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Abstract. A fuzzy inventory model with price dependent demasmdconsidered. The
shortages are allowed . The objective is to ddternthe optimal total cost and the
optimal time length of the plan for the proposeddaio The trapezoidal fuzzy numbers
are introduced to achieve this objective. The gigmistance method is used for
defuzzification process. To illustrate the resulfsthis model, sensitivity analysis is
presented for both crisp and fuzzy model.
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1. Introduction

The inventory system is taking an important partast controlling in business. For the
last fifteen years, researchers in this area hatended investigation into various models
with considerations of item shortage, item detation, demand patterns, item order
cycles and their combinations.

The controlling and regulating of deterioratingnits is a measure problem in any
inventory system. Certain products like vegetablsgijts, electronic components,
chemicals deteriorate during their normal storageod. Hence when developing an
optimal inventory policy for such products, thesdoof inventory due to deterioration
cannot be ignored. The researchers have continuomsldified the deteriorating
inventory models so as to more practicable andst&al The analysis of deteriorating
inventory model is initiated by Ghare and Sched@gmwith a constant rate of decay.
Several researchers have extended their idea feeratit situations in deterioration on
inventory model. The models for these type prodhatse been developed by Bhowmick.
Samanta [ 4], LiqunJi [ 6 ], Misra, Sahu, Bhauld &aju [7] .

In conventional inventory models, various typesuotertainties are classically
modeled using the approaches from the probabilitgoty. However, there are
uncertainties that cannot be appropriately trebtedsual probabilistic models. To define
inventory optimization tasks in such environment ao interpret optimal solutions,
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fuzzy set theory in inventory modeling renders athanticity to the model formulated
since fuzziness is the closest possible approactatity.

In [2], Dutta and Pavan Kumar, discussed a fuzzy inventwoglel without
shortage using Tapezoidal fuzzy number with seritsitanalysis,by using fuzzy
trapezoidal numbers for holding cost and ordetngt. Syed [8] developed a fuzzy
inventory model without shortages using signedadis¢ method. He also used fuzzy
triangular numbers for both ordering cost and imgiccost. Umap [9] formed a fuzzy
EOQ model for deteriorating items with two waretesisHe considered fuzzy numbers
for the parameters such as holding cost and dedéirig cost for two ware houses. He
used signed distance method and function prinaipi¢hod for defuzzification of total
inventory costs as well as optimum order quanfiggonomic order quantity model for
deteriorating items with imperfect qualitye discussed in [1]. Kasthuri et al. [5]
developed a fuzzy inventory model for unit pricéated demand function. They used
Kuhn-Tucker conditions for defuzzification.

In real situations, the demand is always dependsurchasing price . Therefore in
this paper, a fuzzy inventory model with price elegent demand is considered. The
price and hence demand are represented by trapézdidzy numbers. For
defuzzification signed distance method is used. dpiEmal total cost and the optimal
time length of the plan are derived. The modellistrated by sensitivity analysis for
both crisp and fuzzy model.

2. Prelimiaries
Definition 2.1. A fuzzy setd onR = (—, ) is called a fuzzy point if its membership
function is

1, x=a

#a(x) = {0 xX#+a
Where the point ‘a’ is called the support of fuzefd.

Definition 2.2. A trapezoidal fuzzy numbed = (a,b,c,d) is represented with
(ﬂ,whena <x<b
| b—a
<x<
membership functiop; is defined ag ;(x) = 4 d_l,’cWhen bsxsc
E,when c<x<d
0, otherwise

Definition 2.3. A fuzzy setd is defined on R. Then the signed distancé &f defined as
d(4,0) =3 ['[A,(a) + Ag(a)]da, whered, = [A, (@), Ag(a)]
=[a+ (b —a)a,d— (d—c)al],a € [0,1]is thea-cut of fuzzy se#.

Definition 2.4. Supposel = (a4, a,,as,a,)andB = (b, b,, bs, b,) are two trapezoidal
fuzzy numbers, then arithmetical operations arenddfas

Addl'[IOI’l A + B = (a1 + bll a2 + bz, a3 + b3, a4 + b4)
SUth’aCtIOFI A - E = (al - bl’ a,; — bz,ag - b3,a4 - b4)
MU|tIp|ICatI0n A X E = (albl, azbz, a3b3,a4b4)
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ivison: 4= (% % % %
Division: 5= (b4,b3,b2,b1)

Scalar Multiplication:
-~ ((kay, kay kas kay), k=0

For any real constant kA = {(ka4,ka3,ka2,ka1),k <0

3. Notations and assumptions

3.1. Notations

q(t)= The inventory level at time t

D = The demand rate ( function of purchase cost )

a,= The deterioration rate 0, ¢, ]

