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Abstract. An inventory model with three different rates ofoguction and quadratic
demand rate is considered. The shortages are al@ame deterioration rate is time
dependent. The objective is to determine the optiotal cost and the optimal time
schedule of the plan for the proposed model. Tustithte the results of this model,
numerical example is presented.
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1. Introduction

The inventory system is taking an important partast controlling in business. For the
last fifteen years, researchers in this area haended investigation into various models
with considerations of item shortage, item detation, demand patterns, item order
cycles and their combinations. The controlling aegulating of deteriorating items is a
measure problem in any inventory system. Certaiodycts like vegetables, fruits,
electronic components, chemicals deteriorate dutiey normal storage period. Hence
when developing an optimal inventory policy for Bymoducts, the loss of inventory due
to deterioration cannot be ignored. The researchake continuously modified the
deteriorating inventory models so as to more prabte and realistic. The analysis of
deteriorating inventory model is initiated by Gharel Scheader [2] with a constant rate
of decay. Several researchers have extended tHem to different situations in
deterioration on inventory model. In all those medethe demand rate and the
deterioration rate were constants, the replenishraga was finite and no shortage in
inventory was allowed. Researchers started to dpvielventory systems allowing time
variability in one or more than one parameter. bigui [5] developed EOQ inventory
model with shortages in starting and without shgetain ending. This was followed by
another model by Misra [7] with Weibull deteriorai items, permissible delay in
payments under inflation. Maragatham and Lakshniidiél developed an inventory
model for non-instantaneous deteriorating itemseumdnditions of permissible delay in
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payments for n-cycles. Yu [8] discussed a ordepalicy for two — phase deteriorating
items with changing deterioration rate. A produttioventory model with two rates of
production, backorders and variable production eyisl analyzed by Bhowmick and
Samauta. The optimal values of inventory levets @erived using Hessian matrix. In
this paper, a continuous production control inventonodel with three rates of
production and time dependent deterioration ratefmdratic demand rate is developed.
The production is started at one rate and afterestme it may be switched over to
another rate is possible to real life situationgBa situation is desirable in the sense that
starting at low rate of production, a large quantstock of manufactured items at the
initial stage is avoided, leading to reductionhe holding cost, the new production rate
is used. For demand, the quadratic function in @ameé time dependent deterioration rate
is considered.

2. Notations and assumption

Notations

I, - The inventory level at timg

I, - The inventory level at timg,

I; - The inventory level at time,

[t5,t4] — The shortage period

T — The time length of the plan

I(t) — The inventory level at time t

p1 - The production rate in [)]

p2 - The production rate irt{, t,]

p3 - The production rate intj, T]

h — The holding cost per unit per unit time

d — The deteriorating cost per unit per unit time

s — The shortage cost per unit per unit time

p — The production cost per unit per unit time

TC- The total cost per unit time

Assumptions

The demand ratg(t) = a + bt + ct?,c > 0,b>a >0
The deterioration raté(t) = at,a > 0

The production rates; > p, > p;

The shortages are allowed.

There is no replacement or repair of deterioraims during the cycle under
consideration.

The deterioration is instantaneous.

7. The time for allowing shortages is same as backrdithe
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3. Mode formulation

The production of the item is started initiallytat 0 ata ratp,.Whent = t;, the rate of
production is switches over 1 (> p;) and the production is stopped at tigeand the
inventory depleted at a raf&t). The inventory level reaches zerotatlt is decided to
backlog demand upto = t, which occur during stock — out line. The productic
started at a faster ragg(> p, > p;) S0 as to clear the backlog and when the inventory
level reaches zero (ie), the backlog cleared, t production cycle starts.At the time
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duratiorf0, t,], the production is at the ratg and the consumption by demand. At the
time duration(t,, t,], the production is at the rapg and the consumption by demand. At
the time duratiorit,, t5], there is no production, but only consumption bgneed. At the
time duration[ts, t,], the shortages is alloweft,T]isthe duration of time to backlog at
production ratep;. The cycle then repeats itself after time T. Theederation is
instantaneous with the ratet in the duration[0,t;]. The model is represented by
figure 1.
Inventory level

t

0 tq t, t3 F4 T Time
|
|
|
|

Figure 1: A production inventory model

The change of inventory level can be describedkimifs

SR =p, - f(O), 0<t<t; (1)

O 4 o01(0) = p, - F(©), h<t<t; (2)
YO L 10 = ~f(©), <t<t; @
d;_(tt) — —f(), ty <t<t, (4)
4O s — £(0), ty<t<T ©)

With boundary condition$0) = 0,1(t,) = I;,1(t,) = I, I(t3) = 0,1(ty) =I5, I(T) =0 (6)
The solution of the above equations are given by

