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Abstract. Dempster Shafer Theory (DST) is a branch of Mathematics that concerns 
combination of empirical evidence in an individual mind in order to construct a coherent 
picture of reality and offers an alternative to traditional probabilistic theory for the 
mathematical representation of uncertainty. Natural language information could naturally 
been expressed by a membership function. Intuitionistic fuzzy sets, with independent 
memberships and non-memberships are generalization of fuzzy sets. Out of several 
higher order fuzzy sets, the Intuitionistic Fuzzy Sets (IFS) have been found to be highly 
useful to deal with vagueness. In this paper, we make an investigation to extract 
intuitionistic fuzzy evidence with non consonant focal elements based on random set 
theory and evidence theory. Some examples are provided here to show the robustness of 
the proposed method. 

Keywords: Random set theory, Dempster-Shafer theory, intuitionistic fuzzy sets, fuzzy 
focal elements. 
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1. Introduction 
Probability theory is proposed only for randomness uncertainty. To overcome the 
constraint of probabilistic method, Dempster put forward a theory in 1976 and now it is 
known as Evidence Theory (or) Dempster- Shafer Theory (DST). The D-S theory of 
evidence one of the most popular uncertainty theories used in many areas, such as expert 
systems, pattern classification , information fusion [5], which was first developed by 
Dempster [3] and later extended and refined by Shafer [9]. In D-S theory, the information 
given by sensors or experts can be described by the focal elements on a frame of 
discernment and the corresponding Basic Probability Assignments (BPA) [1]. The 
determination of BPA is an important problem in the multi source information fusion. 
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Many practical source applications of multisource information fusion problems usually 
involve a kind of important information with intuitionistic fuzzy continuity and relativity, 
which usually comes from the natural language of experts or observers, like tallness or 
smallness, pleasure or pain, cold or hot etc. This kind of information could naturally been 
expressed by a non-membership function. So we need to extract intuitionistic fuzzy 
evidence from fuzzy information. In this paper, a method is proposed to extract 
intuitionistic fuzzy evidence with non consonants focal elements based on random set 
theory. Some examples are given to show the generality and the efficiency of this 
method. 
 
2. Preliminaries 
2.1. Dempster-Shafer theory (DST) [7]  
Dempster-Shafer Theory (DST) is a mathematical theory of evidence. In a finite discrete 
space, Dempster-Shafer theory can be interpreted as a generalization of probability theory 
where probabilities assigned to sets as opposed to mutually exclusive singletons. In 
traditional probability theory, evidence is associated with only one possible event. In 
Dempster-Shafer Theory, evidence can be associated with multiple possible events. A 
frame of discernment (or simply a frame) usually denoted asΘ is a set of mutually 
exclusive and exhaustive propositional hypotheses one and only one of which is true [8]. 
Evidence theory is based on two dual non additive measures, namely Belief measure and 
Plausibility measure. There is one important function in Dempster-Shafer theory to define 
Belief measure and plausible measure which is known as Basic Probability Assignments. 
A function [ ]1,02: →Θm  is called Basic Probability Assignments on the set Θ if it satisfies 

the following conditions ( ) ( ) ( ) ( ) 1Am     0m   
A

== ∑
Θ⊆

iii φ where φ is an empty set and A is 

any subset ofΘ .The Basic Probability Assignment function (or mass function) is a 
primitive function. Given a frame, Θ , for each source of evidence, a mass function 
assigns a mass to every subset of Θ , which represents the degree of belief that one of the 
hypotheses in the subset is true, given the source of evidence. A subset A of a frame Θ is 
called the focal elements of m , if ( ) 0Am > . The lower bound, Belief for a set A is 
defined as the sum of all the basic probability assignments of the proper subsets ( )B of the 

set of interest( )A ( ){ }ABie ⊆ . The upper bound, Plausibility is the sum of all the basic 

probability assignments of set (B) that intersect the set of interest (A) ( )( ){ }φ≠∩ ABie . 
Formally for all sets A that are elements of the power set ( )( )XPA ∈ ,[ ]1998Klir  ,

( ) ( )∑
⊆

=
ABB

Bmel
/

AB and ( ) ( )∑
≠∩

=
φABB

BmPl
/

A . The two measures, Belief and Plausibility are 

non additive. This can be interpreted as not required for the sum of all the Belief 
measures to be one and similarly for the sum of all the Plausibility measures. Hence the, 
interval ( ) ( )[ ]APlABel , is the range of belief A. 

