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Abstract. The present paper gives a new construction of a quotient BF-algebra µ~
X by a 

interval-valued fuzzy ideal µ~ in X and establishes that interval-valued fuzzy 

homomorphism, we show that if µ~  is a interval-valued fuzzy ideal of X, then µ~
X is a 

BF-algebra X if and only if µ~  is a interval-valued fuzzy ideal of X and investigate some 
of its properties. 
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1. Introduction and preliminaries 
The concept of fuzzy set was introduced by Zadeh [13]. Recently, Walendzik [12] 
defined BF-algebras.  The notion of interval-valued fuzzy set was first introduced by 
Zadeh [14] as an extension of fuzzy sets. In [3], Liu and Meng constructed  quotient BCI 
(BCK)-algebra via fuzzy ideals.  In this paper we introduce the notion of quotient BF-
algebra via interval-valued fuzzy ideals and investigate some interesting properties. 
By a BF-algebra we mean an algebra satisfying the axioms: 
(1) x x 0,∗ =  

(2) x 0 x,∗ =  

(3) 0 (x y) y x∗ ∗ = ∗  for all Xyx, ∈  

Throughout this paper, X  is a BF-algebra. 
 
Example 1.1. Let R be the set of real number and let 0) , (R,A ∗= be the algebra with 
the operation∗ defined by  
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0y if x,

yx  

 
Definition 1.2. The subset I of X is said to be an ideal of X , if 

I0  (i) ∈ and IxIy and Iy x(ii) ∈⇒∈∈∗ . 

We now review some fuzzy logic concepts. A fuzzy set in X is a function 1] [0,X:µ → . 

For fuzzy sets ∈µ X and 1] [0,s ∈ . The sets ( ) { }tµ(x):Xx tµ;U ≥∈= is called upper 
t-level cut of µ . 
 
Definition 1.3. [4] A fuzzy set in a set S is a function µ from S into [0,1]. 

Definition 1.4. [5] The fuzzy set µ  in X is called a fuzzy subalgebra of X , 

if { }µ(y) µ(x),miny)µ(x ≥∗ , for all Xyx, ∈ . 

Definition 1.5. A fuzzy set µ of X is called a fuzzy ideal of X if  

(F1) µ(x)µ(0) ≥   

(F2) ( ) µ(y)},yxmin{µµ(x) ∗≥ for all Xyx ∈, . 

By interval number D we mean an interval ]a ,[a +−  where 1.aa0 ≤≤≤ +− For interval 

numbers ]b ,[aD 111
+−=  , ]b ,[aD 222

+−=  . 
 We define     

      • 2121 DD)D ,min(D ∩= =min [ ] [ ]( )+−+−
2211 b  ,a  ,b  ,a   

                                                 = [min { −−
21 a ,a }, min { ++

21 b ,b }] 

      • 2121 DD)D,max(D ∪= =max [ ] [ ]( )+−+−
2211 b  ,a  ,b  ,a  

                                                 = [max { −−
21 a ,a }, max { ++

21 b ,b }] 
and put  
   

• −− ≤⇔≤ 2121 aaDD  and ++ ≤ 21 bb  

• −− =⇔= 2121 aaDD and ++ = 21 bb , 

• 2121 DDDD ≤⇔< and 21 DD ≠  

• ]mb ,[ma]b ,m[amD 1111
+−+− == , where 1m0 ≤≤ . 

 
It is obvious that ) , , (D[0,1], ∧∨≤ is a complete lattice with 0] [0, as its least element and 

1] [1,  as its greatest element. We now use 1] D[0,  to denote the set of all closed sub 

intervals of the interval 1] [0, . 

For interval numbers 1] D[0,]b ,[aD ],b ,[aD 222111 ∈== +−+− we define 
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• ].bbbb ,.aaa[aDD 2121212121
++++−−−− −+−+=+ . 

 
Let L  be a given nonempty set. An interval-valued fuzzy set B  on L is defined 

by L}x:(x)]µ (x),[µ {(x,B BB ∈= +− , Where (x)µB
−  and (x)µB

+ are fuzzy sets of L such 

that (x)µB
− ≤ (x)µB

+ for all Lx ∈ . Let (x)µ~B  = (x)]µ (x),[µ BB
+− , then 

B {(x, µ (x)):x L}B= ∈ɶ  Where µ :L D[0, 1]B →ɶ  
 
Definition 1.6. The Interval-valued fuzzy set µ~  in X is called interval-valued fuzzy 

subalgebra of X , if { }(y)µ~ (x),µ~miny)(xµ~ ≥∗ , for all Xyx, ∈ . 
 
