((x, 1) * (,2))
2 pu(x, 1) u,2) 2 u(x, z) - u(y, z) = o,(x) - 0, (y).
Hence o, is a fuzzy dot subalgebra &f.
Theorem 3.13. Let u be a fuzzy subset df x A satisfying u(x, 1) = u(1,x) = 1 for all
x € A. If uis a fuzzy dot subalgebra &f x A then, the fuzzy subset,of A, defined by
0,(x) = infreap(x, z) - u(z,x) for all x € A, is a fuzzy dot subalgebra &f.
Proof. For anyx,y,z € A, u(x *y,z) = u(x xy,1 x z) = y((x, 1) = (y, Z))
2pu(e1) py,z) =1-puly,z) = uy,2)
and
u(zxxy) =p(l+z,x*y) = u((1,x) * (2,y)
2pu(Lx) pulzy) =1-u(zy) = uzy),
It follows thatu(x * y,z) - u(z,x *y) = u(y, z) - u(z,y)
> (u(x,2) - u(z,x)) - (0, 2) - u(z,)).
So that, for any,y € A4,
ou(x *y) = infreat(x * y,2) - p(z,x * y)
> infres(u(x,2)  u(z,%)) - (¥, 2) - u(z,))
> infrea(infreatt(x,2) - 14(2 X)) - (infreaty, 2) - u(z,¥))
= (infreatt(x,2) - u(z, %)) - (infrean(v, 2) - u(z,y))
= u(x) ' Gy(y)'
Hence,, is a fuzzy dot subalgebra .

Definition 3.9. (see, [8]) A fuzzy may from a sefd to a sefB is an ordinary map
f:+A—- F(B) from A to the sef(B) of all fuzzy subsets a8 satisfying the following
conditions:

i. foranyx € A, there existy, € B such thaff (x)(y,) = 1;

ii. foranyx € A andy,,y, € B, f(x)(y,) = f(x)(y,) impliesy; = y,.
One observes that a fuzzy mfidrom A to B gives rise to a unique ordinary map
from A x B to [0,1], given byu,(x,y) = f(x)(y) for all x € A andy € B. One also
notes that a fuzzy mapfrom A to B gives rise to a unique ordinary mgfrom A to B,

given byf; (x) = yx.
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Theorem 3.14. Let f : A - B be a fuzzy homomorphism of distributive implicatio
groupoids; i.e.pus(xy * X3,¥) = SUPy=y, uy, by (X1, Y1) * s (x2,y2) for all x;,x, € A and
y € B. Then

a. pp(xg *x2,¥1 % ¥2) = pp(X1,¥1) * Hr(xa,¥2) for allxy, x, € 4, y1, ¥, € B;

b. wup(1,1) =1.
Proof. a. For anyx;,x, € A andy,,y, € B,

Hf(xl * X2, Y1 % Y2) = Supyl*y2=zl*zznuf(x1'zl) 'lif(xZIZz)
= pp(xq, 1) - tp (X2, ¥2)-

b. For anyx € A, there existg, € B such thap,(x,y,) = 1; thus,
pr(L1) = pp( %20, Yy * Y) 2 e 00 “pr () =1-1=1;
so,ur(1,1) = 1.

Definition 3.10. For any fuzzy subsetg andv of A, u=*v is the fuzzy subset of
defined by:(u * v)(x) = sup,—q.pu(a) - v(b) for allx € A.

Theorem 3.15. Let u be a fuzzy subset df. Then the following are equivalent:

a. uis afuzzy dot subalgebra &f.

b. uxu<u.
Proof. (a.= b.) Assume thaj: is a fuzzy dot subalgebra ef. For anyx € A, we
haveu(x) = u(a * b) = u(a) - u(b) for alla, b € A such thak = a * b; thus,
p(x) = supy=q.ppt(a) - w(b); i.e.,u(x) = (u * w)(x). Thereforep » u < p.
(b.= a.) Assume thau > u < u. Then(u *u)(a+b) < u(a=b) for alla,b € 4; i.e.,
SUPgsp=wswt(W) - u(v) < u(a = b) for all a, b € A4; thus,u(a) - u(b) < u(a * b) for all
a,b € 4;i.e.,uis afuzzy dot subalgebra &t.

Definition 3.11. For anyx € A anda € [0,1], the fuzzy subset, of A, defined by
Xq(x) = @ andx,(y) = 0 for all y # x, is called a fuzzy point A.