 
2.2. The Dempster rule of combination [4]  
The Dempster rule of combination is critical to the original conception of the Dempster- 
Shafer theory. The measure of Belief and Plausibility are derived from the combined 
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basic assignments. Dempster’s rule combines multiple belief functions through their 
basic probability assignments (m).These belief functions are defined on the same frame 
of discernment, but are based on independent assignments or bodies of evidence. The 
Dempster rule of combination is purely a conjunctive operation (AND). The combination 
rule results in a belief function based on conjunctive pooled evidence
[ ]132 pg  1986,Shafer   .The combination (is called the joint12m ) can be calculated from 

the aggregation of two Basic Probability assignments 21 m  and  m in the following 
manner: 

( )
( ) ( )

( ) ( ) ( ) 0 ,  C re       whe
1 12

21

21

=≠
−

=
∑

∑

=∩

=∩ φφ

φ

m
BmAm

BmAm
Cm

BA

CBA

 
2.3. Random set theory (RST) [6,9]  
2.3.1. Random set 
Let ( )PA,,Ω be a probability space, Θ be a frame of discernment and its power set 

denoted as Θ2 , then, a random set X is defined by a set valued mapping [ ]1,02: →ΘX  

A density [ ]1,02: →Θf , (ie) ( ){ } Θ⊆∀=Ω∈= A  , :)( AXPAf ωω       (1) 

Such that 0)( =φf and 0)( ≥Af ;and ( )∑
Θ⊆

=
A

Am 1 f  determines a probability measureP

the corresponding distribution function F  of the random set X  is 
( ) ( ){ } ( ) Θ⊆∀=⊆Ω∈= ∑

⊆

ABfAXPAF
AB

,: ωω                                                             (2) 

A random set can also be described by a set of pairs 

( )( ) ( ) ( ){ } ( )








==Ω∈=Θ⊆∀= ∑
Θ⊆A

AmAXPAmAAmAX 1,:,/, ωω                           (3) 

 
2.3.2. Trapping function 
 A function T defined as follows is called a trapping function 

( ) ( ){ } Θ⊆∀≠∩Ω∈= AAXPAT φωω :                                                                         (4) 
 
2.3.3. One-point covering function 

A function Xγ defined as follows is called a one- point covering function of X for Non – 

membership function ( ) ( ){ } Θ⊆∀∈Ω∈= AXPX ,: ωθωθγ                                          (5) 
It represents the relationship between any point in Θ  and random set. 
 
2.4. Intuitionistic fuzzy sets (IFS) [1] 
An intuitionistic fuzzy sets (IFS) A is E Is defined as an object of the following form 

( ) ( )( ){ }ExxxxA AA ∈= /,, γµ (6) 

where the functions [ ]1,0: →EXµ                                                                                      (7) 

[ ]1,0: →EXγ                                                                                                                     (8) 
Define the degree of membership and the degree of Non-membership of the element

Ex∈ , respectively and for every Ex∈ :  
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( ) ( ) 10 ≤+≤ XX AA γµ                                                                                                      (9) 
Obviously, each ordinary fuzzy set may be written as  

( ) ( )( ){ }Exxxx AA ∈− /1,, µµ                                                                                            (10) 
 
2.4.1. Uncertainty 
The value of ( ) ( ) ( )xxx AAA γµπ −−=1                                                                          (11) 

is called the degree of non determinacy (or uncertainty) of the element  Ex∈ to the 
intuitionistic fuzzy set A . 
 