I(t) =
at? 2 3 3 3 4 5
ez [plt— at—2 4 Paat 3t ot cat’ ] o<t<t,
2 3 6 6 8 10
b c aa
a? p2(t—ty) —alt—t) — ;(tz —t,%) — ;(tg —t,*) + ppa(t® —t,%) - ?(t3 -4%)

ez - w aty? G <t<t,
G T R (R P O

()

_at? b c aa ba ca aty®
e 2 [—a(t—tz)—g(tz—tzz)—g(t3—t23)—?(t3—t23)—?(t4—t24)—5(t5—t25)+12e 2 ],t2<t<t3

b c
—a(t—t3) —;(t2 —t3%) —;(t3 -t t;<t<t,

ps(t—ty) —alt—t,) —g(t2 ) =S -t + 15t <t<T
By considering the continuity a§,/; = —a(t, — t3) —g(tz}2 —t3%) —g(tf —t33) (8)
By considering the continuity aj,
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G{tzz
L=e 2 [alts— ) +3(ts2 — 62 +5 (63 - %) + (653 - £5%) +

St — 6+ (65 - 15

(9)
By considering the continuity af,
utl 3 3 3 4 5
R S 1o

Therefore, after considering the continuity poitiig solution becomes
1)

_at? —at bt? ct? + piat® aat® bat* cat® 0<i<t
5 gt _aes rem |t

R L T 6 8 10| 1
bt? ct® pat? 5 5 aat®
atz[pltl+p2(t_t1)_at____+ + poa(t® —t,°) — ]

ez z 3 6 6 1t <t<t,
[ bat* cat® J
_ 8 10 (11

at?

_at? b c aa ba ca
e 2 [—a(t— t3) —E(t2 —t32) —§(t3 —t5%) —?(ﬁ —t5%) —?(t‘* —t%) —E(t5 —t35)],t2 <t<t,

b c
—a(t —t3) —E(t2 —t32) — E(t3 -t t;<t<t,

b c
pg(t—t4)—a(t—t3)—§(tz—t32)——(t3—t33)+13 t,<t<T
Total inventory carried over the perif@T] = f 1(t)dt+f 1(t)dt+f 1(t)dt (12)
Total number of deteriorating items[i®, t3] = p1t; + po(t; — t1) — f0t3f(t)dt

1 1

=pity + p2(t; — t1) — ats —‘bt32—‘0t33 (13)
Total shortage occurred jn;, T] —ft“I(t)dt —f 1(t)dt (14)
Total number of units produced i®, T] = p,t; + p, (t2 —t) +p3(T —t,) (15)
Total costTC = HC + DC SC+PC

t3

= h[f 1(t)dt + I(t)dt + f [{t)dt|+d|pit; + pa(ty — t1) — f f(®dt
ty
t

—s[- [ 1war— [T (t)dt] + ity + pa(ty — t2) +ps(T — t4)] (16)
The time for allowing shortages is same as bac&rdithe (ie)t, —t; =T — t,
Thereforet; =2 +t, — T a7
The necessary conditions fB€ (¢4, t,, t4, T) to be minimum are
aTC aTC aTC aTC
o, - Do, T =0,— ot =0,—=0 (18)

Solving these equations , we get the optimal vadyes,*, t,*, T* which minimize total
cost provided they satisfy the following sufficiamndition
H = TheHessianMatrixofTC
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9°TC 9%TC 9°TC 9°TC
/6t1 t,0t, Ot,0t, 6t16T\
|
|

9°TC 9%TC 9°TC 9%TC

at,at aty2  dt,ot . . _
2 2 20ts 0Lz0T IIS positive definite. (19)

9%TC 9%TC a’Tc  9%TC
\6t46t1 tydt,  0t,? 9t,aT

a*rc  9%Ttc  9*Tc  9%TC

aTat, aTdt, AT, QT2
If the solutions obtained from equations (18) do satisfy the sufficient condition (19),
then no feasible solution will be optimal for thet ®f parameter values taken to solve
equations (18) is considered. Such a situation iwifily that the parameter values are
inconsistent and there is some error in their esdton.

3.1. Numercial example

Leta=0.1,b =0.2,c =0.003,a = 0.02,p; = 2,p, = 4,p3 = 6,hc = Rs.2,

dc = Rs3,sc = Rs6,pc = Rs10 Using MATLAB program the following are calculated,
Then optimal values oft; = 1.3496,t, = 3.0748,t; = 3.1419,t, = 3.5117,T =
3.8815.

The total cosT'C = Rs167.7252.

The production quantity = 11.8188.

4. Conclusion

A continuous production inventory model for timepdadent deteriorating items with
shortages in which three different rates of prodmctand quadratic demand rate is
considered. The case of change of production ig useful in practical situations. By
starting at a low rate of production, a large quanstock of manufactured item, at the
initial stage is avoided, leading to reduction he tholding cost. The variation in
production rate provides a way resulting consunaisfaction and earning potential
profit. The total cost of the system and the optivalles forty, t,,t,, T is derived for
guadratic demand rate and time dependent detedonate.
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