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Abstract. In this paper, we discuss about the concept oflesiagrver feedback retrial
gueueing system with two types of service and é&goh consist of two essential phases
under variant vacation policy. Customers are altbue balk and renege at particular
times. By using the supplementary variables metbtehdy state probability generating
function for system size and orbit size are obthirkhe system performance measures
and important special cases are discussed. Nurhiéitistrations are analyzed to see the
effect of system parameters.
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1. Introduction

Retrial queues (or queues with repeated attempdsglaaracterized by the phenomenon
that an arriving customer who finds the server buggn arrival is obliged to leave the
service area and repeat his demand after some Beteeen trials, a blocked customer
who remains in a retrial group is said to be initorQueues in which customers are
allowed to conduct retrials have wide applicatiimgelephone switching systems and
computers competing to gain service from a cepi@tessing unit. There is an extensive
literature on the retrial queues. We refer the wdik Artalejo and Gomez-Corral [1] and
Artalejo [2] as a few. In a retrial queue, an dmgvcustomer who finds the server busy
has to leave the system or may join into the ollater, after entering into orbit the
reneging customers may decide to go to service @ré@ave the system. Such queues
model many real world situations like web accessluiding call centers and computer
systems, etc. Some of the authors like, Baruah g]aWang and Li [12] and Rajadurai
et al. [10] discussed about the concept balking @mbging. In a vacation queueing
system, the server may not be available for a desiotime due to many reasons like,
being checked for maintenance, working at otherugsge scanning for new work or
simply taking break. This period of time, when therver is unavailable for primary
customers is referred as a vacation. Chang andiKexpmined on a batch retrial model
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with J vacations in which if orbit becomes empty, the eemakes at most vacations
repeatedly until at least one customer appeaiseimitbit upon returning from a vacation.
Using the supplementary variable technique, systesmacteristics are derived. Later, Ke
and Chang [7] developed a model with the conceptetifal queueing system with
balking and feedback.

The service interruptions are unavoidable phenamém many real life situations. In
most of the studies, it is assumed that the sésvavailable in the service station on a
permanent basis and service station never failsweder, these assumptions are
practically unrealistic. Ke and Choudhury [8] dissed about the batch arrival retrial
gueue with two phases of service under the conmepteakdown and delaying repair.
While the server is working with any phase of seyiit may breakdown at any instant
and the service channel will fail for a short intdrof time. The repair process does not
start immediately after a breakdown and theredglay time for repair to start. Chen et
al. [6] studied a retrial queues with modified ima and breakdowns. Authors like
Choudhury et al. [5], Mokaddis et al. [9], Rajaduea al. [11] and Wang and Li [12]
discussed about the retrial queueing systems Wwéahconcept of breakdown and repair.
However, no work has been down in the concept phiient customers with two phases
and two types of service under delaying repair. Shggested model has also potential
application in the transfer model of an email systén Simple Mail Transfer Protocol
(SMTP) mail system uses to deliver the messagegeket mail servers for relaying. The
results of this paper finds other applications iAN, client-server communication,
telephone network and software designs of vari@mmpeiter communications systems,
packet switched networks, production lines and syatems, etc.

2. Description of the model

In this paper, we consider a single server feedbeitial queueing system for impatient
customers under variant vacation policy where stithebreakdown and delaying repair.
Then the server provides two types of service amchaypes consists two essential
phases. The detailed description of model is gasfollows:

