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1. Introduction

A phenomenal set theory named and introduced bglad] as fuzzy set theory is the
most developed one in the last five decades. Aerdsting extension is Intuitionistic
Fuzzy set theory by Atanassov [2]; Atanassov pridrthe Zadeh's fuzzy set as, if X is a
non empty set, an Intuitionistic Fuzzy Set(IFS) rAX(universal set) is defined as an
object of the following form A= {{(x,us(x),v4(x))/x € X}, where the
functions:p, (x): X = [0,1] andv,(x): X = [0,1] define the membership function and
non membership function of the elemen€ X respectively and for every € X: 0 <
Ua(x) +v4(x) < 1. Xu, Yager[19] represent§i,(x),v4(x)) as Intuitionistic Fuzzy
Values withp, (x) + v4(x) < 1. An IFS A is an Intuitionistic fuzzy tautologicaét[3] if
and only if for everyx € X: u,(x) = 1,v4(x) = 0 holds. For simplicity we consider the
pair (x, x"y as membership and non membership function of 8nathx + x' < 1. Also

we can interpret an element in IFS in classical way(1,0), one being the membership
degree and zero being the non membership degréeiraelement does not belong to the
IFS when the membership degree is zero and themeonbership degree is one, (0,1). A
fuzzy implicationl, is a function of the fornh: [0,1]> — [0,1], which for any possible
truth values x,y of the given fuzzy proposition pggpectively, defines the truth value,
I (x,y) of the conditional proposition “if q then p'This function should be an extension
of the classical implication, p> q , from the restricted domain (0,1) to the fudhthin
[0,1] of truth values in fuzzy logic. This can bgtended in Intuitionistic Fuzzy sense,
when the propositions p,q of the conditional ithen g are intuitionistic fuzzy. That is,
when each one of them is defined by two values revkiee first indicates the degree of
the truth of the proposition and the second theae@f non truth. The Intuitionistic
Fuzzy truth value i$1,0) and non truth value i0,1). This implication operator must be
an extension of fuzzy implication in the sense afiér and Roubens [7]. Atanassov and
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Gargov [4] and later Cornlis and Deschrijver [5gdve the following definition of
intuitionistic fuzzy implication operator.

An Intuitionistic Fuzzy Implication is ank: D? — D mapping satisfying the border
conditions: 1;((0,1),(0,1)) = (1,0),1;((0,1), (1,0)) = (1,0),1,((1,0),(1,0)) = (1,0)
1,((1,0),(0,1)) = (0,1) and the two following conditions: 1. {,y) < (x,y’) then

L(Gy), @D) = ((x’,y'),(z,t)) for all (z,t)€D. 2. If (zt) <(z.t") then
L(Gey), (zD)< I ((xy’) (z, t)) for all (z,t) € D. In classical logic theory a

formula ¢(for variablesp,q:p Aq,pV q,p = q,p < q are formulae) is said to be a
tautology if ¢ has the truth value true. In this paper, we stsgiyie properties which
gives intuitionistic fuzzy truth values for intwtiistic fuzzy formulap (if we treat p,q as
Intuitionistic fuzzy proposition). Hasimoto [9] @3 Godel implication operator in fuzzy
matrix theory and obtained results in sub-invers&upzy matrix using fuzzy relational
equation. After the generalization of fuzzy thebyyAtanassov [2] as intuitionistic fuzzy
set theory, Im et al. [10] extended it to intuitigtic fuzzy matrix. Meenakshi and
Gandhimathi [12], Sriram and Murugadas [16,17,F8]l, Khan and Shyamal [11] and
Shyamal and Pal [21-25] developed this intuitionifiizzy matrix in all fields such as g-
inverse, intuitionistic fuzzy linear equation, iittonistic fuzzy linear transformation etc.
Sriram and Murugadas [16] extended the conceptspfication operator to IFM and
discussed several properties like sub-inverse, -samise and necessary and sufficient
condition for the existence of g-inverse using timplication operator. Hashimoto [8]
traced the fuzzy relation under dual operationse @uthors in [13] introduced hook
implication operator for IFS as well as IFM, discussed the relatiorhwit implication
operator and obtained maximum solution (minimunutoh) for the inequality & X x

B < C(A° B o (C = C)using max-min (min-max) product. Further the artgha [14,15]
defined bi-implication operator for IFS, extendéda IFM, its relation with IFIO and
obtained sub inverses and g-inverses of an IFM.

2. Preliminaries

Throughout this sectiotx, x) V (y,y") or{x, x") + (y,y") means maximum dfc, x’) and
(v,v") (component wise addition) ard, x") A (y,y’) or {x, x"){y,y’) means minimum of
(x,x"y and(y, y") (component wise multiplication).