Theorem 3.16. Let x, andyg be two fuzzy points ofl. Thenx, * yg = (x * ¥)¢.p.
Proof. Foranyz =a*b # x *y, we haven # x orb # y; i.e.,x,(a) = 0 or
yp(b) = 0; thus,x,(a) - yg(b) < min{xa(a),yﬁ(b)} = 0; s0,xq(a) - yg(b) = 0. Thus,
(xq * ¥p)(2) = sup=qupXq(a) - yg(b) = sup,—q.,0=0 for all z=+xxy. More,
(xg * yp)(x * ¥) = Supxiy=apXa(@) " yp(b) = x4(x) - yg(y) = a - B.
Hence,(xq * ¥5)(2) = (x * y)q.p(2) forallz € Aji.e.,xq * yg = (X * ¥)q.p-
Corollary 3.3. Let x,, yg, z, and1s be four fuzzy points od. Then
. Xg*Xq =14,
b. 15*x, = x5.4,
C. (xa * yﬁ) * (Xq *2y) < Xg * (yﬁ * Z],).
Proof. a. x4 * xq = (X * X)g.q = 1,2.
b. 15 xq = (1 *X)5.4 = Xs5.q-
C.xg * (Vg *2y) = %o * (V * 2)py
=(xx0*D) 4,
= ((xxy) = (x * Z))(a-ﬁ)-y
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= ((x*y) = (x = Z))(a-ﬁ)-(a-y)
= (x * y)a-ﬂ * (o * Z)a-y
= (xa * yﬁ) * (X * Zy)-
Hence,(xa * yﬁ) * (Xg % 2Zy) < Xg * (yﬁ * Zy).
We can also establish the following equalities:
a) Xq*1ls=1g4s,
b) x, * (yﬁ * xa) = 1[3'062’

c) (yp*zy)* ((xa *yp) * (xq * Z],)) = 1(a-ﬁ'y)2’
d) (xa * (yﬁ * Zy)) * (yﬁ * (xa * Zy)) = 1(‘1_3_)/)2,
e) (xq*yp)* ((3’3 # zy) * (g * Zv)) = Lapp®

Definition 3.12. A fuzzy pointx, of A is said to be contained in a fuzzy sulyseif 4,
denoted byx, € u, if u(x) = «a.

Theorem 3.17. The following are equivalent:
a. uis afuzzy dot subalgebra &f.

b. For anyx, € u andyg € u, xo * yg € .
Proof. (a.= b.) Assume thay is a fuzzy dot subalgebra of. For anyx, € u and
Vg € u, we haveu(x) = a andu(y) = B; thus,u(x) - u(y) = a - p; thus,
ux*xy) = a-p;ie,(x*y)qp € U;i.€.,x4 xyg € U.
(b.= a.) Assume thak, * yg € u for all x, € u andyg € u. For anyx,y € A, we
have Xux) * Yu) E U, since X (x)r Yu(y) € U, thUS, (x * y)ﬂ(x)'ﬂ(Y) € U, i.e.,
p(x *y) = pux) - p(y).
Henceu is a fuzzy dot subalgebra &f.
Notation 3.4. For anyx € A\ {1} anda € [0,1], X, denotes the fuzzy subset af
defined by:
a’ift=1,
Xo(t) =1 aift=x, for allt € A.
0 otherwise.
Theorem 3.18. Letx € A\ {1} anda € [0,1]. Thenx, is the fuzzy dot subalgebra &f
generated by,; i.e.,(x,) = X .
Proof. Since x,(x) = a = x,(x) and x,(t) =0 < x,(t) for all t #x, we have
Xq(t) < X (t) for all t € 4; i.e., X, containsx,. Next we show that, is a fuzzy dot
subalgebra of4.
For anya,b € A such thata ¢ {1,x} or b & {1,x}, we havex,(a) =0 or
X, (b) = 0; thus,x;(a) - %, (b) < min{X;(a),%;(b)} = 0 < X5 (a * b).
(1) =55(1) =a? 2 a*- a® = (1) - Ta(L).
Ta(l+x) =%(x) = a 2 a® a = T5(1) G (x).
Tl xx) =%(1) =a® = a-a =T5(x) T (x).
T+ 1) =%(1) =a® 2 a- a® = T(x)  Ta(1).
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Therefore x,(a * b) = x,(a) - x,(b) for all a,b € 4; i.e., x, is a fuzzy dot subalgebra
of A. Finally, we show that, is the smallest fuzzy dot subalgebrasbtontainingx,,.
So, letv be a fuzzy dot subalgebra«f containingx,. Since

v(1) > v(x)?% > (xa(x))2 =a® =%,(1),v(x) = x,(x) = a = ¥, (x) and

v(t) =0 =1x,(t) for all t € A\ {1,x}, we havev(t) =X (t) for all t€ 4; ie., v
containsx, .