Arrival process. New customers arrive from outside according to isgem process with
ratel. We assume that there is no waiting space aneéftirerif an arriving customers
find the server free, the arrival beings his sexvi€an arriving customer finds the server
being busy, vacation or breakdown, the arrivalfesitleave the service area with
probabilityb and join pool of blocked customers called an ounitbalk the system with
probability 1-b. Measured from the moment when the server becodfesthe customer
at the head of the retrial queue competes withnpiadleprimary customers to decide
which customer will enter service next. If a primaustomer arrives first, the retrial
customer may cancel its attempt for service arfteeiteturns to its position in the retrial
gueue with probability or quits the system with probabilifyr. Inter-retrial times have
an arbitrary distributiofR(x) with corresponding Laplace-Stieltijes transfolo®T) RY).
Service process: There is a single server who provides two typesesfice and each
type contains two phases in succession, the flias@ service (FPS) followed by the
second phase service (SPS). If an arriving custdimes the server free, then he choose
first type of service with probabilitg,or choose second type of service with probability
p2(pitp2 = 1) After completion of two phase service, if the cumsér is unsatisfied with
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service, then he may rejoin the orbit as a feedltagtomer with probabilitp or may
leave the system with probability= 1 - p. The service times follow a general random

variable on both types and both phasgswith distribution function (d.f)s® (3 and
Laplace- Stieltijes transform (LSTY¥9%y (for k = 1,2 (phases) and= 1, 2(types)) .
Vacation rule: Whenever the orbit is empty, the server leavesafeacation of random
lengthV. If no customer appears in the orbit when the esereturns from a vacation, it
leaves again for another vacation with the samgtterSuch pattern continues until it
returns from a vacation to find at least one custofaund in the orbit or it has already
takenJ vacations. If the orbit is empty at the end of dfevacation, the server remains
idle for new arrivals in the system. At a vacatommpletion epoch the orbit is nonempty,
the server waits for the customers in the orbibh@ew customers to arrive. The vacation
time V has distribution functiol(x) and LSTv ) .

Breakdown process: While the server is working with any types of seeyiit may
breakdown at any time and the service channelfailllfor a short interval of time i.e.
server is down for a short interval of time. Thedkdowns i.e. server's life times are

generated by exogenous Poisson processes withfoate® FPS on both types and for

a$9 SPS on both types, which we may call some sortsafster during FPS on both types

and SPS on both types periods respectivety 1,2).

Repair process. As soon as breakdown occurs the server is senefair, during that
time it stops providing service to the arriving fmmer and waits for repair to start, which
we may refer to as waiting period of the server. d#fne the waiting time as delay time.
The delay timep® of the server fok" type andi™ phase of service follows with d.f.
p®(y)and LST o™ (fori = 1,2 anck = 1,2). The customer who was just being served
before server breakdown waits for the remainingiserto complete. The repair time
(denoted by for FPS on both types ang for SPS on both types) distributions of the
server for both the phases of service are assuméé farbitrarily distributed with d.f.
G (y) and LSTe®MYy (for i=1,2 andk=1,2 ). Various stochastic processes involved & th
system are assumed to be independent of each other.

3. System analysis

In this section, we develop the steady state diffee-differential equations for the retrial
system by treating the elapsed retrial time, tApsd service times, the elapsed vacation
times, the elapsed delay times and the elapsedr tapas as supplementary variables.
Then we derive the probability generating functiB&F) for the server states, the PGF
for number of customers in the system and orbittHen, we assume tha) = 0, R )=1,
s9©)=0, ¥ (@) =1, V(0)= 0, V)= 1(for i=1,2 and k=1,2) are continuous ax=0 and
¥0)=00% )=1G90)=0, 6" () =1(for i=1,2 anck=1,2) are continuous &t0. In addition,

letrRPm, s®(n, (3, X (9, ande® ¢ be elapsed retrial times, service times, vacdtioas,
delay times and repair times respectively at tirfibe state of system at tinhecan be
described by bivariate Markov procéss, N(t; =d where c(t) denotes the server state

(0,1,2,..J+6) depending on the server is idle, busy on botlesyim FPS or SPS, delay
time on both types in FPS or SPS, repair on bagiksyn FPS or SPS{' Vacation,...or
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J" vacation. N(t)denotes the number of customers in the orbitraeti So that the
functiona), 4 (), y(x, 1% (y) ancg® gare the conditional completion rates for repeated
attempts, service, vacation, delay time and reijpaé respectively (for =1,2 andk= 1,2)