2.4.2. Non-membership function 
Let { }nθθθθ ,.......,,, 321=Θ be a frame of discernment, an intuitionistic fuzzy set, 

denoted Θ⊆A
~

is defined by a Non-membership function [ ]1,0:~ →Θ
A

γ  

( ) [ ] Θ∈∀∈ iiA
θθγ ,1,0~                                                                                                    (12) 

A relationship between random set and intuitionistic fuzzy set has been proposed in [8], 
intuitionistic fuzzy set can be represented by random set through the one point covering 
function in equation (8) conversely, a random set can be induced by intuitionistic fuzzy 

setA
~

[7]   ( ) ( ) ( ){ }ωθγθω ≥∈= iAiA
X ~~ /                                                                        (13) 

Thus, 
A

X ~ is a non consonant random set. It is easy to validate that (3) 

( ) ( ){ } ( )iAAiiX XP
A

θγωθωθγ ~~: =∈Ω∈=                                                                   (14) 
In the following discussion, we give an example of how to represent fuzzy information 

using the intuitionistic fuzzy set theory.  Let { }nθθθθ ,.......,,, 321=Θ be a set of objects, 

and each of them can be described entirely by a set of attribute parameters, as 

[ ]Tkxxx ,......., 21=φ                                                                                                    (15) 

It includes the objects length, temperature, surface area, etc. Let us consider that the 
information about the parameterjx is vague and let jR be the range of this parameter 

( )jj Rx ∈ , jR can be discrete or continuous, ordered or not. Let jRB ⊆~ be the 

intuitionistic fuzzy set with a non - membership function ( )iB
x~γ .The intuitionistic fuzzy 

set B
~ must be transformed into an intuitionistic fuzzy set of Θ⊆A

~ relatively to the 
parameter jx (2).  

                                       
( ) ( )i

jBiA
x~~ γθγ =

                                                             
(16)    

where
i

jx is the j-th attribute value of iθ .For example, the parameterjx , could 

correspond to the length of the objects in Θ and the intuitionistic fuzzy set 
jRB ⊆~ could 

correspond to “small length” (the unit of length in meter). In this case jR is continuous 

and ordered. Each value from the interval from [ ]300,0 posses a Non-membership 
degree of the intuitionistic fuzzy subset “small length” (see fig.1). By using equation 

(10), we construct a new intuitionistic fuzzy set Θ⊆A
~

where ( )iA
θγ ~ represents the 

degree of non – membership of each object in Θ to the intuitionistic fuzzy set” object 
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with small length” (see Figure.2). 

 
Figure 1: Non-membership of the intuitionistic fuzzy set ”small length” 

In fuzzy information fusion, focal elements are commonly according to the experience 
knowledge of experts or common sense. Consonant focal elements are only flexible and 
unpractical. Here we consider more general nonconsonant forms of focal elements and 
determines their BPA using by non-membership function is a meaningful and challenging 
problem. In this section, by merit of one-point covering function of non-membership 
function ,a non-consonant random set is constructed to represent a set of general focal 
elements given in advance, and then a linear group can be created to solve the BPA. 
Firstly, the definition of one-point covering function for non-membership function 
indicates. If Θ⊆A

~
is the only focal elements to which Өi belongs, then 

( ) ( ){ } Θ∈∀=Ω∈= iiX AXP θωωθγ ,:
                                                                       (17) 

If A 1,A2,A3,……Akis a subset of parameter spaceare  k focal elements and 

( ) ,....3,2,1 kjA ji =∈θ ( ) ( ){ }∑
=

Θ∈∀=Ω∈=
k

j
ijiX AXP

1

,: θωωθγ                              (18) 

In  particular, if ( ){ } Ω==Ω∈ jAXP ωω : ,then  ( ) 1=iX θγ   Secondly, let ( )PA,,Ω  be a 

probability space, and let { }nuuuuU ,........,, 321=  be a finite space, here

( ) ( )niu iAi ,....3,2,1  ~ == θγ ,we construct a random set  UX 2: →Ω and let 
( ) ( )iAiX u θγγ ~= , according to equation (21), we have  

