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1. Introduction

The concept of fuzzy sets was first introduced by Zadeh [11] in 1965, now the expansion
of fuzzy sets theory in pure and applied mathematics has been widely recognized.
Specially to mention about metric spaces what is extended to the fuzzy metric spaces
were introduced by Deng [2], Erceg [4], Kaleva and Seikkala [6], Kramosil and Michalek
[8]. Recently Phiangsungnoena, and Kumama [9] worked on fuzzy fixed point theorems
for multivalued fuzzy contraction mapping. The concept of fuzzy mapping in Hausdorff
metric space was dscussed in [10]. In this paper, the concept of fuzzy metric space is
discussed in the knowledge of level sets concept. Fuzzy contraction mapping is applied to
study the fixed point in a fuzzy space.

2. Preliminaries
Definition 2.1. Let 4 be a fuzzy number and the level sets of 4 will be denoted by

[A]r = [g(r),c?(r)] , T € ]0,1]or simply by [A]r = [Q,(T]. Level sets of a fuzzy number
are bounded interval.
b.

a
Definition 2.3. Let [Q,c_l] ,[Q,I;J c [O,oo[ be two intervals. Interval [Q, c_l] < [Q,I;J ;

Definition 2.2. Two intervals [Q,(T] ,[Q,I;] c [0,00[ are equal iffg = b and

ifandonlyif a<b and a<b .
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Definition 2.4. Let [Q,ﬁ],[é,l;],[g,ﬂc[o,oo[ be three intervals. The less then

relation among three intervals is denoted by

[g,a—]<[g,1§]<[g,z] iffa<b<canda<b<c

Definition 2.5. Distance between two intervals: Let [Q,C_l],':é,b_JC[0,00[ be two

intervals. The distance between the intervals is defined by

d([g,ﬁ],[g,lﬂ) :max{|g—g|,‘5—l;‘} .

Properties 2.6. Let X = [0,00[ and[g,c_l],[é,l;],[gf] c X aresuchthat a<b<c,

and @ <b <€ .Then
b.b ]
[b.b])=0iff [a.a]=[ 5.5 ]
b.b])=d([2.8][a)
[a.a].[c.¢])<d([a.a].[b.b ]) +d([ 2.5 ][c.e])
V) d [g,c_z]+p,[g,1;}+ ): ([a a] [b I;}) foranypeR
vi) d(l[g,ﬁ],i[g E]) 0 for any A e R
Proof : Given that X =[0,cc[and[a,a],[ 5.b |.[c.€] = X aresuch that a <b<c,
and a <b <c.
i) By d([g,a],[g,lﬂ):max{|g—g|,‘a—5‘} where a<b,and @ <b.
:|g—g|,‘a_—l;‘¢0and|g—g|,‘a_—l;‘>0.
Therefore d([a,a],[ 5,5 ])>0.
i) Let d([a,a],[b.b])=0
:>max{|g—g|,‘c7—l;‘}:0
Since both | — b|.[@ ~ b| > 0, s0max {|a — b].|@ ~ b} = 0shall occur only when
|a-b|=0and[z-b|=0
=>a-b=0and @b =0

=g=banda=5>b,
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Therefore [Q,ﬁ] = [Q,l;]
Again let [ a, 67] = [Q, b ] which implies thata = b and @ = b . Therefore
a-b=0anda—b =0.
So max {|Q—Q| ,‘E—l;‘} =0

=>d([g,a],[g,5]):0.
i)
d([g,ﬁ],[g,lﬂ) :max{|g—g|,‘c7—l;‘} :max{‘ﬁ—l;ug—ﬂ} :d([g,g],[g,a])

iv) Wehave a<b<c, a<b <c.So

max {|a —c|.|a -]} < max {|a—B|.]a - B} + max {|p — |.|p ~ 2]}

=>d([a,a].[c.c])< d([g,a],[g,lﬂ) +d([g,5],[g,5])-

V) Clearly,([g,ﬁ]+p,[g,l;}+p) :([g+p,5+p],[g+p,5+p])
:d([g,ﬁ] +p,[l_),l;}+p)zd([g+p,c_z+p],[l_)+p,l;+p])znnx{|g+p—l_)—p|,‘5+p—l;—p“
= d([g,ﬁ]+p,[g,5}+p) = max{|g—@|,‘c7—l;‘} = d([g,E],[Q,E]).

vi) Clearly, for A > 0,A[a,@|=[Aa,A@] and A[ b,b |=[ Ab, 1D |

= d(l[g,ﬁ],l[g,lﬂ) - d([lg,lﬁ],[lg,ll;]) - max{|/1g—/lg|,\/la—ﬂ,i?\}
:d(l[g,c‘z],l[g,ﬂ) =max{/1|g—g|,/1|a—i§|} =/1max{|g—g|,|a—5|} =/1d([g,a],[g,5])
- d(z[g,a],z[g,g]) zmax{l|g—g|,l‘c_z—l;‘} =zmax{|g—g|,\a—5\}
Therefored (A[a,a], A[b,b |) = 2d ([a.@],[ b.b ]).