(k) k) K)
soaxe R 00 g 98000 g avy Y 9y g 9S00y

(K) T 7 ¢ v 7
1-R(X) _g(k) 1 V(X)’,7I ¢y y:l_ q(k)(y)" 3';(]__(#k)(y)'

Let {t,; n=1,2,...} be the sequence of epochs at which e#tsarvice period completion
occurs or a vacation time ends. The sequence aorarvectorsz,= {c(t,+), N(t+)}

forms a Markov chain which is embedded in the aétjueueing system. The embedded
Markov chair{z,; noON is ergodic if and only ib <1, wherep=r@-rR1))+ p+an,

w:/]{ig(l':“)(@[haf)( B (D+ @(@)} B §[1+a‘2)( B g+ gﬂ}

The following probabilities are used in sequerntis@s forfort=0, x> 0, y= 0 anch> |
(i=1,2, k=1,2 andj=1,2..J). For the procegsi(y, t=¢ ,we define the probabilities
Loty =P{c(=0,N(=¢ and the probability densities
o= H Q=0 N9=n 6 RO< * e # (xrek [P Or1 e ol xt +x ) dx
A0 { @)=2 Ng=nx SOx x 3 B (xyrey {POe3 &t meylmxe +y /of 64 x
) ooyidy=H ay=4, No=n e P(9< v of SO o B xytey {POL5 0t nsyGxt +y/df 6 §
RO yddy= B @1=6 N)= n ¥ S0 ¥ B0 oy, (tax{P@t +j6, Ot ,mx® Yxt+x.d

We assume that the stability condition is fulfilladthe sequel and so that we can set
lo= im 1{), 1060 = im | x), P,fr'?(x):llim R®(xt), R (x 9 dy= fim Fxyr B ) Jim B Xy n( )x ImQn(, X
Steady state distribution 3.1

By the method of supplementary variable technigue,obtain the following system of
equations that govern the dynamics of the systemmavder for {=1,2, k=1,2 and
j=1,2,..J)

Mg = J' Q, (NN dx 3.1)
2 (X)O +A+63,() =0, n>1 (3-2)
dp(k)(x)+u+a<k’+y<">(x>]P""(» = - bF‘k’(WTEM(W ( xydymo, (3:3)
0
9D o 0001003 = A - B3+ ti)( 0 ( ’”]2‘{( YRICxyay =1 (34)
dx i 1 in n k fn-k i ]
k=1 0
dQJO()+[A+y(x)]Q,0(x) = AL-BQ; o 3, =0 (3.5)
Lo s 010 8 =20~ @Q,n(»MbekQ,n (% 1 (3.6)
k=1
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dQf(x v

q"jjy A+ (IQP0x y =2a- 5 $F(x ¥ o, (3.7

aQRx v 0 0 "

— gy ARy = ey dR(x y+4 D xc L (xy el (3.8)
k=1

dR’Y (x 9

R("’ 22 e+ &NRYx y=Aa-b ¥ x . wo, (3.9)

k)

R( +[ﬂ+<‘(y)]R<k)(xv Aa- b RICx y+a > xc B Cxy an, (3.10)

k=1

The steady state boundary conditiong at0 andy = 0 are

InO)= ZJ' ,n(x>y(x)dx+{j (m(xd»j' B )m(y%e {xj. %f)p«z()xd{ B (omd) xjgx= (3.11)

i=lo 0
Rk (©)= pc j|n+1(x)6?(x)dx+/\ rJ. In(%) dx A (1- r)J. |n+1(x)d%, e 1, (3.12)
0 0 0
P0= AR 0Py ax e (3.13)
0
(1) @ 2) (2)
0100 MP 009K de*jﬁzo( L (*dx}' "0 (3.14)
0 nz 1
0,(0)= || Q20O 120, 1= 2. (3.15)
0
0 nz 1= 23l
QR (x0)=a{98Y (%, n21, (3.16)
RY00= [ Ry dy =1 (3.17)

The normalizing condition is

'°+Z[ n(x)dx{ZZJF‘”(M&ZZZH 8 xydxdyZZZH B xy WZZQW( ) x<i(3.18)

