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Abstract. In this paper the concept of metric is applied uezly labeling graph. Some
results related witlp-length, eccentricity, diameter and radius of fulayeling graph G
have been derived. It has been proved that, thiercehG is a cut node of G and if G* is
complete, then there exist only one center. Anag@essary condition for a graph G to
have more than one center is given. Some relatetween diametrical nodes and
eccentric nodes is also given.
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1. Introduction

In 1965, Zadeh [10] introduced the modern concépinaertainty by fuzzy set through
the publication of a seminal paper. A fuzzy sedéfined mathematically by assigning to
each possible individual in the universe of disseua value, representing its grade of
membership, which corresponds to the degree, t@hwthat individual is similar or
compatible with the concept represented by theyfset.

The fuzzy graph introduced by Rosenfield [6] usfogzy relation, represents
the relationship between the objects by precioumslicating the level of the relationship
between the objects of the function set. Also himemb many fuzzy analogous graph
theoretic concepts like bridge, cut vertex and.tféezzy graphs have many more
applications in modeling real time systems wheeelélvel of information inherent in the
system varies with different levels of precision.the same year Yeh and Bang [9],
published a paper which contains fuzzy relatiorzzjugraph and their application in
cluster analysis. Bhattacharya [1] introduced tbion of centre in fuzzy graph. Sunitha
and Vijayakumar introduced the notion of a self teeed fuzzy graph in [7,8].
Nagoorgani and Chandrasekar [2] discussed multimperties of fuzzy graphs in their
book entitled “A First Look at Fuzzy Graph TheonRamakrishanan and Laxmi [4]
introduced the concept of strong and super stremtgx in fuzzy graph. For other works
on fuzzy graphs see [12-17].

In this paper section 1 deal witlh distances related results and section 2 deals
with some centre properties of fuzzy labeling grafection 3 contains the some
relationship between diametrical nodes and eceendides.
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2. Preliminaries
We first introduce some notations and recall som&ids about fuzzy graph and fuzzy
labeling graph. Let U and V be two sets. Theda said to be &uzzy relatior{10] from U
into V if p is a fuzzy set of UxV.Auzzy graphG = (5, W) is a pair of functions: V —
[0, 1] andu: VXV — [0, 1], where for allu, ve V, we haveu (U, V) <o (U) A c (v). A
path P in a fuzzy graph is a sequence of distinct nedes, ...., \, such that pu\, vi.;) >
0; 1<i<n; heren> 1 is called thdength of the patlP. The consecutive pairg,(vi.1)
are called thedge of the pathA path P is callea cycleif v;=v,, andn > 3. Thestrength
of a path P is defined to be the weight of the wsalkrc of the path. Let Go( n) be a
fuzzy graph. Thestrength of connectednedssetween two vertices u and v is
p*(u,v)=supf(u,v)/k=1,2,......} wherep“(u,v)= supfu(uuy) O p(uyty) ... O p(Ueav) /
Ugy.onn.s ,u.1€ V}. A strongest pathoining any two nodes X, y has strengtt(x, y);
sometimes this is referred as connectedness betiweerndes. An arc of a fuzzy graph is
calledstrongif its weight is at least as great as the stremgtthe connectedness of its
end nodes when it is deleted. An edge is callatzzy bridgeof G if its removal reduces
the strength of connectedness between some paiodds in G. A node is fuzzy cut
nodeof G = @, W) if removal of it reduces the strength of cartedness between some
other pair of nodes. A node u of G is called &mel nodeif it has at most one strong
neighbor in G.

A graph G = ¢, [) is said to be fuzzy labeling graphif o: V — [0, 1] andy:
VxV — [0, 1] is bijective such that the membership vabieedges and vertices are
distinct andu (u, V) <o (U) A o (v) for all u, ve V. Let G = ¢, 1) be a fuzzy graph and
let ve 6. vis called asuper strong vertei u®(v,x)= a for every x £ v) € ¢ and for
somea €(0,1].

