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Abstract. The present paper gives a new construction of a quotient BF-algebra %/ by a
interval-valued fuzzy idead nin X and establishes that interval-valued fuzzy
homomorphism, we show that if ﬂ is a interval-valued fuzzy ideal of X, then %is a
BF-algebra X if and only if z isainterval-valued fuzzy ideal of X and investigate some
of its properties.
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1. Introduction and preiiminaries

The concept of fuzzy set was introduced by Zadeh [13]. Recently, Walendzik [12]
defined BF-algebras. The notion of interval-valued fuzzy set was first introduced by
Zadeh [14] as an extension of fuzzy sets. In [3], Liu and Meng constructed quotient BCI
(BCK)-agebra via fuzzy idedls. In this paper we introduce the notion of quotient BF-
algebraviainterval-valued fuzzy ideals and investigate some interesting properties.

By a BF-algebra we mean an algebra satisfying the axioms:

(1) xIx =0,

(2) x[0 =x,

(3) 00(x y) =y x foral x,yOIX
Throughout this paper, X isaBF-algebra

Example 1.1. Let R be the set of real number and let A = (R, [, O) be the algebrawith
the operation [ defined by
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x,if y=0
xOy =1 vy,if x=0
0, otherwise

Definition 1.2. The subset | of X issaidto beanideal of X , if

() OOland(ii)xCyOlandy Ol = x0OI.

We now review some fuzzy logic concepts. A fuzzy setin X isafunctionp: X - [0,1].
For fuzzy sets p 0 X ands[0,1] . Thesets U(u; t) ={x OX : u(x) = t}is called upper
t-level cut of .

Definition 1.3. [4] A fuzzy setinaset Sisafunction pufrom Sinto [0,1].

Definition 1.4. [5] The fuzzy set 1 in X iscalled afuzzy subalgebraof X ,
if p(x Oy) 2 min{u(x), u(y)}, foralx,ydX.
Definition 1.5. A fuzzy set pof X iscalled afuzzy idea of X if
(F1) u(0) 2 u(x)
(F2) u(x) = min{ u(x Dy), u(y)} foral x, y X .
By interval number D we mean aninterval [a”,a"] where 0<a” <a’ <1.For interval
numbersD, =[a;,b;] , D, =[a;,b] .
We define
* min(D,,D,) =D, n D,=min(a;, b;} |a;. b))
=[min{a;,ay}, mn{b,b3}]
» max(D,,D,) =D, 0D, =maxa;, b;} |a;, b3))
=[max{a;,a,}, max{ b, b5}]
and put

« D;<D, - a; <a, and b] <b]

« D;=D, = a =a,and b =bJ,

- D,<D, = D,;<D,and D, #D,

« mD=m[a;,b;]=[ma;, mb;], whereO<m<1.

It isobviousthat (D[0,1],<, [, L) isacomplete lattice with[ 0, O] as its | east element and
[1,1] asitsgreatest element. We now use D[0, 1] to denote the set of all closed sub
intervals of theinterval [0,1] .

For interval numbers D, =[a;, b; ], D, =[a5,b3] 0 D[0,1] we define
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» D,+D,=[a +a,~a .a,,b; +b; ~b; .b;].

Let L beagiven nonempty set. An interval-valued fuzzy set B on L isdefined

by B ={(X,[1ng (X),ug (X)] : X OL} , Where ug (x) and pg (X) are fuzzy sets of L such
that pg(X) < pg(X)foralxOL . Let pg(X) =[pg(X), ng(X)], then

B={(x, ig(X)):xUL} Where ig:L - D[O, 1]

Definition 1.6. The Interval-valued fuzzy set [t in X iscalled interval-valued fuzzy
subalgebraof X , if fi(x Oy) = min{pi(x), fi(y)} , for al x,y O X..

Definition 1.7. Aninterval-valued fuzzy set 1 iscalled interval-valued fuzzy ideal of
BF-algebra X if satisfies the following inequality

(i-v F1) p(0) = u(x)

(i-v F2) [i(x) = min{i(x Oy), fi(y)} , for all x,y, zOX .

Example 1.8. Consider aBF-algebra X = {O, a b, c} with following table

O|T|| O|Mrl
O|T| | OO
T|O|O0Olo|®
VDO O|T|T
Ol T|IO|O

Let A beaninterval-valued fuzzy setin X defined by p(0) = p(a) = [0.6, 0.7] and
w(b) =pu(c) = [0.2, 0.3] , itiseasy to verify that A isan interval-valued fuzzy ideal
of X.

Proposition 1.9. Every interval-valued fuzzy ideal /7 of X is order reversing.

Proposition 1.10. Let 7 be ainterval-valued fuzzy ideal of X. Then XLy < zimplies
A(X) =minf u(y), d(2)} foral x,y,zO X .

2. Quotient BF-algebrasinduced by interval-valued fuzzy ideals
Let /i beainterval-valued fuzzy ideal of X. For any x, y X, definerelation ~on

Xby x~yifandonlyif p(xCy)=pn(0) and p(yLCx)=p(0).