( ) ( ){ }∑
=

Θ∈∀=Ω∈=
L

j
ijiA

AXP
1

~ ,: θωωθγ                                                                       (19) 

where UEEEE k ⊆,........,, 321  are ( )kjEu ji ,....3,2,1=∈  , then, a non-consonant 

random set Θ→Ω 2 : m can be induced by the intuitionistic fuzzy set A
~

and random setX  
( ) ( ) ( ){ }ωθγθω XX iAiA

∈= ~~ /            (20) 
It is obvious that ( ) ( ){ } ( ){ } :: jjj EXPAXPAm =Ω∈==Ω∈= ωωωω                        (21) 

where nj 2,....2,2,2,1 32= , ( ){ } Θ⊆∈= 2/ ~ jiAij EA θγθ and UE j ⊆ .Finally, equation (19) 
can be written as equation (22) by the substitution of equation (21)        

( ) ( ) Θ∈∀=∑
=

iiA

k

j
jAm θθγ  , ~

1                                                                                                  
(22) 
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  Let { }nθθθθ ,.......,,, 321=Θ  , { }nuuuuU ,........,, 321= , here ( ) ( )1,2,3,...ni , ~ =∈ iAiu θγ , 
suppose there are ‘m’different possible focal elements E1,E2,E3,......Emon, U and the 
corresponding focal elements Θ⊆mAAAA ,........,, 321 , then a linear equation group to 

solve the BPA for the focal elements can be defined as equation (23) according to 
equation (22), AX = B                                                                                             (23) 

where

( )
( )
( )

( )
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Then, let us discuss the solution of equation (23) 

(i) Rank(A) = Rank (A,B): linear equation (23) has no solution. 

(ii)  Rank(A) = Rank (A,B)=m: linear equation (23) has a unique solution. So,

mxxx ,......., 21 can  be decided uniquely. 

• If 0,......., 21 ≥mxxx and 1.......21 =+++ mxxx are satisfied, then, ( ) ( ).m1,2,3.....j  == jj xAm  

• If 0,......., 21 ≥mxxx and 1.......21 ≠+++ mxxx then a normalization process is 

needed in order to satisfy ( )∑
Θ⊆

=
2

   1
A

Am (ie) ( ) ( ).m1,2,3.....j   ,  
1

/ =∑
=

=






 m

j jxjxjAm (24)                                          

If 0,......., 21 ≥mxxx  is not fulfilled, then there is no reasonable BPA for the 

corresponding focal elements. 
(iii)  Rank(A) = Rank (A,B) < m : linear equation (23) have infinitely many 

solutions, suppose there are solutions such that 0,......., 21 ≥mxxx . 

We established an objective function to complete the minimum total uncertainty of one 
piece of evidence under some constraints, then an optimal solution can be obtained by 
solving an optimization problem (3) proposed a measure of total uncertainty for 
evidential reasoning. The proposed measure is a functional, PBHTU  

( ) ( )( )∑
Θ⊆

−=
2

2 /log
A

PBH AAmAmTU                                                                               (25) 

Then, the objective function can be created as follows, 

( ) { }∑
=

∑
=

∑
=

−= 










m

j jA
m

i ixjx
m

i ixjxmxxxMinJ
1

/
1

/2log
1

/,.......2,1                                     (26) 

Its constraints are equation (23) and 1,.......,0 21 ≤≤ mxxx the optimal solution denoted as 

( )**
2

*
1 ,......., mxxx Can be obtained by solving the above optimization problem, then by 

normalization, we have  ( ) ( ).m1,2,3.....j   ,  /
1

** =






= ∑

=

m

i
ijj xxAm                                  (27) 
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Let the frame of discernment { }mθθθθ ,.........,, 321=Θ , and its each elements non-

memberships shown in fig 2. The following three examples illustrate how one applies 
equation (23) for computing the BPA. 
 
3. Numerical illustrations 
Example 3.1. Suppose there are 7 possible focal elements ( ).71,2,3.....j =jE given by 

Expert A, as { }35.0,8.0,05.01 =E , { }25.0,7.0,8.02 =E , { }7.0,2.0,8.03 =E , 

 { }35.0,7.0,15.0,8.04 =E , { }1.0,4.05 =E  , { }25.0,4.0,8.06 =E { }35.0,25.0,7.0,4.07 =E  
According to equation (20), we have  

{ }87651 ,,, θθθθ=A , { }5322 ,, θθθ=A , { }533 ,θθ=A , { }97534 ,,, θθθθ=A ,
{ }10415 ,, θθθ=A , { }5216 ,, θθθ=A , { }73217 ,,, θθθθ=A    Then according to equation 

(23), corresponding linear equations can be established as AX = B (28) 
where,       
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In this case, Rank(A) = Rank(A,B)=7= m linear equation (23) has an unique solution, the 

unique solution is [ ]TX 15.005.02.015.035.005.005.0= Then, we have  
( ) 05.01 =Am , ( ) 05.02 =Am , ( ) 35.03 =Am , ( ) 15.04 =Am , ( ) 2.05 =Am , ( ) ,05.06 =Am

( ) 15.07 =Am . 
 