M = The shortage level of inventory

R = The inventory level at= 0

Q =The lot size

t, = The time at which the inventory attains zero

t, = The time duration at which the shortages dmved

T = The time length of the plan

h = The holding cost per unit item

s = Then shortage cost per unit item

p = The purchase cost per unit item

O = The ordering cost per order

TC = The total cost for the period [0,T]

P = The fuzzy purchase cost per unit item

D = The fuzzy demand rare

TC = The fuzzy total cost for the period [0,T]

TC4c = The defuzzified value of C by signed distance method

t; = The fuzzy time at which inventory attains zero

t, = The fuzzy time duration at which shortages dmvad

t14. = The defuzzified value df by signed distance method

t24c = The defuzzified value df, by signed distance method

3.2. Assumptions

1. The demand is related to the unit pric®as Ap?, where A(>0), 08<1.

2. The shortages are allowed.

3. There is no replacement or repair of deteridratems during the cycle under
consideration.

4. The purchase cost and hence demand are furajure.

5. The signed distance method is used for defeztifin.

6. The lead time is zero.

7. The deterioration is instantaneous.

4. Mathematical model
The behavior of inventory system goes as follows
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Figure 1:

This system starts with inventory level R tat 0.The inventory level R
decreases owing to the demand as well as detéoioratith deterioration rate; and
reaches zero at timg. Then shortages are allowed accumulate up to fimé&he
replenishment is done at time T with quantity MisTQuantity is decreases to make up
the shortages that accumulated in the time intgtyAl]. The entire process is repeated.

4.1. Crisp model
The change of inventory level can be describedbyfallowing equation

dq(t)

dt
dq(t)

= —a,q(t) —D, 0<t<t

t, <t<T @
Wlth the boundary conditiong(0) = R,q(t;) = 0,q(T) =
The solution of (1) are given by

D
R+ Tt o<t<t
q(t) = { at(Feg)e ' (2)
—D(t—t)t; <t<T
The order quantit = DT + a,t; = Dt; + Dty +aty; =R+ M 3

The holding costC = hfth(t)dt
D 1 D
=h [——t1 +—< +—) 1- e‘“lfl)]
a;

a a

_ a1R DR
_ h[ (R + ) (1 —e O+ 1)) — al(D+a1)] (4)

The shortage cosStC = s fT q(t)dt

T2 _ sM2

=sD [tl — L -
The deterioratlon coan = d[R —Dt;]=dR [1 —

The total cost
TC = Purchase cost + Ordering cost + Holding cost +
Deterioration cost — Shortage cost

(5)
(6)

=
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1 D —21(Q-M) D(Q-M) sM?
= - — — - (D+ay) | — — -
pQ + 0 + h[al (Q M+ a1)<1 e” 0ra | - ZE| 4 S 1 d(Q — M) [1
D
5ra @)
2
For a minimum of total cost TC(M% =0 andd(:TC(zM) >0
_01(1((2—1\;1)
- D+aq
darc 1 py -4l (1 ¢ ) D sM
_— = —_ —_ —_ (D+aq) — —_
aMm D+ay (Q M+ al) e (ra ay + a,(D+ay) + D
D
d (1 - D+a1) (8)
_ R Q-M _M —
Heret, = Dra. — Dra it =7 andt; +t, =T.

4.2. Fuzzy model

The inventory model in fuzzy environment is considk since purchase cost and hence
demand are trapezoidal fuzzy numbers.
Let p = The fuzzy purchasing cost per unit item per unit time.

D = ApP = The fuzzy demand over the planning time period [0, T]

— 1 b R AC ) pe-m) M2
TC =pQ+0+h[a—1(Q—M+a—l)<1—e Bra) ) — === + 2=+ d(Q -

a;(D+aq)
n(1-5) ©)
= (pup2ps,P)Q +0+h[ (0 - M +A21B,Q -M +AZjB,Q -M +AZjB,Q ~ M+
)] (0w 20) T (g4 2) I 0w
%) e ApsPrar (Q -M+ %) e ApaP+ay > +

( ApiP(@-M)  ApP(@-M)  ApsF(@-M)  Ap.PQ-M) )
a1 (ApsP+ay)’ a;(ApsB+ay)’ ai(ApaP+ay)’ a;(Ap,F+ay)

o 1 1 1 1
SME |55 B 2an B 2an Bl
DaP " 2Ap3P " 2Ap,P " 2Apq

_ Ap, P ApzP ApsF ApsP ] _
4@~ M) [(Ap4ﬁ+a1)' (ApsP+ay)’ (Ap,P+ay)’ (Ap P+ay) +d(Q—-M) (10)
= (al bl C; d)
[ —a1(Q-M)
= 1 —_ ﬂ — 1 _ ApsP 1[3 o
a=pQ+0+h[Z(Q-M+ )|~ h|E(Q - M+ L) e
Ap4_B(Q—M) ] M? _ (Q—M)Ap4B _
a1 (Ap,F+ay) + S(ZAp4ﬁ) d (4p,F+ay) +d(Q—M) (12)
b=pa0+0+h[=(0 - M +220)| -2 (0 M+ 20) Tl
pz aq aq _“1 a,
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ApsP(Q-M) ] M? _ (0-M)ApsP B
a1 (Ap2F+ay) ts (2Ap3ﬁ’) d (Ap2ﬁ+a1_) +dQ —M)