3. Level sets based approach to fuzzy metric space
Definition 3.1. Let 4, B and C be three fuzzy numbers, their corresponding level sets are

[A]r :[g, E],[B]r :[Q,B] and [C]r = [Q,E] for r € [0,1]; respectively.
Definition 3.2. Let X be a fuzzy number and [X]rbe set of all r-cuts of X for r € [0,1].
Then the mapping d : [X]r x[X]r - [O,oo[ is called a fuzzy metric if for all

[I,f] ,[X,f],[g,f] € [X]r ,the following axioms hold.
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M d([x7][»7])20

Gy d ([1,)?] 7. ﬂ) =0 ifandonlyif [x,¥]=[y.7 ]

Gy d([x3)[p.7])=d([x.7][x7])

@ d(xx][zz])<d([x3][2.7]) +d([27][22])

The set[X ]rtogether with metric d on it is called a metric space. It is denoted by
((x7.4).
Definition 3.3. Let [X]r =[§,f],Vr €[0,1] be level sets of a fuzzy number X and

Cla,b] be set of all continuous functions on interval [a,h]. Then Vr €[0,1], we define

fIX] = f[x3]=[/(). /@]

Example 3.4. Let C[a,b] be set of all continuous functions on interval [a,b]. Again
suppose that for level sets [X ]r = [g,f ] €la,b]; C is a metric space under following

metrics:

i d(f[xx]g[xT])=sup|/[x7]-g[x.7]
Gy  d(f[x¥].g[xx])=[|/[x5]-g[x.X]d[x¥]

Solution:
(i) Given d(f[g,f],g[g,f]) = sup‘f[g,f]—g[g,f]‘

It is certain,

‘f[g,f]—g[g,f]‘20:>sup‘f[g,f]—g[g,f]‘20:> d(f[g,f],g[g,f])
Again, Let d(f[g,f],g[g,f]) =0
:>sup‘f[g,f]—g[g,f]‘=0:>‘f[§,f]—g[£,f]‘ =O:>f[§,f]—g[£,)?]:0
Therefore, f[g,)_c]: g[g,)_c].

For converse; let f[g,)?]= g[g,f]that isf[g,f]=g[§,f].

Then f[g,f]—g[g,f]=0:>‘f[§,f]—g[§,f]‘ =0:>sup‘f[§,f]—g[§,f]‘=0
Therefore d(f[g,f],g[g,f])=0.

Toshow d(f[x,X].g[x,¥])=d(g[x.5].f[x.%])
We have

d(f[x.%).g[x.x])=sup|f[x.X]-g[x.¥]
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=sup|g[x,¥]- f[x.X]
=d(g[x.7]./[x.7])
Therefore d (f[x.].g[x.¥])=d (g[x.7]./ [x.%])
Again d(f[g,f],g[g,f]) =sup‘f[1,)?]—g[£,)_c]‘
:sup‘f[ﬁ,f]—h[g,f]Jrh[g,f]—g[g,f]‘
Ssup‘f[g,f]—h[g,f]‘+sup

h[x.7]-g[x.7]
<d(f[x7]n[x7])+d (k]2 7] ¢ [x7])
Therefore d(f[g,f],g[g,f])ﬁd(f[g,)?],h[g,f])er(h[g,)?],g[g,)?]).

Thus we see that all axioms of metric space are satisfied for (i), thus the solution is
completed. The solution of (ii) is similar.

Definition 3.5. Let X " be the set of all fuzzy numbers on real line. Sequence of

fuzzy numbers is denoted by (X ., ) . The level sets of (X ., ) are denoted by ([ X, X, ]) .

Definition 3.6. Let X e be a fuzzy number and ([Lf],d) be a fuzzy metric space.
A sequence ([L, ,)?n])in a fuzzy metric space ([g, f],d ) is said to be convergent if
there exist [)_CO,)_CO]C [g,f] such that liil;d([zn,fn],[%,fo] ):[0,0] . Here [%,fo]

is called the limit of the sequence ([ X, X, ]) .