Hence x, is the smallest fuzzy dot subalgebrasbtontainingx,,.

We remark tha{l,) = 1, for alla € [0, 1].

4. Fuzzy normal dot subalgebras of distributiveimplication groupoids

In this section, fuzzy normal dot subalgebrasdefned and the relationship between
fuzzy normal dot subalgebras, fuzzy normal subabyeland fuzzy dot subalgebras are
discussed.

Definition 4.1. (see, [6]) Letu be a fuzzy subset AA. u is called a fuzzy normal
subalgebra ofd if it satisfies the following condition:

u((x xq) * (Y * b)) > min {u(x * y),u(a = b)} forallx,y,a,b € A.

Definition 4.2. Let u be a fuzzy subset df. u is called a fuzzy normal dot subalgebra of
A if it satisfies the following condition:

,u((x*a)*(y*b)) > ulxxy)-u(axb)foralx,yabeA.

Example 4.1. The fuzzy subsek of the example 3.1 is a fuzzy normal dot subalgebr
Note that every fuzzy normal subalgebra is a fummymal dot subalgebra, but the
converse is not necessarily true. In fact, theyumrmal dot subalgebiaof the example
4.1 is not a fuzzy normal subalgebra, since

E((bxc)x(dxd))=¢(1) =03%£0.5=min{&(b *d),&(c*d)}.

Theorem 4.1. Every fuzzy normal dot subalgebraddfis a fuzzy dot subalgebra &f.
Proof. Let u be a fuzzy normal dot subalgebraf For anyx,y € A,
pxxy) = p((A* D * (xxy)) 2 p(1*x) - u(1*y) = px) - u).

Hence,u is a fuzzy dot subalgebra &f.
The converse of the theorem 4.1 is not necesstilg. Consider the distributive
implication groupoid of the example 2. and the fugabset defined by
¢(1) = ¢(a) =0.7, ¢(b) =¢(d) =0.6 and ¢(c) =0.4. Then ¢ is a fuzzy dot
subalgebra; but is not a fuzzy normal dot subalgebra, since

s((axa) * (d*b)) =¢(c) =04 £ 042 =¢(1) - ¢(b) = ¢(a*d) - ¢(a*Db).
Theorem 4.2. Let 4 be a fuzzy normal dot subalgebra@f Then

u(x) = u(1)? for all x € A.
Proof. For anyx € A,

u(x) = p(1*x) = p((x * x) * (1 x))
> pux x 1) - pCx %)
= u(1) - p(1)
= u(1)*.
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Corollary 4. Let u be a fuzzy normal dot subalgebracdf If u(1) =1, thenu is the
constant fuzzy subset dfwith valuel.

Proof. Assume thati(1) = 1. We haveu(x) > u(1)? = 12 = 1 for all x € 4; thus,
ulx) =1forallx € A4; i.e.,u is the constant fuzzy subsetdfvith valuel.

5. Fuzzy dot ideals of distributiveimplication groupoids
In this section, fuzzy dot ideals are defined smohe of their properties are investigated.

Definition 5.1. (see, [5]) A fuzzy subset of A is called a fuzzy ideal off if it satisfies
the following conditions:

oop(1) = px),
i.  p(x) =min{u(y),u(y * x)}; forallx,y € A.

Definition 5.2. A fuzzy subsep of A is called a fuzzy dot ideal ofl if it satisfies the
following conditions:

i u(l) = pc),
i.  ux)=ul)- puly=*x);forallx,ye€ A

Example5.1. LetA = {1, a, b, c,d} be a set with the following Cayley table:

x|1|la|lbjc|d
1/1|a|b|c|d
all1/1|1/1|d
bi1({1(1|1]|d
cl|1(1|1/1|d
dil|la|bfc|1

ThenA = (4; %, 1) is a distributive implication groupoid. Define azky subsef of A

by ¢(1) = {(b) = 0.6, {(a) = 0.5 and{(c) = {(d) = 0.4. Then( is a fuzzy dot ideal of
A.

Note that every fuzzy ideal @fl is a fuzzy dot ideal of4, but the converse is not
necessarily true. In fact, the fuzzy dot idéabf the example 5.1 is not a fuzzy ideal,
since{(c) = 0.4 £ 0.5 = min{0.5,0.6} = min {{(a), {(1)} = min {{(a), {(a * ¢)}.

