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Abstract: In this paper, we introduce the first and seckinddices of a graph. The first
index is defined as the sum of squares of the dutimeoedge degrees of adjacent edges.
The second index is defined as the sum of the product of segiaf the edge degrees of
the adjacent edges. In this paper, some mathemptmgerties of the firsK index of a
graph are presented. Also some bounds for theistlex of a graph are established.
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1. Introduction

Let G be a simple graph with vertices andn edges with vertex s&t(G) and edge set
E(G). A molecular graph is a simple graph such thatétsices correspond to the atoms
and the edges to the bonds. Chemical graph theapianch of mathematical chemistry
which has an important effect on the developmemth@fthemical sciences.

In Chemical Science, the physico-chemical propertf chemical compounds
are often modeled by means of molecular graph basedture descriptors, which are
also referred to as topological indices, see [1].

The degreels(v) of a vertexv is the number of vertices adjacentvtol he edge
connecting the verticeasandv will be denoted byv. Let ds(e) denote the degree of an
edgeein G, which is defined byls(e)= dg(u)+ dg(v) — 2 withe=uv, e~f means that the
edgese andf are adjacent. The line grapfG) of a graphG is the graph whose vertex set
corresponds to the edges & such that two vertices of(G) are adjacent if the
corresponding edges Gfare adjacent.

The first and second Zagreb indices of plyfaare defined as
M, (G)= D, de(u)2 andM,(G)= > ds(u)di( V.
uv(G) wdE(G)

These indices were introduced by Gutreaal. in [1].

In fact, one can rewrite the first Zagnethex as

M(G)= 2 [ds(u)+ & (V]
WIE(G)
These indices in Chemical graph theoryevetudied, for example, in [2, 3, 4, 5, 6].
The reformulated first and second Zagnelices of a grapks are defined as
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M (6)= T d (4" andEwm(6)= 3 d(9d( )

e~ fOE(G)

These indices were introduced by &4liic et al in [7]. The reformulated first and
second Zagreb indices in chemical graph theory werdied, for example, in [8, 9, 10].

TheK -edge index of a grapB is defined as

Ki(6)= 3 [do(e+ (1))
e~ fOE(G)
The K*-edge index ofG was introduced by Kulli in [11].
In this paper, we introduce th€indices of a graph and some properties ofKhe

indices are obtained.

2. First and second K indices
We defineK indices of a graph is terms of edge degrees wineredgree of an edgds
defined asd(e) = d(u) + d(v) —2 withe= uv.

Definition 1. The first and seconH indices (called as Kulli indices) of a graghare

defined as
K(0)=_ 3 [a(g+a 0]
<(6)=_3, [a(9a 0]

wheree~f means that the edgesindf are adjacent .

3. Properties of first K index
Theorem 2. Let G be a simple graph. Then

K*(G)=K.(G)+2EM,(G). @)
Proof: By the definition of the<! index, we have

<(e)= 3 a9+ (]

e~

= > [de(d + () +2c(9 a( B

e~ fOE(Q)
:e~f§|;‘(e)|:de(e) +d,( f) }+2e~;(e)[dg(€) &( 9]

ThereforeK*(G) = K, (G) +2EM,( G).
Corollary 2.1. Let G be a simple graph. Then

EM, (6) =5(K(6)- K (9)).

4. Lower Boundsfor K}(G)
In this section, we give two lower bounds KXG).

lli¢ and Zhou in [9] obtained the following inequality.
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Theorem 3. Let G be a simple graph withvertices andnedges. Then

EM, (G)= EMl(G)—% M( G+ m 2

We establish a lower bound f&H(G).
Theorem 4. Let G be a simple graph withvertices andnedges. Then
K'(G)= K. (G)+2EM, (G- M(G+2m (3)

Furthermore, equality holds if and only if each gament ofG is Pa.
Proof: Using (2) in (1), we obtain the desired result.

In [9], lli¢ and Zhou gave the following inequality.

Theorem 5. Let G be a simple graph withvertices andnedges. Then
1 3
EMZ(G)Zﬁ(Ml(G)—Zn‘) 4)
with equality if and only if L (G) is regular.

We now obtain another lower bound f6i(G).

Theorem 6. Let G be a simple graph withvertices andnedges. Then
. 1
K (G)= Ke(G)+?(M1(G)—2r‘rf. 5)

Furthermore, equality holds if and onl\LifG) is regular.
Proof: Using (4) in (1), we find the desired result. Giusly, equality holds in (5) if and
only if L(G) is regular.

5. Upper bound for KY(G)
In this section, we give an upper boundKo(G).
In [8], De proved the following inequality.

Theorem 7. Let G be simple connected graph witlvertices andnedges. Then

e, (G)< 2(My(@)-20f - (m-)(5-( M( G- 20+ 2(B- 9 EM( & ©

with equality holds if and only iG is regular.

We now give an upper bound 1&HG).
Theorem 8. Let G be a simple connected graph witkertices andn>2 edges. Then

K (G)< K (G)+(M,(6)-2m) - 2( m-(5-J( M( G- 2+ (D~ J EM( ¢

(")
Furthermore, equality in (7) holds if and only@fis regular.
Proof: From (1) and (6), we obtain the inequality (7).vlsly equality in (7) holds if
Gis regular.
6. Other boundsfor K}(G)
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In [8], De obtained the following result.
Theorem 9. LetG be a simple connected graph witkiertices andnedges. Then

2(M,(G)-2m)(s-1°< EM,(9< A M( G- 2n)(a- ¥’ (8)

We now give lower and upper bounds ﬂér(G)

Theorem 10. Let G be a simple connected graph witrertices andn edges. Then

K(G)+4(M,(G)-2m)(s-1"< K(G= K(G+ 4 M( G- 2n)(a- ¥’ )
Furthermore, equality holds if and onIyGfls regular.
Proof: From (8), we have

2(M,(G)-2m)(s-1°< EM,(9 < A M( G- 2n)(a-

Therefore
K. (G)+4(M,(G)-2m)(5-19"< &(G)+2EN£ C)< (G+4 M( G- 2+ (a-
Thus K; (G)+4(M,(G)-2m)(6-1)°< K(9< K(G+4 M( G- 2m+(A- ¥

Obviously in (9), equality holds & is regular
In [8], De obtained the following result.

Theorem 11. Let G be a simple connected graph withertices andnedges. Then
(5_1) EMl(G)S EMz(G)S(A_l) EM( q (10)
with equality holds if and only iG is regular.

We now obtain another lower and upper bound&t¢s).

Theorem 12. Let G be a simple graph withvertices andn vertices. Then
K.(G)+2(d-1)EM,(G)<s K (G s K(G+2a-1) EM(G. (11)

Furthermore, equality holds if and onlyGfis regular.

Proof: From (10), we have

(0-1)EM,(G)< EM,(G)<(a-1) EM(G.
ThereforeK; (G) +2(0-1) EM,(G)< K. (G + 2EM,( G< K( G+ 2a-1) EM( G|
ThusK;(G)+2(d-1)EM,(G)< K (G < K(9+2a-1 EM(Q.
Obviously equality holds whe@ is regular.
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