Lemma 2.1 ~ isanequivalencerelation of X.
Proof. (i) For any x [0 X, we have p(x Cx) = 1(0) . Hencex ~ X.
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(i) Forany x,yOX,ifx ~y, then p(x Ly) = p(0)and p(y Cx) = (0).

It meansthaty ~ X.
(iii) Forany X,y,z0OX,if x~yand y ~ z, then

H(xCy) =p(y £x) = u(y C2) = n(zLy) = p(0)

Since (xCz)L(xLy)<ylLzand (zCx)C(zLy)<yLXx, by proposition 1.10 we
have n(x Cz) = min{u(x Ly), g(y Lz)} = 4(0) and
W(zLx) = min{p(zCy), Ay Cx)} = #(0), and so p(x L 2) = p(0) and
1(zCx) = u(0) . Hencex ~ z. The proof is complete.

Lemma2.2. X~ yimpliesXxLz~ylLzand zLx~zLyforalx,y,zUOX.
Proof: If x ~y,then p(xCy) =p(yLx)=pn(0).Since (xCz)C(yLz) <xLyand
(yCz)C(xC2) < yLx, by Proposition 1.9 we have

m(xC2)C(yL2) = u(x Ly) = p(0) and p((yL2) L(xL 2)) = p(y Lx) = p(0) and so
((xC2)C(yL2z) =p(0)and p((yL2)C(xLZ) =p(0). ThusxCz~ylLz.
Similarly, we can provethat z[ x ~ 2Ly . The proof is finished.

Lemma23. x~yand u~vimply xLu~ylLvforalx,y,uvIX.
Proof: If x~yand u~vbyLemma22 xLu~yluand XLv~yLv.Usngthe
transitivity of ~, weget XL u ~ y L V. This completes the proof.

Summarizing the above lemmas we have following.

Theorem 2.4. ~isacongruence relation on X.
Definition 2.5. Wewrite fi, ={y X /x Oy} the equivalence class containing x and
% ={fy /xOX} istheset of all equivalence classesof X . A binary operation [ on

%isdeﬁned by 7, O, = i,

Theorem 2.6. If fZisinterval-valued fuzzy ideal of aBF-algebra X, then quotient algebra
(%; O fi,)isBF-agebra
Proof: For any fiy, [y D%, we have

(1) By 0Py =Pyxx = Ho,

(if) Py Ofg = Pyp = P,

Fo DAk Ry ) = Aomxoy) = Aymk, DX yOX.,

(Ol = Hyy = 1) -
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If [y Dﬂy =Ho and ﬂy [Hy =fg, then ﬁny = :Z]oand /'7yD< =,L70andso
HA(xCy) = 1(0) = g(yLx).Hencex ~y. Then, = /i, . Thuswe provethe

theorem.
A mapping f : X - Y of BF-algebrasis called a homomorphism if

f(xCy)=f(X)C f(y)foral x,yd X, fiscaledanepimorphism, ifitisa
surjective homomorphism, f is called amonomorphisam if it is an injective
homomorphism.

Proposition 2.6. Let f : X — Y bean epimorphism and V an interval-valued fuzzy
idea of Y. Then Vo f isalnterval-valued fuzzy ideal of X.

Theorem 2.7. (Fundamental theorem of interval-valued fuzzy homomorphism) Let X and
Y be BF-agebra, f : X — Y anepimorphism and V an interval-valued fuzzy ideal of Y.

Then )%of D%.

Proof: By using theorem 2.5 and proposition 2.6, X/ of and X/ are BF-algebras.

Define 77 : % ¢ = Yo by (e £),) =V,

(i) (Vo f),=(Vof), = (Vo f)xOy)=(Vof)(yOx)=(ef)0)
=V(f(X)Cf(y))=vV(f(y)Lf(x))=Vv(0),where Q' isthe zero element of
Y=V, =V, Hence niswell-defind.

(i) n((ve f), OVo f)y) =n((Vo f)x[y) =\7f(ny) =\7f(x)mf(y) =\7f(x) va(y)'
=n((Ve f), OWVe f),) . Hence 7isahomomorphism.

(iii) n7isamonomorphism: V, , =V, = V(f(x) Of (y)) =V (f(y)Of (x)) =Vv(0’)
= (Vo F)(XCy)=(Ve f)YyEX)=(Vo f)(0) = (Vo f), =(Vo f),.

Hence %O f D% and the proof is complete.

Reviewing that the characteristic function of a subset | in X, we mean

_([L,if x Ol
X )= {[O, 0], otherwise.

In particular, )?{0}iscalledthezerointerval-valued fuzzy ideal of X. If fisan
epimorhism, it is easy to verify that X, o f = X, ; and Y)? ay.

{0}
Applying theorem 2.7, we have the following
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Corollary 2.8. Let X and Y be BF-algebrasand f : X - Y an epimorphism. Then

X/ 0Oy,
Akerf

10.
11.
12.
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