Definition 3.7.[7] VK € [0,00[ with K= [l_c,k_] is called generated interval if
k <k with k #k.
Again VK € [O,oo[with K :[l_c,k_] is called degenerated interval if
k <k with k =k.
Example 3.7. [2, 3] is a generated interval and [2,2] is a degenerated interval. Observe
that [2, 2] = {2}.
Definition 3.8. Let X e/ be a fuzzy number and ([g,f],d) be a fuzzy metric space.

A sequence ([& ,)Tn])in the fuzzy metric space ([1,)? ],d ) is said to be a Cauchy

sequence if for every & >0 there exists a positive integer N such that
d([x,.%,].[x,.%,])<[e,&] forall n,m>N.
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Definition 3.9[5]. A metric space (X,d) is said to be complete if every Cauchy sequence

in it converges to an element of it.
Theorem 3.10. The metric space ([1,)7] ,d) is complete.

Proof: Let be([_m, ] )a Cauchy sequence in ([L )T])

Let the sequence([gm,)?m] ) = ([(Lm,&m, ...),(flm,)?zm, )]) = ([(Lm ),(flm )] ) .

Since ([Ln,)?m] )is Cauchy sequence, for given & >0 there exists a positive integer N

such that

d([,.%, |.[x.%,] )= max{|x,, —x,

For every fixed i, we have

b

X -x }<[8,8]forall n,m>N.

im in

(1)

Hence for every fixed i, the sequences (gim) and( 1)are Cauchy sequence of

x

im

numbers. So, they converges, say x, — x, and X,, = X,as m —>o0. Using these
infinitely many limits say thatx, — x and X,, > X as m —> 0.
where x =(X,,X,,...) and Xx=(%,%,,...).
Now from (1), taking n — oo, we have
lx,, —x|<e m>Nand[%, -¥|<c m>N )

Since x,, = (gim) and X, = (fim) there is a real number &, such that
‘EH’U -

and |)_cl.|:|f X,

)Tlm| =k, foralli.

We can write

‘Ii‘: ‘ii =X T X,
S‘L‘S‘Ei_lim‘+‘£im‘ and |x|<|x X, |+|x

m 2

:>‘L‘S8+km and |fl.|£8+k ;m>N
These inequalities hold for every i and right hand side does not involve i. Hence

sequences ( L‘) and ()?l) are bounded sequence.

Now from (2) we have:

max{‘gim—g X, |} [e,e] ; m>N.
1

9

Which implies that and |X,, —X|<& m>N.
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Therefore d([{m,)_cm],[{,f] ) <le,e] ;m>N.
This shows that fuzzy metric space is ([ X, X ] ,d ) complete.
4. Fixed point of fuzzy metric space

In classical topology there are notions of fixed point and contraction mapping. In this
section we shall present the notions in fuzzy context.

Definition 4.1[9]. Suppose X is any set and 7 : X — X is a mapping. Then x € X is
called fixed point of 7" if Tx=x.

Definition 4.2. Let X €/%be a fuzzy number and[g,f] C [O,oo[ be the set of all level

sets of X. Suppose T:[g,f]—)[g,f] is a mapping. Then forany ieN,
[gi,fi]e[g,f]is called a fixed point of T if T([zi,)_ci}):[zi,)_ci} .
Definition 4.3[9]. Let (X,d) be a metric space. A mapping 7:X — X is called

contraction on X if there is a positive real number & < 1 such that for all x,y € X,
d(Tx,Ty) = kd(x,y).

Definition 4.4. Let X €/%be a fuzzy number and[g,f] C [O,oo[ be the set of all level

sets of X. A mapping T:[g, )T] - [E,f] is called contraction on [g,)_c] if there is a

positive real number K <1 such that

d(T[ii”_Ci]’T[ﬁﬂfj]):kd([ﬁi’)_ci}’[ﬁj”_cj})

forall i, j € N and [gi,fi],[g_i,fi]e[g,f].

Theorem 4.5. Let T be a contraction on ([1, f] , d) . Then T has a unique fixed point.
Proof: Let for an arbitraryi € N; [gi,fi] e[x.x].
We define iterative sequence ([L,)_cn }) € [z,f] by

505 [ 55 [T 5% [ 2% =T[5 [ 58 ]=T[0 | o[ 505 )T 505,

then
[x,,%, |=TT[ x,.%, | =T 5,,%, |
(2505 | =TT %0, % |=T[ %05, |oooo] 2,.%, |=T"[ 5,5, |

We shall show that sequence ([L , X, }) is a Cauchy sequence.
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If n>m, then

=d ([Emﬂafmﬂ]’[Emafm]) <k"d ([El’)?l ]’[Eo’%])

By triangle inequality, we obtain for n > m

R
<k"d([x0%, ).[ 2% )+ 5" d ([0 %, |\[ 2% )+ 4 d ([ 2% ][ x5 )

<k (ko) (3007, L5 ]) =K (3007 L[5 )

Since 0 < k <1, so the number 1-k""" <1.