An elegant definition of a metric in a fuzzy gralphs been given in Rosenfeld
(1975). Ifp is the path consisting of the vertices %, ..., X, in a fuzzy graph G=o( 1),
the u- lengthof p is defined byl(p) = X7, u(x;_1, x;) "1 if n=0 thenl(p) is chosen to be
0. Now, for two vertices X, y in G, the distancei(x, y) is defined to be the minimum of
the p- length of all paths joining x and y. It has besown that is metric in [5]. Now
we introduce some basic definitions in metric. ug8G= ¢, p) is a fuzzy graph with V
as the set of vertices. Thecentricitye(v) of a vertex eV is defined to be the maximum
of all theu- distancess(v, w) for all w in V. A centerof a connected fuzzy graph is a
vertex whose eccentricity is the minimum. Taelius of a connected fuzzy graph is the
minimum of all eccentricities of the vertices oétfuzzy graph. Areccentric node, is a
node v* such that e(v) &, v*). A node v is called diametrical nodef e(v) = d(G).

3. p- distancein fuzzy labeling graph
Theorem 3.1. If G is a fuzzy labeling graph, such thatx, y) € G is a bridge of G, then

6(Xl y) = P-(i:y).

Proof: Let u, (X, y) be a bridge of G and,, us... be the strength of the paths joining x
and y. And lew,. , i, ... ur, be the weights of the remaining edges in G.

Now p*(x, y) = Max{yy (x, y)Uupll ... D}
= (X, Y) >pz>. >y,
=) > 1) > ... >1(1n).

1 1 1
< =<, . <= 3.1
My (X'Y) H2 Hn ( )
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. 1 1 1 1 1 1
=9 (X, = Min —t —+ = —F—++—, ..,
(%, y) {u1 (xy) H2  Hrg Pry M3 Hrg Urp

L+L+.. +L}
Hn  Hry Hry
1

= by (3.1
oy (oY G.D)

Remark 3.2. Converse of the above proposition is not true.

Example 3.3. Consider a triangle (i.e) V = {u, v, w} such tha{u, v) = 0.02u (v, w) =
0.03 andu (w, u) = 0.04. Heré(u, v) = 50, but (u, v) is not bridge of G.

Theorem 3.4. If G is a fuzzy labeling graph, such that G* is wle, thend(x, y) =
L forall X, YEV X V.

nx y)

Proof: If (x, y) € V x V, then thau-distance between the nodes x and y has only two
paths.

(i,e) piiX V.

P2 X U, V, W,...Y.

=8 (X, y) = Min{l (p1), I (02)}

= Min {—— y. L
= Min {u(x.Y)' Zlu£ o
1

- u(xy)

Observation 3.5. The maximumu-length of a fuzzy labeling graph G is unique.

Proposition 3.6. If the maximumu-length of a graph G exists between the nodes wand
then there exist a strongest path between the noded v.

Proof: It is proved by constructing a graph G such thati&* cycle with 5 nodes
V1,Vo,V3,Va,Vs and assume that (vi,Vo) < o (Vo,V3) < ug (Va,Va) < g (Va,Vs) < ps (Vs, V).

By observation 1.5 there exist a unique maximuangth of G between the nodes, (v
Vs). Since between,and ythere exist two disjoint patip; : Vo, V3, Va4, Vsandp, : Vs, v,

Vs.

%8 (Va,Vs) = Min {I (o) andl (p;)}

=1 (p2)
1 1 1 1

U1 (W1v2) U2 (2, v3) p3 (V3,Vs) e (VaVs)  Us (1175’171)

Since

U1 (V,v2)  Ms (Vs 1) pp (V203) U3 (V3,04)  pa (V4V5)
Now the connectedness of G betwegmsis given by

1 (V2,Vs) = Max{py, a3 = o
Therefore, there exist a strongest path betweendtles of yand . Hence the proof

Remark 3.7. Evenc andp are bijective, th@-lengthd (X , X%.1) nheed not be unique.
This is verified by the following example.
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Example 3.8.