Definition 2.1. [17] For (x, x"), (v, ¥") € IFS, define

(, xYV(y,y") = (max{x,y}, min {x:,yi}) ,

(x,xY A(y,y") = (min{x, y}, max {x,y }), (x,x)¢ = (x, x). We can also use
+(component wise addition) for and{(x, x) A{(y,y") = (x,x'){y,¥") (component wise
multiplication).

Definition 2.2. [17] Let X = { x4, X3, .... X;n} De an Universal set a¥d= { y;,y5 ... ¥}
be the attribute set of each element of X. Anititnistic Fuzzy Matrix (IFM) is defined

by A = (((x1,¥), a(xi,y;), va(xi,¥;))) for 1 = 1,2,..m and j= 1,2...n, whepe,: X X
Y - [0,1] satisfy the condition0 < p,(x;,¥;) +va(x;,¥;) < 1. For simplicity we
denote an Intuitionistic Fuzzy Matrix(IFM) is a tria of pairsA = ({a;;, a;;)) of non
negative real numbers satisfying + a;;’ < 1 for all I,j. We denote the set of all IFMs
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of orderm xn by Fp,. For any two elementd = ((a;;,a;;)),B = ((bij,b;;)) €
Fon, define AVB = ((a;; Vbij,a;; Ab;;)) =A@ B, (Component wise addition),
ANB = ({a;; Abyj,a;;V b)) = A B(component  wise multiplication) for all
1<i<m and1<j<n Herea;Vb;= a;+b;j(maximum ofa;; and b;;) and
a;j Ab;jj = a;jb;; (minimum of a;; andb;;). Denote/ = ({1,0)) the Universal matrix
( matrix in which all entries arél,0) ) and0 = ((5;;,6;;)) where(8;;,6;;) = (1,0) if
i=jand (&;06;)= (0,1)if i #j, the Zero matrixd = ({a;;,a;;)). Adak et al. [1]
proved that generalized IFM forms a distributivétit® using this component wise
addition and component wise multiplication.

Definition 2.3. [16] Let A and B are two IFMs of same order and{fguc’), (v, y’) € IFS
, , a _ ((LO)YIf (x,x) = (y,y")

deﬂne (x,.X> «— ,<)’;y> - {()’C’xl) lf (x'x,) < (y’y,)

A<B= ((aij;aij> « (bij;bij>) .

Definition 2.4. An Intuitionistic fuzzy matrix is called an Intignistic fuzzy
tautological matrix (IFTM) if and only ifa;; > ali]- foralli,j.

Definition 2.5. An Intuitionistic fuzzy matrix is called an Intudthistic fuzzy co-
tautological matrix(IFCTM) if and only ifa;; < alfj for all i, j.

3. Resultson IFTMs
Throughout this section the matrices used are ohpatible order for the use of
implication operator.

Theorem 3.1. Let A and B be two IFMs then the following express are IFTMs
(DA- A
(iDA - A(if Ais an IFTM)
(ii)A > (B > A)
Proof:
(|) Let A = ((al‘]’, al]))
As(a;j, a;;) = (a;j, a;;) for alli, j, ((al-j,ai]-)) - ((al-j,aij)) = ((1,0))
So0,A - Aisan IFTM.
(i) Let A= ((al-]-,al-j)). A= ((aij,aij)) then A->A= ((aij,aij)) -
((aij,aij)) = ((1,0)) Since Ais a IFTI\/IaU > al-j,(al-j, Clij) > (al-]-,aij).
(iii) LetA = ((aij.aij)) ,B = ((bij:bij)): B — A= ((bj, b;;)) = (aij,a))-
Case(i): If (by,b;;) < (a;j,a;;) for all i,j, then(b;;,b;;) = (a;j, a;;) =
(1,0)
B - A= ((10))
A= (B-A4)=A4-({10)= ((aj,a;) > (1,0)) = (1,0))
Case(ii): (b;j,b;;) > (a;;,a;;) for all i,j, then (b;;,b;;) = (a;j,a;) =

(agj, aij)-

jr
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B > A= ({ay a;))

A->(B-A)= ((aij'agj)) - ((aij'agj)) = ((1,0)).
Thus A - (B - A) is an IFTM.