C=P3Q+0+h[ai1(Q—M+%)]—h[%(Q—M+%)eﬁ+

Bo- - ]
Ap,F(Q M)]+s( MZ)_ a |zl Lo Zapy

a; (apsP+ay) 24p, B (ApsP+ay)

d= 0+ hl2(0—m+22N Z |2 (0 = 44 2225 pmerer
-ri0+0-rh[E (-0 -2 o 220) T
TN N S (S, DO

a1 (ApsP+ay) +s(2Ap1B) d (ApsP+ay) +d(Q —M)

Defuzzification of fuzzy total cost by signed dista method is as follows
1
d(Tc,0) = —f [A.(a) + Ag(a)] da

:Efo [a+(b—-—a)a+d—-(d—c)a]da
Therefore

A7) =t enan 20+ - )

1
py —oalo=tn) gy —ea(Q=M)
h[ai{(Q -M +AZ4 ) ApaBiay + (Q M+Ap1 ) Ap1Bray +
1 1

AWQ-M) [ psF p.P SM2T 1
@ {AplﬁmﬁAmmal}]Jfﬂ m—ﬁ+pﬁ] dQ - M)A[

+

Ap15+a

Ap4ﬁ+a ] (pz p1)Q+h [—{ (pz _ plﬁ)}]
h[ail{(Q —M+A23f”) ﬁ_ (Q M+Apiﬁ) eﬁ}{_
A((ZM) {Apfial _Aplﬁ”l}] SMZ[ P paf ] d(Q — M)A [Ap Bra,

S R A EIEY A A £Y (PR

za1(Q=M) —1(Q-M)
Am”) pFray (Q M+Apzﬁ)eApzﬁ+al}+A(Q—M){ pf pP }
a ap a ApsB+a;  ApsP+a,
sM? p2F ] _
[ B p2F ] d(Q M)A [Ap4ﬁ+“1 ApsB+ail] F(M)
—a1(Q-M) —a1(Q-M)
e e G ey [
a; 4 1
Ap « a1([§l M) a1(g—M) A 1B y
1 — 1 Vo ApiP+a; — p Ap1FP+a } — _{ 4 1 }
(Q M+ a, ) (Ap13+a1) e mem T a; ap, F+ay + ApsB+ay +

sMri o, 1 pa’ pf } B
A [p4ﬁ + plﬁ] +dA {Aplﬁ+a1 + ApyBtay 2d |+
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1 1 A B —a1(Q-M) —a1(Q-M)
- _h —_— (Q_M+ Ps3 )( a1 )eAp3ﬁ+G{1 _eAp3ﬁ+a1 —_
4 a; ay ApsP+ay
——“’1&? e @1 (Q-M)
B ApyB+ L B B
(Q_M+Ap4 )ale P4 a1+eAp4,;+a1}_i{ p3”  __ Pa } sM[ 1 _
a ApsB+ay ay UApB+ay  ApiF+ay A lpsf
—al(éQ—M)
1 psP _ s } )1 ( _ Apiﬁ) eApiitas
p4ﬁ] +da {Apzﬁ""h Ap B+ay 4| h a Q-M+ a; % ApB+ay
—a1(Q-M)
—a1(Q—-M) B —a1(Q—-M)
S AN AP B Apa P+ S R AP B
eAp1B+G{1 —_ (Q —M +Ap2 )al ﬂ + eAp2B+a1 _A{L_
a, Ap,P+ay a;, UpyB+a,
l 1
B B B
_P2” M [L _ L] { Pt P2 }
Ap3ﬁ+a1}| + A lp B pyB +dA ApyB+a;  ApsB+a, (16)
£ R ( R R R R )
1_5+a1_ D4+(X1’D3+(Z1’D2+a1’D1+a1
The defuzzified value of
tl = d(ﬁ' 0)
R 1 1 R 1 1 R 1 1
B e @
2 LDyt Di+a,q 4 |D3+a, Dy+aq 4 \D1+aq Dy+a,q
£ M (M M M M)
2 5 + aq B D4’D3'D2'D1
The defuzzified value of, = d(3,0)
1 1 1 1 MJ1 1
RE1 R Ry P R Pt 18)

5. Numerical example
Leta; = 0.2,0 = Rs1000 per ordeiQ = 200 ,d = Rs.12 per unit,A = 100,58 =
0.01,p = Rs.50 per unit, D = 103.9896.

