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1. Introduction
All graphs considered here are finite, undirected without loops or multiple lines. We
use the terminology of [2].

The line graph ofG, denotedL(G), is the intersection grapl®(X). Thus the
points of L(G) are the lines of5, with two points ofL(G) are adjacent whenever the
corresponding lines o6 are adjacent. We write(G)=L(G), LAG)=L(L(G)), and in
general the iterated line graphli¥G)=L(L"™(G)). Many other graph valued functions in
graph theory were studied, for example, in [4-10].

The following will be useful in the proof and disgion of our results.

Theorem A. [1, p.273] Let G be a graph with p points and q lines. Then
® The degree in L(G) of a line vw of G is deg v+de@ w
(i) L(Pp) [Pp, forp=1.

Theorem B. [3] A connected graph with p 2 points is a nonempty path if and only if
P
> d?=4p-6.

i=1

2. Resultson labeled graphs
In the following theorem, we deduce an equalitységing the degree of any point of an
iterated line graph of a labeled path.

Theorem 1. Let B, be a path with n (82) points labeled by 1,2,...,n in sequence. Then the
degree of the point,”, the K" point of an iterated line grapi.™(P,), where ¥ks(n-m)
and 1sm<n satisfies the following equalities;
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du’ =d, + (mj Oyt +(mj Oyip + +( ) jdk+m—l +(mjdk+m -2™M+2
1 2 m-1 m

=0 when k=1 and m=l

=1 when k=1 or k= Am

=2 when ¥k<( n-m), where d(ks'isk+m) is the degree of alf point of R.
Proof: Supposd, is a path withn (n>2) points labeled by 1,2,.njn sequence such that
d,=d =landd,=d,=..=d_, =2 Letu", 1<k <(n-m) be thek™ point of
an iterated line graph.™(P,),1< m<n. We prove the result by using mathematical

induction onm.
Supposer=1. Then by Theorem, L'(P,) = L(P,) = P,,.Label these 1—1)

points byus, uj,...,u’, in order that the points;, us,...,u’_, represents the lines (1,2),
(2,3), ..., 6-1,n) of P, respectively. By Theorem, the degree ih(G) of a line {,w) of
Gisd,+ d,—2 . Thus,

du; =d, +d, —2:d1+(

1

jdz -2 +2=1
1
1

du; =d2+d3_2=d2+( jd3—21+1+2=2

1

1

du,, =d,, +d,,-2=d,, +( jdn_l -2 +2=2

1
jdn —2*42=1,

1
vy, =, +d, 224+

1

=2

Sinced, =d, =1andd, =d, =...=d

-1
1

In general,du, =d, +( jdkﬂ -2 +2
1

=1 wherk=1 ork=n-1
=2 when &k<(n-1).
Hence the result is true for=1.
Supposear=2. Then L*(P,) = L(L(P,)) = L(P,_,) = P,_,.Label these i —2)

points by u?, uz,...,u?_, in order that the pointsi?, uz,...,u?., represents the lines

(u, u3), (U3, U3),..., (U, u:_,) of L(P,) respectively.
Consider,
du? =du; +du; -2
=(d, +d, -2)+(d, +d; =2) -2
(From the above case wherl)
d,+2d,+d, -6
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2 2
-
1 2

Now, du? = du; +du; -2
=(d, +d, —2)+(d +d,-2)-2
=d, +2d, +d,

B

Similarly, du?, =d_ ( j +( j -22+2=2
2

du?, =d_, ( jd +( j 22" +2=1

Sinced, =d, =1 andd, =d, =---

In general,du? =d, +( jdkﬂ +( jdm 271+ 2
1 2

=1 wherk=1 ork=n-2
=2 when &k<(n-2).
Hence the result is true for=2.
Assume the result is true f&'™™*(P,), where km<n.

We now prove the result is true forL™(P,). By Theorem A,
L™(P,) =L(L™*(P,)) and L™(P,) has (W\—m) points, wherem<n. Label these

m
n-m

the lines @, uy™), (U™, ul™),..., (U, U ) of Lml(P) respectively. By
inductive hypothesis, we have

m-1 m-1 m-1
dulin_l :dk +( j dk+1+( ) dk+2+"'+( jdk+m—l_2m+2

1 2

m-1

m

in order that the pointsi,”", uy',...,u

m
n-m

(n—m) points byu,", uy',...,u represents

#0, sincem<n that ism-1# n-1
=1 wherk=1 ork= n—(m-1)
=2 when gk<(n- (m-1)).
Consider,
dul" =du™™* +duy™

2
m-1 m-1 m-1
=d1+( jd2+( jd3+...+( jdm—2m+2
1 2 m-1
m-1 m-1 m-1 m-1
+d2+( jd3+( jd4+...+( )dm+( jdm+1—2m+2—2
1 2 m-2 m-1
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[ (e

m-1
+( jdmﬂ —22"+4-2.

m-1
m m m+1 m m+l
Weknowtha( )+():( jand(j:( j::l'
r-1 r r m m+l
Therefore,du” =d, + (mj d, +(mj dg + +( i jdm +(”‘jdm+1 —2™ 42,
1 2 m-1 m

+

Similarly’ durrln—m = dn—rn * (m) dn‘m+1 +(m) d"'m+2 o [m)dm+n—m - 2m+1 +2.
1 2

In general,

du’ =d, + (mj Oyt +(m) dyip + +( ) )dk+m—l +(m)dk+m -2m+2
1 2 m-1 m

=0 wherk=1 andm=n-1
=1 wherk=1 ork= n-m
=2 when 4k<(n-m). This completes the proof of the theorem.

Corollary 2. Let B, be a path with n (#2) points labeled by 1,2,...,n in sequence. Then
the degree of an isolated point u of thed)" iterated line graphL”‘l(Pn) satisfies the
following condition;

n-1 n-2 n-1 n-1
du=d, + ( j d, +( j d, +...+( )dn_l +( )dn -2"+2=0, where d(Isis

1 2 n-2 n-1
n) is the degree of aff point of R.

[llustration 3. The above Corollary is illustrated by taking ahpatith 5 points. The
points of the path and its iterated line graphdatveled as shown in Figure 1.

el eZ e?, e4
Ps: O O O O O
1 2 3 4 5
L(Ps): & & & e
i O—2—0—2—0,
L*(Ps): & & €
. O—2—0
E(Ps): & &
L*(Ps): %
Figure 1.

128



Results on Labeled Path and its lterated Line Graph

By TheoremA, the degree ih(G) of a linevw of G is d,+d,—2. Now consider,

dg =de +de, -2
=(dei +dr:g -2) +(dg' +d%' -2)-2
=dei +2d@ +d%' -6
=(dg +de, —2) +2(de, +de, - 2) +(de, +de, —2) -6
=de +3de, +3de, +de, —14
=d, +d,-2)+3(d, +d, -2)+3(d, +d, -2)+(d, +d. -2)-14
=d, +4d, +6d, +4d, +d. —30.

Sinced, =d; =1 andd, =d,; =d, =2, we have

4 4 4 4
de :dl+( jd2+( jd3+...+( jd4+( jd5—25+2:0.
1 2 3 4

The Theorem B and Theorem 1 lead to the followaguit:

Theorem 4. Let B, be a path with n (82) points labeled by 1, 2 ,..., n in sequence and
u" be the R point of L™(P,), where Xks(n-m), 1sm<n and m#n-1. Then

S du” = 4(n-m) - 6.

i=1
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