€0.09
0.10 e 0.06 0.01

a (.07 0.08b
0.03
0.04 0.02 do.11

0.12 5 o 0-05

0.13 &

Figure 3.1: A fuzzy labeling graph
In fig: 3.1,6 (a, b) = 33.33% (a, ¢) = 133.33) (a, d) = 83.33) (a, €) = 16.675 (a, f) =
20,8 (a, g) = 255 (b, c) = 1005 (b, d) =50, (b, €) =508 (b, f) =53.336 (b, g) =
58.33, 6 (c, d) = 1505 (c, e) = 1506 (c, f) = 153.336 (c, g) = 158.33§ (d, e) = 1009
(d, f) =103.335 (d, g) = 108.335 (e, f) = 36.675 (e, g) = 41.675 (f, g) = 45. Here (b,
d) =35 (b, ) and (c, d) =3 (c, €). But in example 1.3, evanylength of G is unique.

Proposition 3.9. Let G be a fuzzy labeling graph such that G* iyee If {e(x), e(y)} =
diameter of G, then there exist a weakest arc bétween the nodes of x and y.

Proof: Let diameter G = {e(x), e(y)}, it is trivial thathere exist two disjoint path
between the nodes of x and y (i.e;) p,by proposition 1.6. I, is the strongest path,
thenp,is a path which contains the weakest arc. Sinegetbxist only one weakest arc if
G* is a cycle in a fuzzy labeling graph.

Theorem 3.10. Let G be a fuzzy labeling graph,ifx, y) € V x V such thaiu(x, y) <w's
then max {e(x), e(y)}= diameter of G.

Proof: Construct a graph G with four vertices x, y, undassume that(x,y) <u(y,v) <
u(v,u) <p(u,X) <u(x,v). Hereu(x, y) <w s where i= 1,2,3.

Now & (x,y) = Min {l(p1), I(02), I(p3)} = 1(p2), where,py : X,y pa : X, V. Yy p3 2 X, U, V,
y

' 1 1 1
= —_— = +
L (o1) u(:;,y)’ (o 21) u(x,V)1 u,y)
I (03) = +

uxw)  pwy)  p@y)
Consider p; and p,

w (e y)<u(y,v) < p(v,x)
1 1 1

“uey) uw) u(Vf)

Tuy) T u@wv) | u@x) (.2
Consider p, and p3
w p(u, v)< ulxe, u)< u(x, v) (common arcs were omitiadboth sides)
1 1 1
7 u(up) pxa)” pxw)
1 1 (®.3

T ) ) T py)
From (3.2) and (3.3)
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S (x,y) = 1(p2).
Similarly 8 (u,v) = Min {l(p4), I(ps). I(pe)} = I(pe).

6 (u,v) = Min {l(p7), I(ps). I(po). I(p10)} = I(p7), Wherepy U, v ps:V, X, U pg:V,
Y, X, U.

p7:Y,V, U pgiy, X, U pg: Y, V, X, Upig:Y, X, V, U
and (x, V) =20, 8 (% U) = 8 (v, V) Szo— % (X)), (x, U), (3, V) are bridges

uyw)
of G. Here e(x) #(p,)

pulxw)’

v ulev)> p(u,x) > p(y,v)
1 1 1

Tuy) pwx)  pw)
1 1 1

< +
T uwx) T pyv) | pex)

Similarly e(y) =I(p,) = e(u), e(v) =—

uyw)

Therefore Max {e(x), e(y)}= Max{(p,), I(0;)} = I(p;) = diameter of G
u(alc. v)> Alt(v, u) > u,v)

7 uev) uw)  uw)
1 1 1

>
= 4o = 1) | aom)
Remark 3.11. The converse of the above theorem is true.

Example 3.12.

0.10 np2 0.08

0.06

d _ c
0.12 0.05  o11

Figure 3.2. Connected FLG

In the above fig.3.2 (a, b) = 30.95¢% (a, ¢) = 14.29§ (a, d) = 11.11$ (b, ¢) =
16.67,5 (b, d) = 36.67§ (c, d) = 20, e (a) = 30.95, e (b) = 36.67, e (&0xe (d) = 36.67,
d (G) = 36.67. Herg(a, b) <u's. Therefore Max {e (a), e (b)} ={30.95, 36.6736.67.

