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1. Introduction

The concepts involving continuity play a major ralet only in pure mathematics but
also in other branches of sciences like compuiense, information theory etc., Menger
[6] introduced the notion called a generalized imétr 1928. On the other hand Vulich
[11] in 1938 defined a notion of higher dimensionafm in linear spaces. The concept of
2-normed space was developed by Gahler in the midfilL960’s [5]. Recently many
mathematicians came out with results in 2-normedcag, analogous with that in
classical normed spaces and Banach spaces [4/J8i8 the main idea in the definition
of sequential continuity, many kinds of continwstieere introduced and investigated in
[1,2,3,10] not all but only some of them. The cquiaef ward continuity of real functions
and ward compactness of a subset E of R are irteatiy Cakalli in [2]. In 1965, Zadeh
[12] introduced the concept of the fuzzy set irsthéminal paper. Somasundaram and
Beaula [9] have newly coined 2-fuzzy normed linspace and proved many important
theorems. In this paper our aim is to investightedoncept of fuzzy ward continuity in
an intuitionistic 2-fuzzy 2-normed linear space anove some interesting theorems.

2. Preliminaries
Definition 2.1. A binary operation *: [0,1k [0, 1] - [0,1] is a continuous t-norm if it
satisfies the following conditions:

1. *is commutative and associative

2. *is continuous

3. a*l=a,foralldl[0,1]

4. a*b<c*dwhenever&candk dand a,b,c/d[0,1]
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Definition 2.2. A binary operatiord : [0,1] x [0,1] — [0,1] is a continuous t — conorm if
it satisfies the following conditions:

1. ¢is commutative and associative

2. ¢is continuous

3. a¢0=a,forall d1[0,1]

4. adb<cddwheneveracandkdanda, b, c, d[0,1]

Definition 2.3. An intuitionistic fuzzy 2- normed linear space fiZ2NLS) is of the form
A = {F(X), N(fy, f5, 1), M(fy, T2, t) / (1, f2) O F[(X)]3where F(X) is a linear space over a
field K, * is a continuous t-norm), is a continuous t-conorm, N and M are fuzzy sets o
[F(X)]?x(0,») such that N denotes the degree of membershiplamenotes the degree of
non-membership of {ff,, t) 0 [F(X)]*x (0, ) satisfying the following conditions:

(1) N, )+ M((f, )1

(2) N(f, f,,)>0

(3) N(fy, f, t) = 1 if and only if {, f, are linearly dependent

(4) N(fy, 5, t) is invariant under any permutation gffp

(5) N(fy, fp, 1) : (0,00) - [0,1] is continuous in t.

(6) N(fy, Cfy 1) = N (f, 2y %), ifc#0,cOK

(7) N (fy, fz 8) * N(fy, f3, ) S N(f,fo + f3, s + 1)

8) M(fy, f,)>0

(9) M(fy, f,, ) = 0if and only if f, f, are linearly dependent

(10) M (fy, fp, t) is invariant under any permutation gfff

(11) M (f1, ch, t) = M (f, fg,%), ifc#0, cOk

(12) M (fy, fo, S)O M (fy, f3, )2 M (fy, fo + 5, s + 1)

(13) M (fy, fa, t) : (0,0) - [0,1] is continuous in t.

3. Fuzzy ward continuity and fuzzy ward compactness
Definition 3.1. A sequencd f .} of points in an intuitionistic 2-fuzzy 2-normeddiar

spaceg(F (X), N, M) is said to be quasi-Cauchyiif N(Af, g, f) = 1and
lim M (Af,, g, t) = ofor every g O F(X), t0(0,1), whereaf, = f - f_ for nin set of
natural numbers.

Definition 3.2. A subspace A of F(X) is said to be fuzzy ward coatjifeany sequence in
A has a quasi-Cauchy subsequence.

Definition 3.3. Let (F(X), N, M,)and (F(Y), N,, M,) be intuitionistic 2-fuzzy 2-normed

linear spaces.
A function ¢: F(X) - F(Y) is said to be fuzzy ward continuous if it preserve

quasi-Cauchy propertyhat is, limN, Q¢ (f, ),g t)= 1andlim M,(Ag( ), g, t) = 0for
every g F(Y) whenevegm N,(Af , ht)=1and lim M, (af,,ht) = ofor everyhO F(X).
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Definition 3.4. A function @ on a subspace A of an intuitionistic 2-fuzzy 2med
linear spacgF(X), N,, M,)is said to be sequentially continuousfgtif for any
sequencé f } in A converging tof,, #(f )converges tas(f,) in (F(Y),N,, M,).

Theorem 3.1 If ¢:F(X) - F(Y)is fuzzy ward continuous on A of F(X) then it is

sequentially continuous on A.
Proof: Let { f } be a convergent sequence in A.