=0 k=1 F1g r0k1F100 =0k 1F 1p0 F¥ O

The steady state solution 3.2

The probability generating function technique iedidere to obtain the steady state
solution of the retrial queueing model. To solve tibove equations, we define the
generating functions for| 1, for (=1,2 anck =1,2) as follows:

162 =) W02 P03 ) B X% (02 9 OFz B x12)_ . ¥
=1 1=} rF0 =0
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RO % 2= #(xy% XED x, %

n=0 n=1
Now multiplying the steady state equation and stesate boundary condition Eq. (3.2) -
Eq. (3.17) byz" and summing ovaer, (n=0,1,2...)

9 0;2) +A+6(]1(x 2 =0 (3.19)
Wﬂ/lb(l—zﬁai(k) + (31 E9( x 1=T§“°( yRI( xy)z dy (3.20)
D -9 a2 5 320 (3.21)
adk)nyZ)Wb(l—z)w/ﬁk’(m xy =0 (3.22)

(K)
—aR'”;yx %2 a2+ 6O ROk y 3=0 (3.23)

10.2)= ZJ'Q (x, Z)V(X)dX—ZQ]o(O) A b+ (b {j B Oc| BCxmfc )x} (3.24)
0

i=10
A(0.2= p{ﬂ (% 26(3 dm[(l ””Z]j (x 3 dxA d] (3.25)
0
P90.2)= [ /9 0x 20 (3 o (3.26)
QM (x0,2=al? B¥ (x 2, (3.27)
R9x0.9= [ 900y m® (v oy (3.28)
0

Solving the partial differential equations Eq. @-Eq. (3.23), it follows that
1(x,2)= 1(0,2)[1- R(®] &M (3.29)
RM(x 2= B9(0, 21~ §9(x &A% (3.30)
Q;(x2=Q;(0, 2L~ V(3] 8D foras k I (3.31)
QW (x y.9= ¢ (x0, a0~ P9 (91 DY, (3.32)
R¥0x v 2= #0030~ & (582, (3.33)

whereA,(k)(z)=t(3+a(k>[1- B9 15 3) 9 b)z)} and b)zA (b ).

From (3.5) we obtain®; 5(x) = Q; 4(0)[1-V(X]exp ™ , j= 1,2,.J (3.34)

Multiplying with equation (3.34) byx) on both sides foj = J and integrating with
respect tox from 0 to o, then from (3.1) we haVGQJO(O)— (3.35)From the

v b)
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equations (3.34) and solving (3.15), (3.35) over tAngej = J-1, J-2,..1,we get on

simplificationnj,o(O):Qj(o,z):[vu(:%,j:1,2..J (3.36)After make calculations substitute

the solved equations in (3.29)-(3.33) and makesdrectdcalculation, then we get the
limiting probability generating functiong.2), o;(x 2, Fx2 ¥x 2 F¥%x2.We define the
partial probability generating functions as, ford(,2 andck=1,2)

I(z)=j|(x,z>dx ék>(z)=j B9 xy dx B ( .x)zj @ ,X,y)Zdy.“?)(FZI (R yz
0 0 0 0

RO a=[ #00xy ray 0 O [ (R 0z a0 ([0 (9 260 = 1.2.. )9
0 0 0
Theorem 3.1. Under the stability conditiorp<1, the stationary distributions of the
number of customers in the system when server kdlag busy on both types, on
vacation, under delaying repair on both types andar repair on both typedor i=1,2,
k=1,2and £j <J) are given by

l(z)={z(1— o (-0 Com o @] BOR B Bo)e 2 f3 O] £ P (1})'(3-37)
Dr(z)={z—(pz+ o R+ta-y+ - Ry)| o8 RO 8 Pz o f%( &) 24 QA))}}z
R ={aon(1- 97 R ey e e de- T} B Oz o (3.38)
A0 =rord™ ] H0Ji- ¢ ROY( 029 Tr{e e “w)+ [} ) 20(3.39)

o =prone®(i- 4 A0l #1 3l e Trfe T o) Jlf B0 1020 (3.40)
0 aék) g AKX — 9 (
()= o (1 ik (2)))(1 Flo) #1 20k A3 (3 (3.41)
(N Rid+[a- 0+ - Ra))+ b
Q2 =%, j=12,.J (3.42)
o Mopad{ (N3 Rn{- 0+ o )+ p A1 D3 (3.43)
oo ¢] £ 4 4° @) = & va)
Mopiaz?} (N2 -1 R+ - n+ rZ)a- R+
o {(N@-1)( Ron+[a- 9+ a- Ra))+ b ot 003 (3.44)