Definition 1.7. An interval-valued fuzzy set µ~  is called interval-valued fuzzy ideal of 
BF-algebra X if satisfies the following inequality 
(i-v F1) (x)µ~(0)µ~ ≥  

(i-v F2) ( ) (y)}µ~ ,yxµ~min{(x)µ~ ∗≥ , for all Xz y, x, ∈ . 
 
Example 1.8. Consider a BF-algebra { }c b, a, 0,X = with following table  
 
 
 
 
 
 
 
 
Let A be an interval-valued fuzzy set in X defined by [ ]0.7 0.6,(a)µ~(0)µ~ ==  and 

[ ]0.3 0.2,(c)µ~(b)µ~ == , it is easy to verify that A is an interval-valued fuzzy ideal 

of X . 
 
Proposition 1.9. Every interval-valued fuzzy ideal µ~ of X is order reversing. 

 
Proposition 1.10. Let µ~  be a interval-valued fuzzy ideal of X. Then zyx ≤∗ implies 

)}(~),(~min{)(~ zyx µµµ ≥ for all Xzyx ∈,, . 
 
2. Quotient BF-algebras induced by interval-valued fuzzy ideals 
Let µ~ be a interval-valued fuzzy ideal of X.  For any Xy x, ∈ , define relation ~ on 

X by  yx ~ if and only if (0)µ~x)(yµ~    and   (0)µ~y)(xµ~ =∗=∗ . 
 
Lemma 2.1: ~  is an equivalence relation of X. 
Proof. (i) For any Xx∈ , we have (0)µ~x)(xµ~ =∗ .  Hence xx ~ . 

∗  0 a b c 

0 0 a b c 

a a 0 c b 

b b c 0 a 
c c b a 0 
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(ii) For any Xy x, ∈ , if yx ~ , then (0)µ~y)(xµ~ =∗ and (0)µ~x)(yµ~ =∗ .  
         It means that xy ~ . 

(iii) For any Xzy, x, ∈ , if yx ~ and zy ~ , then   

                          (0)µ~y)(zµ~z)(yµ~x)(yµ~y)(xµ~ =∗=∗=∗=∗  

Since zyyxzx ∗≤∗∗∗ )()( and xyyzxz ∗≤∗∗∗ )()( , by proposition 1.10  we 

have )0(~z)}(y~ y),(xµ~min{z)(xµ~ µµ =∗∗≥∗ and 

)0(~x)}(y~ y),(zµ~min{x)(zµ~ µµ =∗∗≥∗ , and so (0)µ~z)(xµ~ =∗ and 

(0)µ~x)(zµ~ =∗ .  Hence zx ~ . The proof is complete. 

 
Lemma 2.2. yx ~ implies zyzx ∗∗ ~ and yzxz ∗∗ ~ for all Xzy, x, ∈ . 

Proof: If yx ~ , then (0)µ~x)(yµ~y)(xµ~ =∗=∗ . Since yxzyzx ∗≤∗∗∗ )()( and 

xyzxzy ∗≤∗∗∗ )()( , by Proposition 1.9 we have 

(0)µ~y)(xµ~))()((µ~ =∗≥∗∗∗ zyzx and (0)µ~x)(yµ~))()((µ~ =∗≥∗∗∗ zxzy and so 

(0)µ~))()((µ~ =∗∗∗ zyzx and (0)µ~))()((µ~ =∗∗∗ zxzy .  Thus zyzx ∗∗ ~ . 
Similarly, we can prove that yzxz ∗∗ ~ . The proof is finished. 
 
Lemma 2.3. yx ~ and vu ~ imply vyux ∗∗ ~ for all Xvu,y, x, ∈ . 

Proof: If yx ~ and vu ~ by Lemma 2.2 uyux ∗∗ ~ and vyvx ∗∗ ~ . Using the 
transitivity of ~ , we get vyux ∗∗ ~ . This completes the proof. 
 