Proposition 5.1. Let u be a fuzzy subset df. If u is a fuzzy dot ideal ofd, thenu is a
fuzzy dot subalgebra ofl.
Proof. Assume that: is a fuzzy dot ideal ofd.

For anyx,y € A, u(x *y) 2 u(y) - u(y * (x *y))
= p) - u()
2 u(y) - u(x)
= p(x) - u(y).
Hence,u is a fuzzy dot subalgebra &f.
Proposition 5.2. Let u be a fuzzy dot ideal @fl. If the inequalityx < y holds inA, then

u@) = ux)-u) forallx,y € A.
Proof. Letx,y € A such thatr < y. Thenx * y = 1, and thus

1) = p(x) - plx +y) = p(x) - u(1).
Corollary 5.1. Every fuzzy dot ideak of A such thap(1) = 1 is order-preversing.
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Proof. Straightforward.

Proposition 5.3. Let 4 be a fuzzy dot ideal @fl. Then
z < x*yimpliesu(y) = u(x) - u(z) - u(1) for allx,y, z € A.

Proof. Letx,y,z € A such that < x *y. Thenz = (x * y) = 1, and thus
b)) = p(x) - plx xy) = p(x) - u(z) - p(z * (x * y)) = p(x) - u(z) - p(1).
Corollary 5.2. Let u be a fuzzy subset of such thau(1) = 1. Thenu is a fuzzy dot
ideal of A if and only if

z < x*yimpliesu(y) = u(x) - u(z) for allx,y,z € A.
Proof. Assume thaiu is a fuzzy dot ideal ofA4. Then for anyx,y,z € A such that
z < x *y, we have

p() = ulx) - p(z) - p(1) = p(x) - u(2) - 1 = px) - p(2).
Conversely, assume thak x = y impliesu(y) = u(x) - u(z) for allx, y, z € A.
For anyx € A, u(1) =1 = pu(x). For anyx,y € A, we havey*x <y *x; thus,
u(x) = u(y) - u(y * x).
Hence,u is a fuzzy dot ideal ofd.
Proposition 5.4. Let u be a fuzzy subset df andm be a positive integett u is a fuzzy
dot ideal ofA, thenu™ is a fuzzy dot ideal ofd.
Proof. Assume that is a fuzzy dot ideal off. Sinceu(1) = u(x) and
w(x) = uly) - uly =x) forallx,y € A, we haveu(1)™ = u(x)™ and
u@E™ = (W) -uly*xx))™ forallx,y € 4; i.e.,u(1)™ = u(x)™ and
pe)™ = p()™ - p(y *x)™; e, u™(1) = p™(x) andu™(x) = p"(y) - " (y * x) for
all x,y € A. Henceu™ is a fuzzy dot ideal ofd.
Proposition 5.5. Let u be a fuzzy subset &f. If u and the fuzzy subsgaf of A (defined
by u¢(x) =1 — u(x) for all x € A) are fuzzy dot ideals off, thenu is the constant
fuzzy subset off with valueu(1).
Proof. Assume that andu® are fuzzy dot ideals efl. Sinceu(1) = u(x) and
u¢(1) = u(x) for all x € A, we haveu(1l) = u(x) and1 —pu(1) =1 — u(x) for all
x € A4;ie,u(l) = u(x) andu(1l) < u(x) for all x € 4; i.e., u(x) = u(1) for all x € 4;
i.e.,u is the constant fuzzy subsetdfvith valueu(1).

Theorem 5.1. Let {y;};; be a family of fuzzy dot ideals off. Theninf;u; is a fuzzy
dot ideal ofA.
Proof. For anyx € 4, (infiehui)(l) = infielﬂi(l) = infielﬂi(x) = (infiel.ui)(x)'
Foranyx,y € A, (infiep) (%) = infiep; (x)

= infierlpi(y) - (v * x)]

> infie[(infieps () - (infiegpi (v * )]

= (infielﬂi(x)) : (infielﬂi(y * X))

= (infier ) (x) - (infier ) (v * x).
Hence,inf;u; is a fuzzy dot ideal ofd.
Definition 5.3. Let u be a fuzzy subset of. The smallest fuzzy dot ideal e which
containsu is said to be the fuzzy dot ideal &f generated by, and will be denoted by

().
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Notation 5.1. We denote the set of all fuzzy dot idealsdby Fi(A).
For anyu, v € Fi(A), we define the meet of andv (denoted by 1 v) by
unv=puAv and the join oft andv (denoted by LI v) byu Uv = (u Vv v).

