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Abstract. In this paper, we commence the restrained tripfemeoted domination number

of the product of path graphs as cardinal, stramdj equivalent products. the restrained
dominating set is said to be restrained triple eated dominating set, if the <S> is triple
connected. The minimum cordiality taken over alk thestrained triple connected

dominating sets is called the restrained triple nemted domination number and is
denoted by (G). We determine the domination numbers Bf =P, B, ®B, and’,, ©

B,.
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1. Introduction

By a graph we mean a finite, simple, connectedwtirected graph G (V, E). A subset
S of V of a nontrivial graph G is called a dominagtiset of G if every vertex inV — S is
adjacent to at least one vertex in S. The dongnatumbeny(G) of G is the minimum
cardinality taken over all dominating sets in Ggraph G is said to be triple connected if
any three vertices lie on a path in G. A dominasegis said to be restrained dominating
set if every vertex in V — S is adjacent to at{ease vertex in S as well as another vertex
in V - S. The minimum cardinality taken over alst@ined dominating sets is called the
restrained domination number and is denoted,{f$). The restrained dominating set is
said to be restrained triple connected dominatatgiSthe <S> is triple connected. The
minimum cordiality taken over all the restrainetle connected dominating sets is
called the restrained triple connected dominatiomiper and is denoted by (G).The
product of path graphs of four types such as catdibartesian, strong and equivalent
products. In this paper we afford the restrainguletrconnected domination number of
cardinal, strong and equivalent products. A two afisional complete grid graph
Gmn = Pn © P, , is the product of path graphs snandn vertices. For a fixeidthe set
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(P,); = P, ¢i is called a column oP,, o P, (i""column oPy, n), the sef(P,) = jo Ryis
called a row oP,, © P, (j""row ofP, n).(, )Py, denotes the row by column format.

Let C; andC, be two cycles of vertices 4. Suppdiehas vertex sefx,, x5, X3,X,} and
C, has vertex sdy,,v2,y3, ¥4} then H-merging o€, andC, having the vertex,,x, =
V1, X3, X4 = V3,¥2, ¥4} €dge set including all the edgésandC, and(x,,x4) = (y1,¥3)-
Similarly V-merging ofC; and C, having the verteXxy,X,,X3 = ¥1,X4 = V2,Y3, Y4}
edge set including all the edgésandC, and(xs,x4) = (¥1,V2)-

2. Thecardinal product of two paths
On the cardinal produat x H of two graphs G and Hu,,v,), (uy,v,) € E(GXx H) if
and only if (uy,u,) € E(G) and (v4,v,) € E(H).

Theorem 2.1. The RTCD number does not exists on the cardiradymt of two paths.
Proof: Let us prove by induction om, If m = 2, then the grid grapf,, = P,x
P,,n > 3. Forn = 3, G, 3 = P, %P3, is the union of tw®,’s which is contradiction to the
triple connected graphs. Similarly; , = P, %P,, is the union oP,'s, generallyG, , = P,
=P,, is the union oP,’s., If m = 3, then the grid grapfiz,, = P;*P,, n > 3. Forn = 3,
Gz 3 = Py3 %P3, is the union ofC, andK, ,which is contradiction to the triple connected
graphs. SimilarlyG; , = P; %P,, is the union ofC,(2P,) and C,(0, 2P,, 2P,,0), which
contradiction to the triple connected graphs isnéallyGy, , = Py, *P,, is the union of
graphs. Hence RTCD number does not exists for malrgroduct of two paths.

For instance, =P as follows,

U1e U20U21 yp,U23 U2y

3. The strong product of two paths

On the strong produ@®H of two graphs G and Huy, v4), (uy,v,) € E(G X H) if and
only if (i) (uy,uy) € E(G) and (v4,v,) € E(H) or (i) u; =u, and(vq,v,) € E(H) or
(i) v = v, and(vq,v,) € E(H)

Theorem 3.1. The RTCD number of a grid gragh,,®P,) forn > 3 is y (P,®P,) =
tc

r
3 ifn=3,4

Y oo G2n) = o2 it >5

Proof: It is obviousY (P,®P,) = 3 forn = 3,4.0n G,
rtc

(2,2)Py, (2,3)Pyy cv ere e (2,n — 1)P,, dominates all the vertices.
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Thusy (P,®P,) <n—2.1f (2,1)Py, (2,2)Py, cev v oo ,(2,n)P,, dominates then

rtc

(P,®P,) =n=n-2.Hence (P,®P,)=n-—2.
rtc rtc

Theorem 3.2. The RTCD number of a grid grajji,,®P,) forn = 2 is

B (3 ifn = 2,34
o=, Go=(,_, MR

Proof: It is obvious thaty (P;®P,) = 3 for n = 2,3,4. The possible ways for RTCD

sets arg(2,2)Py, (2,3)Py, -ov o - (2,n—1)P,] or
[(1,2)Py,, (1,3)Py, v vee oo (1,n)P,] U [(3,n)Py,, (3,n — 1)Py, ... ... (3,2)Pn] U (2,n)Py,.