Theretore d ([ x,.%, ].[2,., ]) £ = ([x0:%, | [2.%))

Since the space[g,)_c] is complete, there exists a [)_CO,)_CO] C [g,)_c]

such that [L,fn] - |:£07f0:| .

Now we show that this [ X ,)_CO] c [g, f] is fixed under the mapping 7.

By definition and triangle inequality we have:

d([2% ). T2 % ])<d (2% [ [2,7 ]+ ([5.%,]. 72,5, ]
=d([x.5 7 [5.% )< d([x0% ] [2,7 ] rhd (207 ] [205])

We know that d(x,y)=0, iff x=y.
Since [L,fn] - [Eo’foJ , SO

d([x0% ][ 2,.%,]) >0 and d([x, %, , ][ x0-%, ]} >0 Which implies that
d([zo,)_co} ,T[;O,EO}) =0,and hence T[go,fo] = [go,fo] . This shows that

[ x,.%, | fixed of T.

We shall now show that [ x,,, ]is unique of T. Suppose that | x,,, |is another fixed of
T.Then 7| x.% |=|x,.5% |.
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Therefore d([zo,)_co],[gl,f]}):d(T[go,)_co},T[gl,)?J)Skd([go,fol[gl,)?l])
Since k < 1, this implies that d([zo,)_co},[gl,f]}).

Hence [go,x0]=[£1,x1]:>£o =X X =X -

Thus the proof is complete.

4.1. Properties of contrition 7"
(i) Limit [ X ,f] isa fixed of T
(ii) Fixed of T is unique

Proof 4.1.
(i) Since T is continuous we have

7x.%])=1(lim[x,.5, ]| = lim(r[x, %, ]} = tim([ 7, 7%, ]) =tim[x,.,.%,., ][ x.¥]

Since the limit of (x ) is same as limit of (xn) . Thus Limit [ X ,f] is a fixed of T.

n+l

(ii) Fixed of T is unique.
Let [ﬁo ,)70] is unique of 7. Suppose that [& , X, ] is another fixed of 7. Then

T[x.% |=[2.5 ]

Therefore

d(7[x0% 1[5 ) = @ ([T 75, ][ 075 ]) = d ([ 205, ][5 ]

Since T is contrition mapping for 0 < k <1.

d(T[loa)_colT[El’)_ﬁ})Skd([lo’fo]a[ﬁlafl])

Therefore we have d ([50,)_60} ,[5, , X, }) < kd([ﬁo,fo],[& , X, ]) , this is possible only
when

d([loafo}a[lla)_ﬁ}):ijaxﬂﬁo —EIHEO—EJ}203‘50—§1‘=0,|f0—f1|=0

Therefore x, = x,,X, = X, . Hence the [ Eo’on is unique.

5. Example
Example 5.1.

Let Vre[0,1]; [x]r ,[y]r ,[z]r €la,b]c[0,0 and ([a,b],d) be a fuzzy metric
space; and a function f :[a,b] — [a,b] be continuous and differentiable. Then the
solution of the equation f'(x) <k <1is unique

Solution 5.1. Let [x]",[y]".[z] e [a, b]and[x] <[z] <[»] .

Then we can write by (Lagrange’s mean value theorem)
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flex|=f1»y

ST
@@ /0 0]

[x.5]-[1.7]

=>[f @,/ @]-[ L. f P ] =([xF]-[ 27 ])[/'@.1' )]
=[O~/ @) ]=](x-2) /' @.(F-7) /)]
tmplies [/ ()= £ (9, )= 1] =[[ (3= 2) @1 (F-7) /)]
=>[lf@-r@Lr@-r@l)=||x-») reF-7r@|]
=>[|r@-r@|lr@-r@)=|[z-»|lrelE-Plrel
As f is contraction mapping onto itself.
then| |x - y|.[F -7 | =| [x= ||/ @ [T -7/ G|
=[xy .[F = 3] | <[ [x = o k.|T = 3]k | s a5 here we see k=1.
=[|x=af F -] stk M fe—of -3l = =] -]
Since it is given 0<k<l1. So the above relation is possible only when
[z~ o 77} =10.01={0}

:>[E_Zaf_)_/i|:[090]
which implies that x=y and x =y

=[/"(2). /@]

Therefore the solution of the given equation is unique.

6. Conclusion

In the present work, properties of metric space i.e. limit, sequence and completeness are
discussed in Level sets notion. The contraction of fuzzy metric space is defined, and
further the existences and uniqueness are shown with an example.
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