Intern. J. Fuzzy Mathematical Archive —
Vol. 6, No. 1, 2015, 1-7 International Journal of

ISSN: 2320 —3242 (P), 2320 —3250 (online) Fuzzy Mathematical

Published on 22 January 2015 =
www.researchmathsci.org Al'chlve

Commutatorsin Indefinite Inner Product Spaces
A.R. Meenakshi*

'Emeritus Professor, Annamalai University, Annamalai Nagar 608002, India
e-mail; arm_meenakshi @yahoo.co.in

Received 16 September 2014; accepted 25 Octobdr 201

Abstract. Star dagger matrices is extended to indefinite inner product spaces by
introducing the commutator of a pair of matrices under the indefinite matrix
multiplication and some of its properties are investigated. Sums and products of JSD
matrices to be JSD are determined. Partial isometry of matrices with respect to the
indefinite matrix product are discussed.
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1. Introduction

An indefinite inner product in C™ is a conjugate symmetric sesquilinear form (x,y)
together with the regularity condition that (x,y) = 0 for dl y € C™ only when x = 0.
Associated with any indefinite inner product is a unique invertible Hermitian matrix J
(called a weight) with complex entries such that (x,y) =< x,Jy >, where <, > denotes
the Euclidean inner product on C™ and vice versa. We aso make an additional
assumption on J, that is J2 = I, to compare our results with the Euclidean case and to
present the results with much algebraic ease. There are two different values for dot
product of vectors in indefinite inner product spaces. To overcome this difficulty a new
matrix product, called indefinite matrix multiplication is introduced and some of its
properties are investigated in [6].More precisely, the indefinite matrix product of two
complex matrices A and B of sizesm xn and n x [ respectively.is defined to be the
matrix Ao B = AJ,B. The adjoint of A, denoted as Al*l is defined to be the
matrix/,A*J,,, where A* is the Hermitianadjoint, J,, and J,,, are weights in the appropriate
spaces. The aim of this manuscript is to extend star dagger matrices to indefinite inner
product spaces by introducing the commutator of a pair of complex matrices under the
indefinite matrix multiplication. This class of J}SD matrices includes the class of partia
isometries. We recall the definitions and preliminary results in section 2. In section 3, we
begin with the definition of J-SD matrices and explore some of its properties. We
determine conditions under which indefinite matrix product, usual matrix product and
sums of J-SD to be JSD. In [3], the concept of EP matrices has been extended to
indefinite matrix product as J-EP matrices. In this paper, we have obtained equivalence
conditions for a matrix to be EP as well as JEP in terms of its commutators. Inter
relations between the class of bi-normal, bi-EP, bi-dagger and JSD matrices are
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investigated. Results availablein the literature ([2], [3], [5]) are deduced as a special case.
Partial isometry is extended to indefinite inner product space.

2. Preliminaries

Definition 2.1. Let A € C™ ", B € C™!, Let J,, be an arbitrary but fixed n x n complex
matrix such that J,, = J,,* = J,*. The indefinite matrix product of A and B (relative to
Jn) isdefinedas A o B = AJ,B.

Remark 2.1. When ], is identity matrix the product reduces to the usual product of
matrices. It can be easily verified that with respect to the indefinite matrix product,
rank(A o AM) = rank(A" o A) = rank(A), where asthis rank property fails under the
usual matrix multiplication. Thus the Moore-Penrose inverse of a complex matrix A exits
over an indefinite inner product space, with respect to the indefinite matrix product and
thisis one of the main advantages of the indefinite matrix product.

Definition 2.2. For A € C™", A*] = JA*] isthe adjoint of Arelativeto].

Definition 2.3. For A € C™™, A issaidto be Finvertibleif thereexists X € C™*™ such
that

AoX=XoA=].
Definition 2.4. [6] For A € C™ ™, amatrix X is called the Moore-Penrose if it satisfies
the following equationsAec X o A = A, X c Ao X = X, (AX)[*l = AXand (XA)*] = XA.
Such an X is denoted by Alt! and represented as Al =, 47/,,,.

Definition 2.5. [3] For A € C™", AisJEPif A o Alf] = Altl o AandAisEPif AAT =
ATA.

Thus J-EP isan extension of EP in the indefinite inner product space.In [4],
Reverse order law in indefinite inner product space and orderings on matrices are studied
in detail.