If [(2,2)Py, (2,3)Py, - - (2,n — 1)P,] is a dominating set the{;l (P;®P,)) <n-—2.
rt

C
If  [(1,2)Py, (1,3)Py, oo oo. (1L,n)P,] U [(3, )Py, (3,0 — Py, ... ... (3,2)Py] U (2,0)P,
is a dominating set th%n (®P)=n—14+n—-1+1=2n—-1>=n-2.

rtc

Hencey (P;®P,) =n—2.

rtc

Theorem 3.3. The RTCD number of a grid gragh,,®P,) forn = 4 is v (P,®P,) =

rtc

(3 ifn=2,3
Y m(G‘*'n) B {Zn -4 ifn>4
Proof: It is obvious thaty (P,®P,) = 3 for n = 3,4.The possible ways for RTCD
rtc
sets are[(2,2)Py, (2,3)Pny, wov o e (2,n—1DP,]U[(3,2)P,, (3,2)Py, ... ... (3,n — 1P, ]
or
[(1,2)Py,, (1,3)Py, ... (1, n)Py ] U [(4,2) Py, (4,3) Py, .- (4,0) P ] U (2,n)Py, U (3,0)P,
If [(2,2)Pm, (2,3)Pry, e en one (2,n = 1Py U [(3,2)Pm, (3,2)Ppy, v eov v (3,n—1)P,lisa

dominating set then
(P,®P,) =n—2+n-2 < 2n—4.If (1,2)P,, (1,3)Py, ... (1,n)P,] U

rtc

[(4,2)Py, (4,3)Py, ... (4,n)P,] U (2,n)Py, U (3,n)P,, as dominating set
thenY (P,®P) =n+n+1+1=2n+22=2n-4.

rtc

Hencey (P4,®P,) = 2n — 4.

rtc

Theorem 3.4. y (Gsn) = Yree(Ps®P,) = 2n — 2.
rtc
Proof: Consider the grid grapgh®P,, each row dominates its two neighbouring rows.

Thus (n — 2) [?] rows dominate all the rows. For satisfying RTCD, se between
vertices of(Py,); and(Py), will also be in RTCD set, i.efn + 2]. Thusy.(Ps®P,) =
(n—2) [?]Hn + 2]. For the complete grid graph®P,, 2(P,) and4(P,), then
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Yrte(Ps®Py) < 2(n—2) + 2 = 2n — 2. If 1(P,) and4(P,) or2(P,) and 5(P,) as RTCD
theny(Ps®P,) = 2(n — 2) + 4 > 2n — 2.

Hence  (Gsn) = Yree(Ps®P,) = 2n — 2.
rtc
Generalizing this result for even valuesmn.e., m = 2k, for all even values ah, each

row i(P,) dominates two neighbouring rows. Thus, the RTCDiper incIude:f?], and

the merging pattern ofG,x, = GenGyn v ov vee oo Gg—1.1-

(Gan) =ntimesof (k—1) + [E] _m
¥ rtc ' 3 3

=nk-1)+ [?] . For all odd values of,
iem = 2k + 1 same as previou 14 = GynGyn o Gy e
(G ) = n times of k + Im] o
kn) = =
rtc zln 3 3

m 2k+1
=nk+[§] =nk+[ 3 ]

By combining all the above results, the merginggsatand RTCD number are tabulated
as follows.

Y

Complete GricGrapt Merging patter RTCD numbe

Gynn =3 Gzn n-—2

G3,n G2,n®G2,n n-—2

G4’n G3,n®G2,n 2n — 4

Gsn G3n®Gspn 2n—2

G6,n G3,n®G2,n®G2,n 2n

G7n G4n®Gyn 3n—2
Gakn Grn®Grn®.o. e ®Gyn n(k— 1) + E]
Gok+1n Grn®Gyn®..ovvvvveennee. ®Gkn k4 [Zk + 1]

Theorem 3.5. The RTCD number of a grid grajghy, ,, =

Z® P, forn = 3 is,

m(n + 1)
[T]'ngk
2 2
tyony (SO
(m+1)(M+2) m 3
[f—gl.m— 3k+2

Pr oof:

Casel: Ifm = 3k k > 2. Gz pcan be formed by V- merging 6 , @Gy, ®...®Gk 410
and each component is a complete grape with vertexEachi(P,)dominates its two
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neighboring rows. For satisfying the triple conmelctiomination the in between vertices
of the first and last column will also be in RTCEt.s

m
(G3kn) =ktimesof (n+ 2) — —
tc ' 3

r ZTH+D_?=ﬂ?m+2ﬂ_?
“m+2)-=
_ [rg(nﬂ)] m =33k

3
Case 2: Ifm = 3k + 1,k = 2, means one row added to the grid graph. Thus thelRTC

set is k times of (n+2)+(n+2).
m m
(G3k+1’n) =ktimesof (n+2) + (n + 2) — 3= (n+2)k+1) - 3

(m—-1) m
3 +4_§

Yl‘tC

=(n+2)[

_ I(m+2)(n+2) _m
3 3
Case 3: Ifm=3k+2,k=>2means two ro ws added to the grid graph. Thus,

@hknm)=ktmwSMTn+2)+(n+2)=(n+2Xk+1)—?

=(n+mrm;2XH4_T

3
_|m+1)(n+2) m
3 3

Yrtc

3.1. The equivalent product of two paths

On the equivalent produ€to H of two graphs G and Huq,v;), (u,,v,) € E(GOoH) if
and only if (i)(uy,u,) € E(G) and (v4,v,) € E(H) or (i) u; = u, and(v,4,v,) € E(H)
or (iii) vy = v, and(vy,v,) € E(H) (iv) (uq,u,) € E(G') and (v4,v,) € E(H")

Observation: (i)Yrtc(Pl © Pn) = Yrtc(Pn) =n,
(mrtc(PZ o Pn) = (P2® Pn) =
Y rec

rt

(3 ifn=34
Y tC(GZ'“) - {n -2 ifn>5

r

Theorem 3.1.1. The RTCD number of a grid gragh; © P,) forn = 2 is

3 ifn=2
(P3 e} Pn) = (Gg'n) =1n ifn= 3,4,5
Vree Vree n—2 ifn>6

Proof: It is obvious that (P;0P)=3ifn=2andnifn=345 and P,oP,
rtc
contains all the edges Bf®P, including some more edges.

(P;0P) < v (P2®Pn)=n—2theny (P;0P)< n—2.Let D be the

rtc rtc rt

C
dominating set and the vertex $gf) € D,i = {1,2,3}andj = {1,2,3, ... ... ,n}.
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Case li=1ori=3. The vertex sefl,j) dominateél,j— 1),(1,j),(1,j+ 1),(2,j —
1,(2,1),2,j+1),(31),(32),....(3,j — 2), ev ver o (3,n), if j=1 then (1,j —1),(2,j —
1),(3,j — 1) does not exists. Except the above mentioned esttibe remaining vertices
are dominated by the vertices are third row orwerices of I and the 2 row. For
satisfying triple connected condition, the best \gytaking the 8 row as a dominating

set.Hencey (P;oP)= n—2+3=n+12>= n-2.

rtc

Case 2i =2, the vertices dominateg— 1)th, jth, (j + 1)th vertices on(P; o P,) and
for triple connected domination sef2,2),(2,3) ...... (2,n—2). thus D has at least

n — 2 vertices. Hence (P;0P,) = n— 2. Hence (P;0P)=n-—2.
rtc rtc

Theorem 3.1.2. The RTCD number o{, (P © Py) = n,wherem > 4.

rtc

Proof: By taking the vertex sefl,j),j=1,2,....,m as a dominating set then it
dominates
(1,i—1), (1,0, 1,i+1),2,i-1),210,2i+1),31),32),...(3,i—2)
pees eee e (3,n),(41),(4,2),(4,i+1),4,i—1),(4,1),(4i+1),.........(n,1),(n, 2),
e (ni—2), (n,n)
ifi =1 then the dominating set do not inclu@gi—1),(2,i—1),(3,i—1),(4,i—
1), e veewe..(n = 1,i — 1), (n,i — 1). Hence for getting dominating¥ow and 2° row

...... and (n-1)th row will on the dominating set. hu (P, ©P,) <n. If 1* row is
rtc

taken to be a dominating set then the dominatingresst at least n. (P; ©P,) = n.
rtc

Hence (PpoPy)) =n.
rtc

4. Conclusion

In this paper, we afford the restrained triple artad domination number of cardinal,
strong and equivalent products of path graphs. ab#hors obtained the continual
exploration of Restrained triple connected domorathumber of Cartesian product of
path will be reported in the subsequent papers.
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