Notation 5.2. Let a, 8 € [0,1], I € A and (I] be the ideal otA generated by. (Ig‘]

aif x € (],

. 7 forallx € A.
[ otherwise.

denotes the fuzzy subsetdflefined by:(I§|(x) = {

Lemmab5.1. LetI be a nonempty subset éfanda, § € A such thapf < a. Then(Ig] is
a fuzzy dot ideal ofA.

Proof. Since1 € (I], we have(I§](1) = a = max {a, B} = (I§](x) for all x € A. Let
X,y € A.

If x¢(I], theny ¢ (1] or yx & (I]; thus, (I§](y) = B or (If](y *x) = B; thus,
UF100) = B = max {B*,a - B} = (IF] () - UF] (v * ).

If x € (1], then(I§](x) = a > max {a?, B*,a- B} = (IF](») - UZ] (v * x).

Hence,(Ig] is a fuzzy dot ideal ofl.

If I is an ideal ofA, then I[‘f is a fuzzy dot ideal of4; but the converse is not
necessarily true. In fact, consider the distribaifimplication groupoidA of the example
5.1;{1,a}33 is a fuzzy dot ideal of1 but{1,a} is not an ideal of4, sincea € {1, a},
axb=1€{l,a}andb ¢ {1,a}.

Theorem 5.2. Let I be a nonempty subset éfandg € [0, 1]. Then(Ié] is the fuzzy dot
ideal ofA generated byg; i.e.,(I3) = (Ié].
Proof. Sincelg(x) < 1 = (Iz](x) for allx € (I] andlz (x) = B = (Iz](x) for all
x ¢ (1], it follows thatlz(x) < (Iz](x) for all x € 4; i.e., (I3] containslz. More, (I3] is
a fuzzy dot ideal of4 by the lemma 5.1, becauge< 1. It suffices now to show thmﬁ}]
is the smallest fuzzy dot ideal ot containingll}. So, letv be a fuzzy dot ideal oft
containingl.
For anyx & (I], we have(l§](x) = B = I3(x) < v(x).
v(l) =2v(y) = Ié(y) =1= (Ié](l) forally € 1.
For anyx € (I]\ {1}, [1}~; a; * x = 1 for somea,, ... ,a, € I; thus,

v(x) 2 v(ay) "v(ay *x)

>v(ay) v(az)- V(az * (aq * x))

> v(ay) - v(az) ... v(an) - v([lizy a; * x)

= v(ay) *v(ay) - o v(an) V(1)
>v(ay)v(ay) ... v(ay)v(y) forally e I

> Iz(ay)  Ig(ay) - ... " Iz(ay) - I(y) forally €1
=1-1-..-1-1

=1

= (I3] ).

Thereforey(x) = (I3](x) for all x € 4; i.e.,v containg(/5].
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Hence,(I3] is the smallest fuzzy dot ideal af containinglz; i.e., (I5] is the fuzzy dot
ideal ofA generated byg.

Corollary 5.3. Let I be a nonempty subset afand g € [0,1]. Thenlﬁ} is a fuzzy dot
ideal of A if and only ifI is an ideal ofA.

Proof. I is a fuzzy dot ideal of if and only if (I3) = Iz; i.e., (I3] = Iz; i.e., (U] = I;
i.e.,I is an ideal ofA.

Corollary 5.4. Let I be a nonempty subset #f Theny; is a fuzzy dot ideal o1 if and
only if I is an ideal ofA.
Proof. Straightforward, becaugg = I¢.

Theorem 5.3. (Fi(-A); N,u; 0,1) is a complete lattice.
Proof. Since0 <0 and1 <1, 0=12 and1 = I} (for all ideall of A) are fuzzy dot
ideals ofA. Therefore,(Fi(c/l); m,u; 0, l) is a complete lattice by the theorem 5.1.

Proposition 5.6. (see, [5]) A fuzzy subset df is a fuzzy dot ideal ofd if and only if all
its nonempty level subsets are idealsdof

There is a fuzzy dot ideal of a distributive implion groupoid with a nonempty level
subset which is not an ideal. Consider the fuzzyidknal{of the example 5.1;

U(¢;0.6) = {1,b} is not an ideal, sincee U({;0.6), b xa € U({; 0.6) and

a ¢ U(0.6).