3. Main results

A complex matrix A € C™" is said to be a star dagger (SD) matrix, if the star of A
commutes with the dagger of 4, that is A*AT = ATA*, where A* is the Hermitian adjoint
and Atis the Moore-Penrose inverse of A[1]. First we extend this concept to indefinite
inner product spaces, by introducing the commutator.

Definition 3.1. For a pair of sguare complex matrices A and B of same order, the
commutator of A and B with respect to / isdefined by [4,B]; = A° B — B o A.

Definition 3.2.: Let A € C™™. Aissaid to be J-SD if [Al"], A1), = 0.

Remark 3.1. In particular, for J = I,,, Al = A* and At = At. Definition 3.2 of JSD
matrix reducesto a SD matrix.
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Example 3.1. Let usconsider A = [2 (1)]andJ= [(1) (1) .

Here A] # JA.

1 1
a=lo At =mam A=l 1l
[A7,AT] = 0. Hence A is SD.
A" o AT = ATJA" = AT o A*. Hence [4%,A]; = 0.
Ao AT = (JA* D] (JAT]) = JA'JAT] = ] (A" 0 AT)].
AT o AU = (JAT))](JA*)) = JAT]A*) = J (AT 0 A7)].
ThusAis SD and 4 isJSD.

0 1

. 1 _
Example 3.2. LetusconS|derA—[0 0]andJ— 1 ol

isaat=11 0
For this4, A —2[1 ol

sat = L[ 01 2 gt = gtp0
aat=2[ 0]_A = Atar,
AisSD
1
1 0 /5 0
A*OAJr:[l ];A*OA*= 2
/5 0 1/2 0

A* o At £ AT o A*

J(A* 0 AT)] # J(AT 0 AY)]
Hence A" o AlT] = Alf] o Al¥]
Thus A isSD but A isnot J-SD.

Theorem 3.1. For A € ™™, [Al], A1)}, = 0 if and only if [4%,A%], =0

Proof: [A*], Alt]], = 0 & Al* o AlT] = Altl o Al] (By Definition 3.1)

< (JADJJAY) = (JAT))JJA*]) (By Definition 2.2 and Definition 2.4)
& A JAY = AtjA”

& A" o AT = AT o A*  (By Definition 2.1)

& [A%,AT]; = 0(By Definition 3.1).

Theorem 3.2. For A € C™™,
() AisJSD < JAisSD < A isSD.
(i) JAis}SD < AisSD < A] isJSD.

Pr oof:
(i) Ais3SD < [Al], AlTT], =0
& [45AT); =0 (By Theorem 3.1)
S A o AT = AT o A”
o AYJAT = ATjAr
= (AN(4l)) = (aT)@
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= (JAJAT = ATy
& JAisSD

If AisJSD, then asin the above proof,

AisJSD < A JAT = AtjA*
e (JAH(JAT) = (JAT)y4Y)
e (AD*ADT = Ant )
< AJisSD

Thus eguivalencein (i) holds.

(ii)Follows from (i) by replacing A by JA and AJ respectively and using j2 = I,,.

Hence the theorem.

Lemma 3.1. For A € C™*", the following are equivalent

i) A=JA
(i) Al =ar
(i)  Alfl =4t
Proof: A] = JA < (A)* = (JA)”
= JAT =AY
o A = 4
Thus (i) < (ii) holds.
Al =JAe ADT = (gAT
o JAT = A1)
o Al = g4t

Thus (i) & (iii) holds.

Theorem 3.3. For A € C™",if A] = JA,then A isJ}SD < A isSD.
Proof: Since A] = JA, by Lemma3.1, A"l = 4* and Alf] = AT; A*] = JA* and
At] = At
Ais3SD < [Al, A1), =0
& [ALAT], =0 (By Theorem 3.1)
S Ao AT=ATo A"
o AYJAT = ATjA
o AAT = AT
< AisSD
Theorem 3.4. For A€ C™n", if Aj=]A, then[4, All], =0 [4,41], =0
[4,AT] = 0.
Proof: Thefirst equivalence follows from Lemma 3.1, by using Al = At,
Now, [4,A1]; =0 Ao AT=ATo 4
o AJAT=47]A
o AAT=ATA = [4,AT] =0
Remark 3.2. The concept of JEP matrix introduced in [3] (refer Definition 2.5) can be
reformulated in terms of commutator as 4 is JEP < [4, AT, = 0. Then Theorem 3.4
reduces to the following:
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Coroallary 3.1. (Theorem 3.7(a) of [3]): For A € C™ ™, if A] = JA, then Ais JEP= A is
EP.