Example 3.2. Suppose there are 7 possible focal elements ( ).71,2,3.....j =jE  

given by 

expert B, as  { }7.0,05.01 =E , { }2.0,35.0,8.02 =E , { }4.0,8.03 =E  , { }25.0,7.0,4.0,8.04 =E

{ }2.0,8.05 =E  , { }25.0,7.0,15.06 =E  , { }35.0,7.07 =E . 
According to equation (15), we have 

{ }8631 ,, θθθ=A , { }10752 ,, θθθ=A , { }513 ,θθ=A , { }53214 ,,, θθθθ=A , { }545 ,θθ=A ,
{ }9326 ,, θθθ=A , { }737 ,θθ=A  

Then according to equation (23), corresponding linear equations can be established as  
BAX =                                                                                                                      (29) 
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where,       
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In this case, Rank(A) = Rank(A,B)=7= m linear equation (23) has an unique solution, the 

unique solution is [ ]TX 15.015.02.01.03.02.005.0=  
Then, we have    ( ) 043.01 =Am , ( ) 174.02 =Am , ( ) 261.03 =Am , ( ) 087.04 =Am ,

( ) 174.05 =Am , ( ) 130.06 =Am , ( ) 130.07 =Am . 
 
Example 3.3. Suppose there are 8 possible focal elements ( ).81,2,3.....j =jE

 
given by 

expert C, as  { }35.0,4.0,05.01 =E , { }7.0,2.0,8.02 =E , { }15.0,2.03 =E  , { }7.0,15.0,8.04 =E  
{ }7.0,8.05 =E  , { }35.0,25.06 =E  , { }2.0,25.07 =E , { }35.0,25.0,4.0,8.08 =E  

According to equation (23), we have { }87611 ,,, θθθθ=A , { }5432 ,, θθθ=A , 

{ }943 ,θθ=A , { }9534 ,, θθθ=A , { }535 ,θθ=A , { }95326 ,,, θθθθ=A , { }1017 ,θθ=A ,
{ }.,,, 75218 θθθθ=A  

Then according to equation (23), corresponding linear equations can be established as    
AX = B                                                                                                                            (30) 

where,       
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Here, Rank(A) = Rank(A,B)=7< m linear equation (23) has infinitely many solution, then 
the question of how to determine the solution.(ie) the solution which will give the least 
degrees of total uncertainty. Then according to equation (21) and its constraints, the 
optimization problem can be described as follows              

( ) ∑ ∑∑
= ==
























−=

8

1

8

1
2

8

1
821 //log/,.......,

j
j

i
ij

i
ij AxxxxxxxMinJ

                                   

(31)  
such thatAX = B and 1,.......,0 821 ≤≤ xxx .  
The optimal solution is 
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( ) [ ]15.02.01.025.015.002.005.0,......., *
8

*
2

*
1 =xxx . 

Then according to equation (26) we have, 
( ) 045.01 =Am , ( ) 182.02 =Am , ( ) 03 =Am , ( ) 136.04 =Am , ( ) 227.05 =Am ,

( ) 091.06 =Am , ( ) 182.07 =Am ., ( ) 136.08 =Am . 
It is very easy to see that the final focal elements are A j, j =1,2,3…8.The Dempster’s 
combination rule and other combination rules in D-S theory can be used for combination 
after the intuitionistic fuzzy evidence is extracted.

 

 
4. Conclusion 
In this paper, a method is proposed to extract intuitionistic fuzzy evidence with non 
consonant focal elements based on random set theory. The examples summarized in this 
work show the generality and efficiency of the proposed method.  
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