Theorem 3.2. If A and B be two IFMS then
(i)A - (AVB)
(ii)B — (AVB)
(iii)A - (B —» (AAB)) are IFTMS.
Proof:
() AVB = ({aij,a;;)) v ({bij. bi;))
Case ():(aij, a;;) < (bij,by;) for all i,j, A~ (AVB) = A > ((bij, by;)) =
((aij:aéj)) - ((bij:béj)) = ((1,0)).
Case (ii):{a;j, ai;) > (bij, bi;) for all i,j, A > (AVB) = A - ({a;j, a;;)) =
((aijva£j>) - ((aijra£j>) = ((1,0)).
So0A - (AVB) isan IFTM.
iy B - (AVB)
Case (i): If(a;;, a;;) < (b, by;) for alli, j, B > (AVB) = B - ((b;}, b;;)) =
((bij:b£j>) - ((bij:b£j>) = ((1,0)).
Case (ll) (ai]-,alfj) > <bl],bl/]) for all i,j, B— (AVB) = ((bl],bl/])) -
((aij, aij)) = ((1,0)).
So,B - (AVB) is an IFTM.
(i)  A- (B - (AAB))
ANB = ({aij, a;j)A (bij b)) -
Case (): If (a;;a;;) < (by,by;) for all i,j, (B- (AAB))=B -
((aij i) = ((bij, bij)) > (g i) = (g aij)).
A - (B - (ANB)) = A - ({a;j,a;;)) = ((1,0)
Case (i) (a;ja;;)> (byb;) for al i,j, (B- (AAB))=B -
((bij, bij)) = (1,00
A- (B - (AAB)) = A - ({1,0) = ((1,0)).
so,A > (B - (AAB)) is an IFTM.

Theorem 3.3. If A and B are IFMs then
0] ANB - A
(i) AAB - B are IFTMs
Proof:
(i) ANB = ({aij, ai;))A\ (¢bij, b))
Case (|) If (al-j,aéj)S <bl]'bl,]> for all i,j, ANB - A = ((au,al'])) g
({aij, aij)) = ((1,0)).
Case (ll) (al-]-,alfj) > (bl],bl/]) for all i,j, ANB - A = ((b”,b;])) i
((aij'aléj)) = ((150))'
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(ii)
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HencedAAB — A is an IFTM.

Case(i): If (aij,alzj) < (bl]'bl’]) for all i,j, AAB - B = ((au,al'])) g
Case (ll) (al-]-,alfj) > (b”,bl,]> for all i,j, AAB—>B = ((bl],bl/]>) -
((byj, bij)) = ((1,0))

HenceAAB — B is an IFTM.

Theorem 3.4: For any three IFMS A, B, C the following expressions are IFTMS.

(i)
(ii)
(iii)

Proof:

(i)

(ii)

A-C0)-»((B-C)- ((AVB) - C))
(A->B-0)->((A->B) - A-C0)
(A - B) > ((A - B) » A) if Ais a tautological matrix.

Case(i) A < B.
Subcase()A<B<C
A= C=((aya;)) - (ccip)) = (1LO)
B - C = ((bi,bi;)) = ({cij,cij)) = (1,0)
(AVB) = C = ({byj,bi;)) = ({cijocij)) = (1,0))
(A-C)— ((B - ) > ((AVB) - c))
= ((1,0) - (1,00 - (L1,0y) = (L,0).
Subcase (i)A<C<B
A - C = ((ag,ai) > ((cjcip) = (1,00),B = C= ({cijucij))
(AVB) - C = ({byj, bij)) = ((eijncii)) = (eijoci))
(A>C) > ((B - C) > ((AVB) - c))
= ((1,0)) - ((Cijlcilj» - ((Cij:cilﬂ) = ((1,0))
Sub case (iii): C <A< B
A= C=((aya;)) > () = (eyieip)) B - €= ({eijcip)
(AVB) - C = ({byj,bi;)) = ((cijuciy)) = (eijoci))
(A>C) - ((B - ) - ((AVB) - c))

= ((cijocip)) = (((Qj:ﬁ’j)) - ((Cijnci,j>)) = ((1,0))

In all the above three sub cases the expression (i) is a tautology.
Similarly we can prove when A>B >C,A>C >BandC > A > B.
Case(i):A<B
Subcase(i);A<B<C
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(B->C) = ((1,0),A- B = ((1,0)),4 > C = ((1,0)
A= (B~ 0) = ({ayaij) = (1,0) = (1,00
(A->B)->(A-0) = (1,0)
(A->B-0)->(A->B)>(A~>0)= (1,00 - (1,0) = ((1,0)).
Subcase (i)A<C<B
(B - C) =({cijucij)), A—> B =((1,00),4 - C = ({(1,0))
A~ (B~ 0) = ({ay,aip)) = (i) = (1,0
(A-B)->(A-C)= ((1,0)) = ((1,0))
Therefore (A - (B - C)) - ((A ->B)->(A4- C))

= ((1,0) - ((1,0)) = ((1,0)).
Subcase (iii): C <A<B

(B - €) = ((cijcij)), A= B =(L0),A~C= ({cg.ci))).
A= (B -0 = ((aya))) = {eycl)) = (e clp).
(A-B)~(A~0) = (L)~ () = ({eipci)).