Theorem 3.5. Let A,B € C™*"
) If A =JA,then (AB) isSD < (A~ B)isJ SD.
(i)  1f BJ =B, then (AB) isJ}SD < (A o B) isSD.
(iii) If A =JAand B] =JB, then (AB) is SD < (AB)isJSD < (A< B) is JF
SD& (A~ B)isSD.

Proof:
() If A] =JA,then AB = J(A o B) and by Theorem 3.2(i), AB isSD < (A o B)
isJ SD.
(i) If BJ]=JB, then AB= (A~ B)] and by Theorem 3.2(ii), AB is JSD
< (Ao B)isSD.

(iii) If A] =JAand B] =JB, then J(A - B) = (A o B)J. Hence by Theorem 3.3
(AoB)is} SDe (A~ B)isSD.

This combined with (i) and (ii), yields (iii).
Hence the Theorem.

Remark 3.3. The condition on A, that is A] = JA is essentia can be seen by the
following example:

Example 3.3.
A=[ o[ Yoo

T_1 11. T_2 2_1—_11 1_17w
A ‘[—11 —11]"4‘4 =[5 Jkat=:0 ]=:4
=1 i [] t

A =2[1 1] =3anerealt] = AT,
11 ~ p_[-2 -2

ForB=[, ;|.AB=0ada-B=["5 ~%
Theorem 3.6. For A,B € C™™,if A] = JAand B* o« AT = Bt o A*, then thefollowing are
equivalent:

(i) [AT4A, BBt =0

(i) [4°A,BB*]=0

(i) A*AoBB*isJEP

(iv) (Ao B)[ﬂ = Bl o 4l1],

Proof: Since A] =JA, J(A*A) = (A*A)], by Corollary 3.1, A*AoBB* is EP & A*A o
BB*is JEP. Therefore A*ABB*is EP < A*ABB*is JEP. By A] = JA, the condition
B* o AT = Bt o A*reducesto B*AT = BtA*. Then, equivalence of (i), (ii) and (iii) follows
from Proposition 2 of [5] and (iii) < (iv) is precisely Theorem 3.17 of [3].

Hence the theorem.
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Remark 3.4. In particular for A = B, the condition in Theorem 3.6 A] = JA and A* o
AT = A% o A", reducesto A is SD.[ATA, AAT] = 0,[474,AA*] = 0 and (A®)T = (4T)?
reducesto A isbi- EP, bi-normal and bi-dagger respectively. Thus Theorem 3.6 reduces
to Corrollary 1 of [5]. A square complex matrix A isapartial isometry if A* = AT:which
is equivalent to Al = At 1t turns out that the definition of a partial isometry carries
over as such to indefinite inner product spaces.

Corollary 3.3. If A and B are partial isometries such that A] = JA, then the following are
equivalent:

(i) [ATA, BBt =0

(i) [A*A,BB*] =0

(iii) (AoB)T =BtoAtl

(iv) (A o B)is partial isometry.

Proof: Since A and B are partia isometries A* = ATand B* = BT. In Theorem 3.6, the

condition B* o At = Bt o A* automatically holds.

Hence, the equivalence of (i), (ii) and (iii) follows from Theorem 3.6.

(iii)e=(iv): A o B is partial isometrye (Ao B)t = (Ao B)* = (B* o A*) = BT o AT.
Hence the corollary.

Theorem 3.7. Let A and B be star orthogonal J-SD matrices. A + B is J-SD <
(A*eB%) + (B o AT) = (AT B*) + (Bt 0 A").
Proof: Since A and B are star orthogona matrices, by aresult of Erdelyi[2],
(A+B)* = A" +B*.
A+Bis}SDe (A+B) o (A+B) =@A+B) - +B)
& (A*+B*) o (AT +BT) = (AT + BT) o (A" + B*)
& (A" o AT) + (Ao BT) + (B* o A") + (B* - BY)
= (AtoA")+ (AToB*) + (BT o A*) + (BT o B*)
& (A" o Bt + (B* o At) = (At o B*) + (BT 0 A7)
Hence the theorem.

Remark 3.5. In particular for J = I,,,Corollary 3.3 and Theorem 3.7 reduces to the
Corollary 2 andPropostion 1 of [5] respectively. Theorem 3.7 can be extended to the sum
of afinite number of JSD matrices that are pairwise star orthogonal.

4. Conclusion
Investigation into various partial orderings on complex matrices with respect to the
indefinite matrix multiplication is currently being undertaken.
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