Note 3.13. The above theorem is not true if G* is a cycle.

In fig. 3.3, e (@) = 95, e (b) = 126.79, e (c) 2B3 e (d) = 130.96, e () = 126.79, e (f) =
132.5, e (g) = 130.96, e (h) = 107.5. Hefd, e) <w’'s. But Max {e (d), e (e)} = {130.96,
126.79}= 130.96= d(G) = 132.5.
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Example 3.14.

013 h
b0.09

0.03 _
0.05

0.14 g c0.12
0.06
0.04

0.16 f d 015

0.07

0.11

Figure 3.3:

4, Center in fuzzy labeling graph
Theorem 4.1. If x G be the center of G, then r (Gy=——-for all u (x, ¥;) > 0.
Proof: Consider a fuzzy labeling graph G such that G*éyae with three vertices; x
Xz, Xsand assume that(xg, X2) <p (X, X3) < (X3, X1)
1 (X1, Xo) is the least andsXs the center of G.
r(G)=e ()
= Max [5 (X3, X1), 8 (X3, X2)]
= Max

= for all >0,i=1,2.

Note 4.2. The above condition is not necessary for a nodeetihe center.

Example4.3.
0.13 2
- 002 02
0.03

0.09 0.07
v u
0.14 0.06 0.11

Figure4.l:

In the above graph, Fig.4.1, e (x) = 42.06, e (#2-06, e (u) = 27.78, e (v) = 30.95 and
‘U’ is the center with radius 27.78
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Theorem 4.4. The fuzzy labeling graph G has exactly only ongeeiif G* is complete.
Proof: Let G be a fuzzy labeling graph such that G* is plate with four vertices
V1,V2,V3,V4 and assume thatv, Vo) < p(vz,Vs) < p(Va,Va) < (Vs V1) < p(Vi,Vs) < p(Va,Va).
Consider,

& (Vi,v2) = Min {l(p1), I(p2), 1(p3).1(04), 1(05)}

Hps)
where,p; :1V1,V2 P2t V1,V3,Vo P31: Vi,Va,Vo o Py P V,Va V3, V2 Ps @ V1,V3,Va, V2
I (01) = W |(P2)1= worvs) | Ry
I (p3) = @ + U(va,v;) .
| (04) = ”(vim) + u(v4,v3)+ u(vi,vz)
I (0s) = 1 (v1,v3) + M(v3,v4)+ w(va,v2)

Consider p; and p3
H(7171z V)< 1.“(771: vy) 1< ©(vs, v2)

=
H(Virvz) H(W1,vs) U(Wa,v2)

(4.1)

T Ui v2) T u(vvs) | u(vava)
Consider p, and p3

v u(vy, 773)<111(V1. 7731)< U1, v4)< u(v4,v4)
1 1

=
u(a,v3) p(v1,vs) HW1vse) U(V204)

(4.2)

:H(Vz_ﬂk) u(,v3) T pwvs)  m(v2,ve)
Consider p, and p;
v Uy, V2)> p(vy, v3) > u(vs, vy) f- u(v4,v4) is common in both paths, which is

omitted]
1 1 1

=
ﬂ(”z{ﬂ’z) u(4,v3) uvs,vz)

(4.3)

= UWa,v2) — u(Wav3z)  n(v3,v2)
Consider p3 and pg

It is obvious that(ps) > 1(p3) (4.4)
From (4.1), (4.2), (4.3) and (4.4)

3 (v, Vo) =1 (p3)

By our assumption$ (V1,1V3) = oy O (Vuva) =, 8 (Vo) = 2
T e R
. _ > >

N.OV\.I the eccentricity e (y=1 (p3) I (p3) W(V1,0s) A (VLv3)
Similarly e () = | (p3)
and e (¥) = v — - -

1 (Va,03) u@z2v3) U@z vs) wu(vyvs)
e (V) = 1 ! : :

Y uwsva) k(vava) " R(ava) 1(202)

~ Radiusof G=e (y < <I(ps)

u(ws,vy)  u(ve,v3)
=Centerof G =y
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Here the proposition is proved.