Table 5.1: Sensitivity Analysis for Crisp Model with increagsgboth holding and
shortage costs

SNo| h | s M R t t, T TC
1 8 10 77.650¢ 122.349. 1.174: 0.746" 1.921( 11785.¢
2 10 12 79.7945 120.235% 1.1540 0.7670 1.9210 18966
3 12 14 81.2361 118.7639 1.1399 0.7812 1.92111 12147
4 14 16 82.319: 117.680:. 1.129¢ 0.791¢ 1.921: 12327.:
5 16 18 83.15 116.85 1.1215 0.7996 1.9211 12507.0

Table5.2: Sensitivity Analysis for Crisp Model with the inese of holding cost
[SN[h]s|] M | R | & [ & | T | TC |
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8 | 10| 77.650¢ | 122.349: 1.174: | 0.7467 | 1.921( | 11785.¢

1C | 10| 89.585¢ | 110.414. 1.059° | 0.861° | 1.921: | 11898.:

12 | 10| 99.611« | 100.388! | 0.963¢ | 0.957¢ | 1.921¢ | 11991.

14 | 1C | 108.106: | 91.893 0.882( | 1.039¢ | 1.921¢ | 12069.¢

OB |WIN|(F|O

16 | 1C | 115.367. | 84.632¢ 0.812¢ | 0.109¢ | 1.9217 | 12136.¢

Table 5.3: Sensitivity Analysis for Crisp Model with the ina®e of shortage cost

SNo [h] s M R t; t, T TC

10 | 77.650¢ | 122.349: | 1.174! 0.746. 1.921(C | 11785.¢

12 | 68.375 | 131.624: | 1.263 0.657¢ 1.920¢ | 11837.(

14| 61.012: | 138.987! | 1.334( 0.586" 1.920° | 11877.:

16 | 55.040: | 144.9591 | 1.391! 0.529¢ 1.920¢ | 11909.:

QR WINF
00(00| 00| 00|00

18 | 50.109¢ | 149.890: | 1.438¢ 0.481¢ 1.920¢ | 11935.¢

Table 5.4: Sensitivity Analysis for Fuzzy Model with increasiboth holding and
shortage costs

SNo| h S p M R t t, T TC

p 1
8 | 10| (49,50,51,52) 77.6655 122.3345 1.1740 0.74689208 11884.6

10| 12| (49,50,51,52) 79.7801 120.2199 1.1537 1.767..9208 12065.5

12| 14| (49,50,51,52) 81.2531 118.7479 1.1396 (3.7811.9209 12245.8

14 | 1€ | (49,50,51,5z | 82.335! | 117.664 1.129: 0.7917 | 1.920¢ 12425.¢

QR W|IN|F

16| 18| (49,50,51,52) 83.1661 116.8339 1.1213 0.7991.921 12605.5

Table 5.5: Sensitivity Analysis for Fuzzy Model with increasiEholding cost

SN[ h s p M R t t; T TC
(0]
1 | 8| 10| (49,5051,52) 77.6656 122.33@5 1.1740 0.74880208| 11884.6
2 | 10| 10| (49,50,5152) 89.6028 110.3972 1.0595 ®.861.9211| 11996.4
3 | 12| 10| (49,50,5152) 99.6297 100.3703 0.9632 ©958.9212| 12090.
4 | 14| 10| (49,50,51,52) 108.1257 91.8744 0.8817 7.039.9214| 121689
5 | 16| 10| (49,50,5152) 1153874 84.6196 0.8120 5109.9215 122354

Table 5.6: Sensitivity Analysis for Fuzzy Model with increasishortage cost

SNo|h| s P M R t, t, T TC
1 8| 10| (49,50,51,52) 77.6655 122.3345 1.1740 0.7468208| 11884.6
2 8| 12| (49,50,51,52) 68.3891 131.6109 1.2631 0.65760207| 11935.5
3 8| 14| (49,50,51,52) 61.0243 138.9757 1.3337 0.5868205| 11975.6
4 8| 16| (49,50,51,52) 55.0514 1449486 1.3911 0.5293204| 12007.9
5 8| 18| (49,50,51,52) 50.1201 149.8799 1.4384 0.4819203| 12034.3
6. Conclusion

A fuzzy inventory model for deteriorating items ifprice dependent demand is
developed. A proper EOQ deterioration inventory eiasl built to prove that there exists
the unique optimal solution to minimize total castl the analytic solution of the optimal
order cycle is derived. Instead of having on hanemtory, allowing shortages is the best
method to minimize the total cost. The price depenhdlemand is suitable to many real
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life situations. For fuzzy model, the unit priceddmence the demand rate are represented
by trapezoidal fuzzy numbers. Signed distance neethaised for defuzzification. This
model can be developed with many limitations, sashheir inventory level, warehouse
space and budget limitations, etc.
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