(A-B-0)->(A-B)->@A-0)
= ((Cij;cilj>) - ((Cij; C{j)) = ((1,0))
Similarly we can prove whenA>B >(C,A>C >Band(C > A > B.

(iii) letA = ((agj,aij)). Since A is tautological matrix, a;; > a;;.
Case (i): A < B, thatis (a;j, a;;) < (b;j, b;;) forall i, j, also, A<B.
(A - B) = ({ajj,a;;)) = ((bij, bi;)) = ((1,0))
(A->B)—-A)= (L0) > ((ajja;)) = ({aij a;))
Hence (A - B) - (14— B) » A) = (10) > ({aja5)) = ({a}j,a;)))
Since A is a tautological matrix, the above expression is a tautology.
Case (ii): If A> B,(ayj,aj;) > (b, b};) foralli,j, (A - B) = ((by}, b;;))
((A— B) = A) = ({byj, bj;)) — ({aij, aj)) = (1,0))
(A - B) - ((A-B) = A) = ((by, b)) » (1,0)) = ((1,0)).
S0,(A - B) » ((A— B) - A) isan IFTM.

Theorem 3.5: If 4, B are IFMs and A < B then (A — B)is an IFTM.

Proof:

Given A < B,then (A - B) = ({(1,0)). So (4 — B)is an IFTM.

Theorem 3.6: If A, B are IFMs then the following expressions are IFTMs:
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(i)

(ii)
(iif)
(iv)
(v)
(vi)

Proof:

(i)

(ii)

(iii)

(iv)

(v)

(vi)
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(AAN(A - B)) - B.

A- ((A < B)VB).

B - ((A - B)VA).

(A-C) - ((A> B)V(B-0)).

B - ((AVB) - B).

(4> C) - ((B - C) - ((ANB) - c)),

Case(i):IfA<B
A - B = ((1,0)),(AAN(A—> B)) » B =

((atj, a)AQLOY)) > ((byj, b))
= ({ajj,a;;)) = ((bij, bi;))= ((1,0)).

Case (ii): IfA>B

(AN(A - B)) » B = (AANB) » B =B —» B = ((1,0)).

So (AA(A - B)) = B isan IFTM.

Case(i):IfA<B

A- ((A<B)VB).=A- (AVB) = A - B = ((1,0)).

Case (ii): IfA>=B

A- ((A<B)VB).=A- ((1,0)VB) = A - ({1,0)) = ((1,0)).

Case (i): IfA < B,

B - ((A - B)VA) =B - (({10)VB) = B - ({1,0)) = ({1,0)).
Case(ii):IfA>B, B> ((A- B)VA) =B - (BVB) = B > B = ((1,0))
Case (i): IfA<B <C,

(A- )~ ((4~> B)V(B - 0))=(1,0)) - ((LONHV(L,0))) = (1,0)).
Case (ii): A< C <B,

(A—-C) = ((A-B)V(B - 0)=({10) - ((1,0NVC) = ((1,0)).
Case(iii): IfC < A < B,

(4- )~ ((A>B)V(B - 0))=C ~ ((LOHVC) = ({1,0)).
Similarly we can prove whenA > B > C,A>C >Band(C > A > B.
Case (i):IfA>B,B - ((AVB) > B).= B> (A—>B) =B - B = ((10)).
Casel(ii): If A < B, B - ((AVB) » B).= B - ({1,0)) = ({(1,0)).
Case(i):IfA<B <C,

(4- €)= (B> )~ ((AAB) - €)) = (1,0)) > ((1,0)) -

(4 - 0))=((1,0)) - ((1,0)) —(1,0)) = ((1,0))
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Case (j:IfA<C<B
(4 )—((B>0)~ ((A4AB) - €)) = (1,0)) = (C > (4 - )

= ((1,0) - (€ - (1,09) = ((1,0)) - ((1,0)) = ((1,0))
Case (i) fC<A<B

(A-C) - ((B - ) - ((AAB) - c)) = C-(C-C)={(1,0) >

(((1,0)) - ((1,09) = ((1,0)).
Similarly we can prove whenA >B > (C,A>C>Band(C > A > B.
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