Theorem 5.4. Let u be a fuzzy subset df. If u is a fuzzy dot ideal oft, thenU(u, 1) is
either empty or an ideal of.

Proof. Assume thay is a fuzzy dot ideal of4 andU(u, 1) is a nonempty subset df
For anyx,y € Asuch thaty € U(u,1) andy *x € U(u, 1), we have

u@) =z uly) uly*x)=1-1=1;thusu(x) =1;i.e.,x € U(u, 1).

Hence,U(u, 1) is an ideal ofA.

Theorem 5.5. Let f : A — B be a homomorphism of distributive implication gpoids
andv be a fuzzy subset d. If v is a fuzzy dot ideal oB, thenf~1[v] is a fuzzy dot
ideal of A.
Proof. Assume that is a fuzzy dot ideal dB.
Foranyx € 4, f1[vI(1) =v(f (1)) =v(1) = v(f(x)) = fV](x).
For anyx,y € 4, f1[v](x) = v(f(x))

2v(f() v(fO) * f(x)

=v(f) v(fy*x)

=TI - f VI * x).
Hence f ~1[v] is a fuzzy dot ideal ofd.
Theorem 5.6. Let f: A - B be an onto homomorphism of distributive implicatio
groupoids and be a fuzzy subset @&. If f~1[v] is a fuzzy dot ideal o4, thenv is a
fuzzy dot ideal ofB.
Proof. Assume thaf ~1[v] is a fuzzy dot ideal of.
For anyy € B anda € f~1(y),
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v(D) =v(f(D) = I = Vi) = v(f (@) = v(y).
For anyy,z € B and(a, b) € f~1(y) X f1(2),
v(y) =v(f(@) = f V(@)
> fHvI(b) - fHVI(b * a)
v(f() - v(f (b * a))
v(F®) - v(f () * f(@))
v(z) v(z*y).

Hencey is a fuzzy dot ideal dB.

Theorem 5.7. Let u andv be two fuzzy dot ideals @fl. Thenu X v is a fuzzy dot ideal
of A X A.
Proof. For any(xy, y1), (x2,y,) E AX A,
(uxv)(1,1) =pu()- 1:1(1) 2 u(xy) - p(y1) = (X v)(x1,¥1)
an
(U X v)(xq,¥1) = p(xq) - v(y1)

= (H(xz) - p(xg * x1)) ) (V(yz) v(y, * y1))

= (.U(xz) 'V(}’z)) ) (.U(xz *x1)  V(yy * }’1))

= (U X V)(x2,¥2) - (UXV)(x3 *x1,y2 * Y1)

= (U Xv)(xz,¥2) - (X V)((xZIYZ) * (x1z3’1))-
Henceu X v is a fuzzy dot ideal afl X A.
Theorem 5.8. Let ¢ be a fuzzy subset @&f. The strongr-relationu, onA is a fuzzy dot
ideal of A x A if and only ifo is a fuzzy dot ideal ofd.
Proof. (=) Assume thaf,; is a fuzzy dot ideal af x A.
For anyx,y € A,
o(1) = o) o)) = Jus(L1) = /its (6, %) = /o (x) -0 (x) = 0(x)

and
a(x) = Jo(x) - 0(x) = /s (x,%)
> ie(r,y) * 1 (v, y) * (x, %))
= Vits(0,¥) oy * X,y * X)

= (6610 O +x) oy 1)

= [(60) 00+ 2) - (00) oy + 1))
=ody) oy *x).
Henceo is a fuzzy dot ideal ofd.
(<) Assume that is a fuzzy dot ideal oft.
For any(xy,y1), (x,,v,) € A X A,
te(L1) =a(1)-0(1) =2 a(x1) - 0(y1) = po(x1,y1)
and
te(x1, 1) = 0(x1) - 0(y1)
= (U(xz) 0 (xy * x1)) ' (U()’z) o (yy * }’1))
= (U(xz) ) U()’z)) ) (U(XZ *x1) 0 (yp * }’1))
= Ug (X2, Y2) * U (X * X1, Y2 * Y1)
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= Ug (X2, Y2) * Ha (X2, ¥2) * (X1,Y1))-

Henceu, is a fuzzy dot ideal afl x A.

Proposition 5.7. Let u be a fuzzy dot ideal @fl X A. Then
ulx,y) = ux, 1) u(l,y) andu(x,y) = pu(1,x) - u(x,x xy) for allx,y € A.