Remark 4.5. The above result is not true, If G* is a cycle.
Example 4.6.

009 (g 008

X ¥

0.03 0.04

Figure4.2:
The above graph G in fig.4.2 with four vertices has center’'s 'y’ and ‘v'.

Theorem 4.7. If X € G is the center of G, then it is a cut node of G tredconverse is not
true.

Proof: By the proof of theorem 4.4,¥n the center of G and by the definition of cut
node \ and y are cut nodes of G. conversely,and v are cut nodes of G, butig not a
center of G.

Proposition 4.8. Removal of a center reduces the strength of coadeess between the
nodes.

Proof: By theorem 4.7, center of G is a cut node of G.r&toee removal of a center
reduces the strength of a connectedness betweeaodes.

Proposition 4.9. If x € G is the center of a fuzzy labeling graph, thenitt@&n it is not
super strong vertex of G.

Proof: If ‘X’ is the center of a fuzzy labeling graph (Geh by theorem 4.7, ‘X’ is a cut
node of G.

By proposition 3.11 [3] ‘X’ is not a super strongriex of G.

5. Diametrical and eccentric nodesin FLG
Proposition 5.1. If each node of a fuzzy labeling graph G is eagenthen it has two
centers.

Remark 5.2. The above condition is not sufficient. In the feliag example, the graph G
has two centers but each node is not eccentric.

Proposition 5.4. If G is a fuzzy labeling graph with exactly onlgecenter xJ G, then x
is not an eccentric node of G.

In Fig. 5.1 e (a) = 42.07=¢ (e), e (V) = 26.79(X)ee(w) = 30.96 and
a*=c,e, b*=d, c*= - d*=b, e*&x
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Example5.3.

0.12 = 0.11 0.10
- b e

0.09
cd d
013 007 4,4
Figureb.1:

Proposition 5.5. If G is a fuzzy labeling graph then the diametricaldes of G are
eccentric nodes of G.

Example 5.6.
009 o2  0.08
a - P b
0.06 0.04
d _ b c
o10 005  g11
Figureb.2:

Here,d (a, b) =505 (a, ¢) = 36.67% (a, d) = 16.679 (b, c) = 255 (b, d) =455 (¢, d) =
20,e(@a)=50=¢e (b), e (c) = 36.67, e (d) =d1E>) = 50. Center c (G) = ‘c’ and a*=c,
b, * = a, d. In fig. 7 G has exactly only ocenter ‘c’ which is not eccentric. The
diametrical nodes of G are ‘a’ and ‘b’ which are #tcentric nodes of G.

Proposition 5.7. If G is a fuzzy labeling graph such that G* igeet then the diametrical
nodes are the only eccentric nodes in G.

Example 5.8.

0.13
a

015
e

Figureb5.3:
In fig. 5.3, ‘f" is the center of G and the diame#sit nodes of G are‘d’ and ‘e’ which are
the only eccentric nodes of G. (i&]a, f) = 11.116 (a, b) = 23.61§ (a, c) = 25.375 (a,
d) = 27.785 (a, e) = 31.119 (b, ¢) = 26.79p (b, d) = 29.175 (b, €) = 32.55 (b, f) =
12.5,5 (c, d) = 30.95 (c, e) = 34.29 (c, f) = 14.295 (d, e) = 36.675 (d, f) = 16.675
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(e, ) =20. And e(a) = 31.11, e(b) = 32.5, (@429, e(d) = 36.67= e(e), e(f) = 20. d(G)
=36.67. Thereforee*=a, b, c, d, f d*=e.

Proposition 5.9. If G is a fuzzy labeling graph such that G* is @hpéhen the end nodes
of G are the diametrical nodes of G.

Proof: Consider a path;w;. As G* is a path, the end nodes of G-arand v. Now it is
trivial that 6(v,v;) will have the maximunu- length, since G* is a path. And singds
symmetric 8(v1V;) = 8(v; v4). By the definition of eccentricity e(v) and g)(will have the
maximum eccentricity and are same. Hence v aadevthe diametrical nodes of G.
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