S_(k)u[ 4@(3} 897 g )z](l— gau( @ )})(1_ @ (b))%

Then the only pointy is unknown, which can be determined using the atimng
2

condition.|0+|(1)+Z(pi(k)(l)+q<k) ay+R¥ (1))+in a=1.Thus, by setting = 1 in (3.37)—(3.44)
i=1 j=1
and applying L-Hospital's rule whenever necessaftgr using the normalizing condition
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and rearrange, we g@t:{%(l—r(l—RD(/]))— p—wb)} (3.45)

_ 1-VHapp? P R Wl w0 0
N(2) = viora- -1, L= bra® = 89 o} 81 ©)z ad o0 @
[vD(AmJ(l—vEUb)[ J: 4 - B ok €1 ok

{1—[VD(/1b)T }/1 bE(V)

[VD(Ab)T (1—VD(/] l@) '

Theorem 3.2. Under the stability conditiop < 1, probability generating function of
number of customers in the system and orbit sitéldlition at stationary point of time is

] RO 8] Bob 28] B0l F D v “emla oz S+
M| =(pe o Riefo- we - R o8] SO £0) o £] R €] RO
-2 { Koy 0= R+ e e e - ) B9 Pa) £ P 2 (3.46)
w2 ] R0l
x{b 2z e of Rt v+ o R 2 ROR B( S0)z 4% @) £% %ﬂ}}ﬂ
[{nPR0] £ 80k 28] BOR F BoJb{ v “anle » r]ee ey |
| = of Rl ye - Rl 8] BORPT 0] e £ RO €] RO
=014 Ros - R e f e - e B9 Pa)£% Pef 2 |(347)
w1 ] R A
x{b 2]z @eaf k<o 1+ o /)| 2@ ROp F Sl oY ) 4 5%)}}%1

Proof: The probability generating function of the number ofsmmer in the system
(K(2) and the probability generating function of thember of customer in the orbit
(H(2) is obtained by using

2 J 2 J
K@=lo+1@+2y | (3 @O BORD 0Ozt K or (2] ® O 002 %R} 0 0
i=1 j=1 i=1 i=1

Substituting(3.37)—(3.45) in the above results§Bahd (3.47) can be obtained by direct
calculation.

N= p=[ N pr (K- )+ 1000 R+ o)

K(Z) = |0

H@ =1y

3.1. Perfor mance measures and special cases
In this section, we derive system performance nmreasthe mean number of customers in
the orbit {g) and systemL(s), the mean time a customer spends in the systéghand

orbit (W0g).
() The mean number of customers in the orhiy) (under steady state condition is
obtained by differentiating (3.47) with respect o and evaluating atz = 1
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Ly =@ - im L) = )= 1

_ Nr"(1) Dr' (1)~ Dr" ()Nr" (1)
q Dr(z) z-1dz

3(or'@)?