Proof. For anyx,y € A,
pulx,y) = u(x, 1) -
=pu(x,1)-
=pu(x,1)"
and
u(x,y) = pu(l,x)-
=pu(l,x)"
=nu(l,x)"

u((x, 1) * (x,¥))
plx*x,1xy)
u(l,y)

u((1,x) * (x,¥))
p(l*x,x *y)
pu(x,x *y).

Proposition 5.8. Let 4 be a fuzzy dot ideal @fl x A such thau(1,1) = 1. Then
uCe, 1) = u(x,y) andu(l,y) = u(x,y) forallx,y € A.

Proof. For anyx,y € A,

u(x, 1) = ulx,y)
=ux,y)
=ux,y)
=ulx,y)-
=ux,y)

and

p(l,y) = ulx,y)
=ulx,y)
=ux,y)
=ulx,y)-
= u(x,y).

Corollary 5.5. Let z € A andu be a fuzzy dot ideal o x A such thatu(1,1) = 1.
Then the fuzzy subset, of A, defined byo,(x) = u(z,x) for all x € 4, is a fuzzy dot

ideal ofA.

“u((x,y) * (x, 1))
“p(x xx,y * 1)
"u(L1)

1

u((x,y) x (1,y))
p(xx 1,y *y)
"u(L1)

1

Proof. For anyx € 4, 0,(1) = u(z,1) = u(z,x) = g,(x).

For anyx,y € A, g,(x) = u(z,x)

> u(Ly) u((1y) * (z,x)

=u(Ly) - u(l*zy*x)

=u(Ly) u(zy *x)

= w(z,y) u(zy *x)

= 0,(y) * o5(y* x).
Henceo, is a fuzzy dot ideal ofd.
Theorem 5.9. Let u be a fuzzy subset of and,x, andyg be two fuzzy points. Ifi is a
fuzzy dot ideal ofA4, then

Xq € ptandx, * yg € pimply y,z. € p.
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Proof. Assume thap is a fuzzy dot ideal of4, x, € 4 andx, * yz € u. We have
Xq € pand(x xy)q.p € 4 i.€.,u(x) = a andu(x * y) = a - f; thus,
() plxxy) za-(a-p)=a® g, thus,u(y) = a?- B;ie., y2p € p.

6. Fuzzy implicative dot ideals of distributive implication groupoids
In this section, fuzzy implicative dot ideals atefined and the relationship between
fuzzy implicative dot ideals, fuzzy implicative @Ele and fuzzy dot ideals are discussed.

Definition 6.1. (see, [4]) Letu be a fuzzy subset of. u is called a fuzzy implicative
ideal of A if it satisfies the following conditions:

i u() = ),
. u(x) = min {u(z), u (Z * ((x *y) * x))}; forallx,y, z € A.

Definition 6.2. Let u be a fuzzy subset of. u is called a fuzzy implicative dot ideal of
A if it satisfies the following conditions:

i a2 pe),
i w0 = u@) (z * (G *y) * x)); for allx,y,z € A.

Example6.1. LetA = {1,a,b,c,d, e, f, g} be a set with the following Cayley table:

x|1l|la|bjc|d|le|f]|qg
l|1l|a|bjc|d|e|f]|g
a|l1|1|1]1]1|1|1]1
b|ljc|l|c|g|l|l|g
cla1|f|f|1|f|2|f]1
dil|jcle|c|l]je|l]|1
ellja|f|f|d|1]|f]|g
fll|lcle|lc|gle|l|g
gllla|b|c|f|e|f]|1

ThenA = (4; %, 1) is a distributive implication groupoid. Define azky subsep of A
by o(1) = ¢(a) = o(b) = ¢(c) = ¢(d) = 0.7 ande(e) = o(f) = ¢(g) = 0.5. Theng
is a fuzzy implicative dot ideal ofl.
Note that every fuzzy implicative ideal is a fuzmplicative dot ideal, but the converse
is not necessarily true. In fact, the fuzzy impiva dot ideal of the example 6.1is not a
fuzzy implicative ideal, since

o(b+d)=0(g) =0.5 2 0.7 =min{0.7,0.7} = min {o(b), 0(d)}.