Then|im N,( f, - f,, h ty=1andlim M,( f, - f,, h,t) =0 WherehO F(X), t0(0,1)

Construct a sequendey} as g, = { f, |_f n : 2k -1 wherek is a positive integ
f, ifniseven

Considern,(g,~ f,h =N g 1+ {- t hy+3 ]

t), _ t
> Nl(gn— s N{ - & nj) o
When n is even, (1) becomes
N,(g, - f,h )2 '\h( f- % héj N[ f-% hlzj=N1(fo— f, 0 )
Again when nis odd\, (g, - f,,h )= N(f - f,h?

Again M (g, - f,, h,t)= Ml( g-f+f-f, h,£2+£2]

n

< Ml(gn - fn,h,lz)OMl[ fot, hlz)
(2)

when n is odd, (2) becomig(g, - f,,h,t)< M,(f - f,,ht)
Again when n is even,
M,(g, - f,,h )< Ml( f-f, h,%)o Ml( f-f, hlzj =M, (f,-f,,h,t)
In either casefg} converges tof and{g} is a quasi-Cauchy sequence. gsis fuzzy
ward continuous, define the transformed sequef{cg) as

¢(f,) ifn=2k-1wherek is a positive intec
$(9,) = L

¢(f,) ifniseven
Again ¢(g,) is quasi-Cauchy.
For ,N,(#(9,..) = #(g,). i, 9

t

i NZ("’(QW (.0 + () =69 +H( 1) -( 1), ﬁ-%*%*‘g
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A «
2 N2[¢(gn+1)—¢( fon: N ,5)* NZ(¢( f)-o( ), h’éj

N, [¢( f.)-p(1)h gj
3)

If nis odd, (3) becomes

N,(#(9,..) - 9(g,), h, 9= Nz(¢( fe)—o2(f), hé]
Again if nis even,

N2(¢(gn+1)—¢(gn), f 13+%+13)

> N2[¢< £)-8(f,.), h%] NZ[¢< £)-g( £, K %j NZ(¢( -4 . h%j

>N, (¢( )= g(f)h gj

M ($(9,.) - $(g,), i, 9

< M2[¢(gn+1) ~4(f,.), h*%]wz[m £)-6(g,).f ,13]0[¢( f)-@( 1), h 13)
If nis odd,

M, (#(9y) - #(g,), . D) < Mz(gﬁ(fnﬂ) —¢(fn),h*,%]

If nis even,

M, (B(0nr) ~ $(9.). D)
< Mz(mfo)—¢(fn+1>,h*é)wz(mfn)—mu),w .§]OM2[¢(fn+l)—¢(fn),H 33]

.t
< M2(¢( frd) —@(f,).h ,5]
Hence{¢(f,)} is quasi-Cauchy sequence.
Now, fim N, (¢(g,.) ~4(g), i, ) =1and mM,(¢ (9., ¢ (g).h,)= C @)
From (4) and by construction dfg, } we get,
lim N, (@( f,.) =#(f), ', 1) =1 and limM,(¢ (f.,)-4 (f,)h =
Thuse(f,+1) converges te(fy)and sog is sequentially continuous on A.
Theorem 3.2. Let (F(X), N;, M;) and(F (Y), N,, M,) be intuitionistic 2-fuzzy 2-normed
linear spaces and A be a fuzzy ward compact subsgidt(X). If @:F(X) - F(Y)is

fuzzy ward continuous on A thep(A) is fuzzy ward compact.
Proof: Ward compactness of A implies that there is a smhmece{ gnk} of {gn} with
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lim N, (A(g,). hf)=1and limM,(A (g, ).h.)= 0, foreventl F & )OI (0)
Let{g(g,)} ={ f,} - Then{ 1, }is a subsequence of the sequefip@,)} with

lim N, (A(f,),#().f)=1and imM,(A (f, )¢ 0))=
Satisfies the requirements as desired.

3.1. Uniform continuity
Definition 3.1.1. A function ¢:F(X) - F(Y)is said to be uniformly continuous on a

subspace A of F(X) if for any &£>0 there exists >0 such that
N, (¢(f)-@(f,),ht)>1-& M, (4(f)-¢(f,),ht)<efor any hOF(Y), t0(0,1)whenever
N, (f,- f, 9.0)>1-3 M, (f,— f,,g,t) < 5for everyf,, f,0A and g0 F (X .

Theorem 3.1.1. If a function ¢ : F(X) - F(Y) is uniformly continuous on a subspace A
of F(X) then it is fuzzy ward continuous on A.
Proof: Let ¢ be uniformly continuous on A ar{dn} be any quasi-Cauchy sequence of

points in A. Then for giverg >0, there exist®) >0 such that

N, ((f) = @(f,),ht)>1-& M, (g(f,) - #(,),h,t) < efor any hO F(Y), t0(0,1)
wheneveN, ( f,- f,,9,t)>1-5

M, (f, - f,.0,t)<dforanyf,, f,0A and gOF (X |

For the choice oD, there exists N depending on battand J .