Summarizing the above lemmas we have following. 

Theorem 2.4. ~ is a congruence relation on X. 

Definition 2.5.  We write x {y X / x y}µ = ∈ ∗ɶ the equivalence class containing x  and 

x
X { / x X}= µ ∈µ ɶ
ɶ  

is the set of all equivalence classes of X .   A binary operation ∗  on 

µ~
X is defined by yxyx ∗=∗ µµµ ~~~ . 

 
Theorem 2.6. If µ~ is interval-valued fuzzy ideal of a BF-algebra X, then quotient algebra 

0
X( ; ,  µ )
µ

∗ ɶ
ɶ

is BF-algebra. 

Proof: For any x y
X,µ µ ∈ µɶ ɶ
ɶ

, we have 

               x x x*x 0(i) ,µ ∗µ = µ = µɶ ɶ ɶ ɶ  

               x 0 x 0 x(ii) ,∗µ ∗µ = µ = µɶ ɶ ɶ ɶ  

                0 x y 0 (x y) y x,( ) x, y X.∗ ∗ ∗µ ∗ µ ∗µ = µ = µ ∀ ∈ɶ ɶ ɶ ɶ ɶ , 

               )~~~~( 000 µµµµ ==∗ ∗xx . 
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If x y 0µ ∗µ = µɶ ɶ ɶ  and y x 0µ ∗µ = µɶ ɶ ɶ , then 0
~~ µµ =∗yx and 0

~~ µµ =∗xy and so 

)(~)0(~)(~ xyyx ∗==∗ µµµ . Hence yx ~ .  Then yx µµ ~~ = .  Thus we prove the 

theorem. 
                  A mapping YXf →: of BF-algebras is called a homomorphism if 

)()()( yfxfyxf ∗=∗ for all Xyx ∈, , f is called an epimorphism,  if it is a 

surjective homomorphism, f is called a monomorphisam if it is an injective 
homomorphism.  
 
Proposition 2.6. Let YXf →: be an epimorphism and v~ an interval-valued fuzzy 

ideal of Y. Then fv �~ is a Interval-valued fuzzy ideal of X. 
 
Theorem 2.7. (Fundamental theorem of interval-valued fuzzy homomorphism) Let X and 
Y be BF-algebra, YXf →: an epimorphism and v~ an interval-valued fuzzy ideal of Y. 

Then v
Y

fv
X ~~ ≅
�

. 

Proof: By using theorem 2.5 and proposition 2.6,  v~
Y and fv~

X
�

are BF-algebras. 

Define v
Y

fv
X ~~: →
�

η  by )(
~))~(( xfx vfv =�η  

(i) )0)(~())(~())(~()~()~( fvxyfvyxfvfvfv yx ����� =∗=∗⇒=  

)0(~))()((~))()((~ ′=∗=∗⇒ vxfyfvyfxfv , where 0′ is the zero element of 

Y⇒ )()(
~~

yfxf vv = .  Hence η is well-defind. 

(ii) .~~~~))~(())~()~(( )()()()()( yfxfyfxfyxfyxyx vvvvfvfvfv ∗====∗ ∗∗∗��� ηη  

))~()~(( yx fvfv �� ∗= η  . Hence η is a homomorphism. 

(iii) η is a monomorphism: )0(~))()((~))()((~~~
)()( ′=∗=∗⇒= vxfyfvyfxfvvv yfxf  

)0)(~())(~())(~( fvxyfvyxfv ��� =∗=∗⇒ yx fvfv )~()~( �� =⇒ . 

Hence v
Y

fv
X ~~ ≅
�

and the proof is complete. 

 
              Reviewing that the characteristic function of a subset I in X, we mean  

                                              


 ∈

=
otherwise. 0], [0,

I xif 1], [1,
)(~ xIχ  

In particular, }0{
~χ is called the zero interval-valued fuzzy ideal of X. If f is an 

epimorhism, it is easy to verify that ff ker}0{
~~ χχ =� and YY ≅

}0{
~χ . 

 Applying theorem 2.7, we have the following 
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Corollary 2.8. Let Y and X be BF-algebras and YXf →: an epimorphism. Then 

YX
f

≅
ker

~χ . 
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