Theorem 6. Every fuzzy implicative dot ideal @fl is a fuzzy dot ideal ofd.
Proof. Let u be a fuzzy implicative dot ideal &A.
For anyx,y € A, w(x) = k) #(y » (e 2) *x))

=p) pu(y* (1*x)
= u) - uly * x).
Hence,u is a fuzzy dot ideal ofd.
The converse of the theorem 6. is not necesdanigy
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Example6.2. LetA = {1, a, b, c} be a set with the following Cayley table:

O || %
IRy Y Y=
Rlkloo
R|R|lo|o
olololo

cl1lj1j1]|1
ThenA = (4; %, 1) is a distributive implication groupoid. The fuzdpt ideal: of A,
defined byi(1) = 0.7 and«(a) = «(b) = «(c) = 0.2, is not a fuzzy implicative dot ideal
of A. Infact, (1)t (1 ((axc)+ a)) = 1(1) 1(c * a)

= (1) - (1)

=0.7-0.7

=0.49

£0.2

= ((a).
Proposition 6.1. Let u be a fuzzy subset df. If u is a fuzzy implicative dot ideal of.,
then
a. u() =p) - pu((x*y) *x),
b. ,u((x *Y) * x) > u(x)-u(l); forallx,y € A.
Proof. Assume that: is a fuzzy implicative dot ideal ofl. Letx,y € A.
a pu(x) = p(1) p (1 *((xxy) = x)) = u(1) - pu(Cx * y) * x).
b. (e x y) % x) = p() - (3 + [ (G y) + x) ¢ y) % (G y) + 2)] )
=100t ([ (G ) e x) 5 y)] s (G y) *x)])
= 1) ([ (G0 =) +5)] + 1)
= pu(x) - u(D).
Corollary 6.1. Let u be a fuzzy subset ol such thatu(1) =1. If u is a fuzzy

implicative dot ideal of4, thenu((x x y) * x) = u(x) for allx,y € A.
Proof. Straightforward.

Corollary 6.2. Let u be a fuzzy dot ideal a1 such thatu(1) = 1. Thenu is a fuzzy
implicative dot ideal of4 if and only ifu((x x y) * x) = u(x) for allx,y € A.

Proof. If u is a fuzzy implicative dot ideal aff, thenu((x *y) = x) = u(x) for all

X,y € A, by the corollary 6.1.

Conversely, assume thaf(x = y) * x) = u(x) for all x,y € A. Sincey is a fuzzy dot

ideal ofA, we haveu(x) = y((x *Y) * x) >u(z) u (Z * ((x *Y) * x)) for all
x,y € A. Henceyu is a fuzzy implicative dot ideal ofl.

Proposition 6.2. Let u be a fuzzy implicative dot ideal 1. Then
zZax ((x * ) * x) impliesu(x) = u(a) - u(z) - u(1); for allx,y,z,a € A.
Proof. Letx,y,z,a € A such that < a * ((x *y) * x).
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u() = u@) - p(ax((xy) «x))
> p(a) - u(z)  p(z» [((a «(Cexy) «x)) *y) «(ax (G +2)))
= u(a) - u(@) -t ([z» ((a «(Crey) +x)) *y)] e[zx (ax () +x))))
= u@- 1@ [z (o (@32 +0)) +3)] 1)

= p(a) - u(z) - u(1).

Corollary 6.3. Let u be a fuzzy subset oA such thatu(1) = 1. Thenyu is a fuzzy
implicative dot ideal ofA4 if and only if

zZax* ((x * ) * x) impliesu(x) = u(a) - u(z); forallx,y,z,a € A.
Proof. Assume that is a fuzzy implicative dot ideal off. Then for any
X,¥,2z,a € Asuchthat < a * ((x *y) * x), we have

p(x) = p(a) - pu(z) - p(1) = pla) - p(2) - 1 = p(a) - u(2).

Conversely, assume that<ax((x*y)*x) implies u(x) = u(a)- u(z); for all
x,y,z,a € A. Foranyx,y,z € A, we have

Z*[(Z*((x*y)*x))*((x*y)*x)]=
=|z+ (2% (Gcx )+ 2))] * [z (Cx +) * x)]
=[(z*z)*(z*((x*y)*x))]*[z*((x*y)*x)]
=1 (2 (G xy)+ )| ¥ [z % (G y) )]
i[12.*((x*y)*x)]*[Z*((x*y)*x)]

thus,z < (z*((x*y)*x))*((x*y)*x);

thus,u(x) = u(z) - u (z * ((x *Y) * x))
Henceu is a fuzzy implicative dot ideal ofl.

7. Conclusion

In the present paper, fuzzy dot subalgebras, fumaynal dot subalgebras, fuzzy dot
ideals and fuzzy implicative dot ideals of disttiba implication groupoids are
investigated. Using-norm T ands-norm S, these notions can further be generalized to
T-fuzzy setsS-fuzzy sets and Intuitionistic (T,S)-fuzzy sets.
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