Nr@= 2 @] @ Ra)e-b)- - {w[r rE RO @ n0E R4 a’4 })

N (1) = —N’(l)[G(l—RD@)X G+ pr+b)+ 6o+ 5}— N (]Eq+ o NE R4 )}+r( DRA Y [2& ra RA @
- B @r aR A @ )
Dr)= - zb[l—(l—r =R70))- p—w}
() EVA(1-IVUbP) 2
vV’ 5
Az[é”(§>ﬂt?[1+a§”(é>( 9 X[ + O 37 freaf) € oo o] ol ' 7@ Pok @ 16’ &

+ae )28][ &) (e 28 (EN(@)+ ) [+ 28)(9 O 92 Rueal) | B pr B G| R 3 & ]

Dr(1) = 3[)[r+ Z;U(r(l— RO )+ p)+ 2pr(- R4 ))} , whereN' (& B

(i) The mean number of customers in the systesh nder steady state condition is
obtained by differentiating (3.46) with respecttand evaluating at= 1

L= | Nr@prr@-pr ane @)
s 3(Dr' )

=N @ - Ra) 8+ pre )+ sw )= 0 e b 0 RO 9RA) pa e RA))
_ (N @ 1r ar?X ))r(+ @3 6 ar YR Ao )

(i) The average time a customer spends in the sységrad orbit ;) under steady-
state condition due to Little’s formula is, = \wg and L, =AW,

Special cases3.1.1

In this section, we analyze briefly some specigksaof our model, which are consistent

with the existing literature.

Case (i): Single type and phase service, No remgdiio breakdown
Letp,=1,Pr[S$=0]=1,r = 0 anda;= a>= 0. Our model can be reduced to a modified
vacation for an M/G/1 retrial queueing system wviitliking and feedback. The following
result is equivalent to the result by Ke and Chatg

-7 PGl 0y R [ e T ofze o Gope e-Cag PO |2
-2 4 Ko+ - R ee e 8] B0

x{b(l— z)[ z(pz 9{ R+ @ @{/1))) 1@]( A ))}Z}_l

Case (ii): Single type and phase service, No bglkind reneging, No delaying repair.
Let pi=1, Pr[S=0]=1, p=0, b=r=1 and#y;=#,=0. Our model can be reduced to an M/G/1
retrial queueing system with a modified vacationd aerver breakdowns. In this case,

K(2= |0
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K(2) can be simplified and the following expressior@éncided with the result in Chen
et. al [6].

. {RD(A)_/]E(%D)} (N(z){(F\D(/l)+ #- rS(/l)))+ RUAX( zl)} <2l 16)]%
= N'(D)+ R(1) {z_ql)t[,ﬁ( ;]( RA)+ @- E{/])))}

3.2. Numerical illustration

In this section, we present some numerical examdasy Matlab in order to illustrate
the effect of various parameters in the systenopeidnce measures of our system where
all retrial times, service times, vacation timesd ampair times are exponentially,
Erlangianly and hyper-exponentially distributed, emdn exponential distribution is

f(x=ve¥* x>0, Erlang-2 stage distribution is(x)=v’xe"*, x>0 and hyper-exponential

distribution is f=we”™+a-9?&* We assume arbitrary values to the parameters such
that the steady state condition is satisfied. Tokowing figures computed various
characteristics of our model like, probability thiag server is idlé,, the mean orbit size
Lg.For the effect of the parametefis b, r, y; 7,Yand;Mon the system performance
measures, two and three dimensional graphs arendrafwigurel-4. Figurel shows that
the idle probabilityly decreases for increasing value of the non-balkirdpability ().
Figure2 shows that the mean orbit slzgincreases for increasing value of the non-
reneging probability r). Figure3 shows that the surface displays upwdresd as
expected for increasing value of vacation ratend delaying repair rate on FTg"
against the idle probabiliy, The mean orbit size,decreases for increasing value of the
retrial rated and repair rate on first type FRSis shown in Figure4.

6. Conclusion

In this paper, we have studied a single serverbiaeldretrial queueing system with two
types of service, under variant vacation policylagi@g repair, balking and reneging
where the server provides each type consists ofesgential phase3he probability
generating functions of the number of customerthensystem and orbit afeund by
using the supplementary variable technique. Théopaance measures like, the mean
number of customers in the system/orbit, the aweragiting time of customer in the
system/orbit are obtained. The analytical resuktsvalidated with the help of numerical
illustrations. This model finds potential applicatiin Simple Mail Transfer Protocol
(SMTP) to deliver the messages between mail seredsVerteiler Ensprintz Pumps
manufacturing.
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