Since{ f,} is quasi-Cauchy,

lim N, (Af,, g, t) =1and soN, (Af,,g,t)>1-5 foralin> N

lim M, (&f,, g,t) = 0and soM, (Af,,g,t) < foralin> N

So N, (Ag(f,),ht)>1-¢ foralln> Nandw, (Ag(f,),ht)<e
Henceg is ward continuous.

Theorem 3.1.2. The image of a fuzzy ward compact space undeifarancontinuous
map is fuzzy ward compact.
Proof: Let ¢: F(X) - F(Y) be uniform continuous; let A be a fuzzy ward cootpa

subspace af (X).We assert thap(A) is a fuzzy ward compact subspace¢¥).
Consider a sequendg,} in ¢(A),providedg, =g¢( f,) where{f} is a sequence in A.

Since A is ward compac{[,fn} has a quasi-Cauchy subseque{wne} because A is ward
compactTherefore, limN, (Afnk g 1) = andiim Ml(Afnk’ g,t)=0. For a givens >0, there

exists O satisfying the required conditions of uniform conity.
Choose a positive number N depending on ®thnd 5 such that
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lim N, (Ag( f,), ht)=1andiim M, (Ag(f,),h t)=0providedim N, (Af, , g,t)=1 and

N -

lim Ml(Afnk' g,t) =ofor alln, > N. Thusg(A) is fuzzy ward compact.

ng -

Theorem 3.1.3. Let {¢n} be a sequence of uniformly continuous functiongngelf on a
subspace A of (X) to F(Y), and if{g } converges uniformly t@ then@is uniformly

continuous.
Proof: Using the uniform convergence mn} , for a giveng >0, there exists a positive

integer N such thay, (¢n( f)-¢(f),h t)>1-gwheren=N, f,h A

M, (¢.(f)-¢(f)ht)<e

Using the uniform continuity of,, on A for a given[J> 0, there exist®) >0 such that
N, (¢ (f)-@y(f,).ht)>1-£ andMm, (4, (. )¢, (,)h 1) <e for

f,f,0A and hOF {f Jprovided Nl( f,= f,,09,1)>1-3, M, (f,-f, g,t) <5(by the choice
of N). Then wheneven, ( f, - f, g,t) >1-4,

N, (#(F)=4(£,), 1) =N, (@(£) =B () + B (F) — B (F) + () —@(),h 1)

2N, 0= A0 | N4 -0, S N0 0= 1, 0
>(1-€)*(1-&)*(1-¢)

> (1-¢)for everyh O F(Y)

Also, whenM, (f,~f, g t) <&

M, (#(1)=@(F,).0,t) =M, (B(F,) =B, (F) +B (F) =y () + @y (f)=4(F).ht)

zM2[¢<f1>—¢N<fl>,h,gjw2[¢N<f1>—¢N<f2>,h,§j<>M2(¢N<f2)—¢<f2>,h,%j

<e0e0¢
< gfor everyhO F(Y)
So ¢ is uniformly continuous on A as desired.

Theorem 3.1.4. Let {¢n} be a sequence of fuzzy ward continuous functiefined on a
subspace A of an intuitionistic 2-fuzzy 2-normetkkr spac&(X) to F(Y) and{¢n} is

uniformly convergent to a functio@ then ¢ is fuzzy ward continuous.
Proof: We assert thag) is fuzzy ward continuous on A. Take any quasi-@guc

sequencé f }in A. As{g,} is uniformly convergent t@ for £[1(0,1) there exists a
positive integer N such that, (¢, () -4(f,),ht)>1-¢ andM, (¢, @, ¢ (,)hf)<e
providedh> N. By the choice of N, ae?\, is ward continuous on A, there exists a
positive integem, > N such that
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N, By (f) = B0 (f). 0 1) > 1~ andM, (¢, (. > ¢, (,)h1)<e , for every N,and
hOF(Y)

N2 (¢( fn+1) - ¢( fn)l h! t)

=N

>N

t t
2(‘”(f“*l)‘%(fn+1)+¢N(fml)—¢N(m+¢N(fr)—¢(fr),h-§+§+§j

t

2(¢( fn+1)—¢N(fm>,h,§j* Nz[m( £)-du( ), h%j N{m f-a 1), hlsj

2(1-&)*(1-€)*[1-¢)
=1-¢ foreveryn= N,

andM, (¢ (f,.. - ¢ (f, )h 1)

=M

<M

2[¢(fn+1)—¢N(fn+l)+¢N(fm1)—¢N(fJ+¢N(fr)—¢(f r),h,—+—+£3)

t t
3 3

(#0010 fom o1, 0-0u (10050 ,(1)-01)0 Y

<£0e0e=¢ foreverynz N,
Hence is fuzzy ward continuous.
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