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1. Introduction

Ulam [27] is the pioneer for the famous stabilitsolplem in functional equations. In
1940, while he was delivering a talk before the Médatatics Club of University of
Wisconsin, he proposed a number of unsolved prabledmong those the following
guestion was concerning the stability of homomaspts:

“Let G be group ancH be a metric group with metrig(.,). Given £>0 does there

exists ad>0such that if a functions.c . 1 satisfiesd( f(xy), f(» f(y) < sfor all
X, YOG, then is there exists a homomorphismG - H with d( f(x), a(x)<e for all

x0G.?" The case of approximately additive functionsswsalved by Hyers [14] under
the assumption that G and H are Banach spacesadtfwther generalized excellent
results were obtained by number of mathematicians f 13, 15 — 26] .
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In this paper, the authors investigate generaltisolland the generalized Ulam - Hyers
stability of a mixed type additive-cubic-quartimfttional equation
1g(u+2v+ 2w)+ g(u-2v-2WH 66 g(utr 48g(2v 2w (1.1)
= 44[gu+v+ W+ g(u- v W]+12 3w 3w+ 60 (¥ v
in generalized 2-normed spaces. The functigr) = ax+ bX + cRis the solution for the
functional equation (1.1). Counterexamples for stability casesare also discussed.

2. Basic definitions on gener alized 2-normed space
Definition 2.1. [4] Let X be a linear space. A functiqm( )i Xx X = [0,0) is called a

generalized 2-normed space if it satisfies the¥alhg properties
[IMI]N(x y) = N(y, ¥ forallx,yO X,
[M2] N(Ax, y) = |[A| N(x,y) for all x,yO X and X =¢, ¢ is a real or complex
field,
[M3] N(x+Vy,2 < N(x2+ N yj}foralxy,z0O X.
The generalized 2-normed space is denoted by (,N(

Definition 2.2. [4] A sequence{x } in a generalized 2-normed space (X,N(. , .)) is
called convergent if there existxl X such that |im N(x-xy = 0 then

lim N (x,y) = N(xy forall yox.

Definition 2.3. [4] A sequence[x} in a generalized 2-normed space (X,N(. , .)) is
called Cauchy sequence if there exist two lineamtiependent elementg and z in X
such thaf N( x, Y} and{N(x, 2} are real Cauchy sequences.

Definition 2.4. [4] A generalized 2-normed space (X,N (., .)c#@led generalized 2-
Banach space if every Cauchy sequence is convergent

3. Solution for the functional equation (1.1)
In this section, the authors discuss the genetfatigo for the functional equation (1.1).
Throughout this section, let us consider U and Veaa vector spaces.

Lemma3.l Let g:U - v be an even mapping satisfying (1.1), trgens quartic.
Proof: Given g:U - V is an even mapping satisfying (1.1). Letting wsn0(1.1), we
11g(u+2v)+ g(u-2V)]+ 66 g(u+ 489(2V) (3.1)

= 44g(u+Vv)+ g(u- Y]+12 g3y+ 60V
By Lemma 2.1 of [12], we desired our result.

obtain

Lemma3.2. Let g:U - v be an odd mapping satisfying (1.1), thgris additive-cubic.
Proof: By datag:u _ v is an odd mapping satisfying (1.1). Letting w=Q(1n1), we get
(3.1). By Lemma 2.2 of [12], we desired our result
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Theorem 3.1. A mapping g:uU - Vv satisfies (1.1) for all,v,wO U if and only if there
exist a unique additive mapping:U - V, a unique cubic mappin@:UxUxU - V,
and a unique quartic symmetric multi-additive magpd: U xU xU xU - V, such that
g(uy=Au+QqQuuy+ Quuuld (3.2)
for all uDU and C is symmetric for each fixed one variable isratlditive for fixed two
variables.

Proof: By hypothesisg:u - v satisfies (1.1). Letting w=0 in (1.1), we obta$1). By
Lemma 2.3 of [12], our result is demonstrated.

3.1. Stability of the functional equation (1.1)

In this section, the authors investigate generdlizlam - Hyers stability of the functional
equation (1.1) in generalized 2-normed spacesULUs¢ generalized 2-normed space and
V be generalized 2-Banach space. Define a fungjian _. v by

Dg(u,v,wW= 1] g(u 2w 2W+ g u 2v 2WH 66 Y- 48 2w 2w
-4gu+v+wW+ glu- v W-12d3wv3W60dg ¥ )

for all u,v,wOU. Also, throughout this paper, we use the follayuotation

a(uv,w=a((uy).(vy.(wy) and|u|=|u yjforall uv,wiu andallyOuU.

Theorem 3.1.1. Letj 0{-1,1}. Let o: x® _ [0,») be a function such that

3 a(2”’u,2”’.v,2” W) converges andlim a( 2 u’zj. v.2 V\) =0 3.1.1)
= 16" n-w 16"

for allu,v,wOJU. Suppose an even functiog:U - vV with g(0)=0 satisfies the
inequality

N(Dg(u W, §) sa(uvw (3.1.2)

for all u,v,wOU andydJuU . Then there exists a unique quartic funct@ru — v such
that

© oK
JCCRCTRED) ﬁgdjv) (3.1.3)
h V)=t v, 2 ' 3).4
where g(2iv) = [122(Z'v,2 v, 0y a (0.2 ,0) @3

16"

n- o

forall vou . The mappingy(v) is defined by, N[Q(V) _ 9(2"1V), y] -o (3.15)

for all vOU and allygu.

Proof: Assumej =1. Setting(u, v, w) by (v,v,0) in (3.1.2), we get
N(-g(3v)+4g(2v)+17g(V), Y)<a (v,v,0 (3.1.6)
forall vOU and allyOuU .

From (4.6) and (M2), it is easy to verify that

N(@2g(3v)- 48g(2v)y 204 W), y)< 12 (¢ v,( (3.1.7)
for allvDU and allyJU. Replacingu = w=0in (4.2), we get
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N(70g(2v)—-12g(3v) 148f ¢),y)<a (Ov,( (3.1.8)
for allvOU and allyOuU. Combining (3.1.7) and (3.1.8) with the help of JMwe
arrive

N( 9(2v) -g(V), yj <%2[12a(\/,v,0)+a(0,v,0) (3.1.9)

for aIIvDU andyOuU.
From (3.1.9), we arrivg[g(ZV)_ 9V, yJ <B(Y .X3.0)

where g(v) ——[12a(v v,0)+a (0,v,0)for all vOU and all yOU. Replacingv by
2v and d|V|ded by 16 in (3.1.10), we have

N(g(zzv)_ 9(2y) yj py:lel) (3.1.11)
16 16 16
for all vou and allypgu . Combining (3.1.10) and (3.1.11) and using (M®),arrive

9(2°v) 9(2v)_ 9(2v) h( 92V _ 9

( w9 yjs N[ 16 16 ' y] N7 49 (3.1.12)

<+ 220
forall vou and allygu. In general for any positive integer n, we have
9(2"v) B(2"v) B(2*V) 3.1.13

N[ = o, yj<;) R (3.1.13)

for all vou and allygu. In order to prove the convergence of the seqm%g(:Z”V)},
16"

replacev by 2"v and divided byl16" in (4.13), for any m,n>0, we arrive

9(2"™) _o(2™) |_ 1 (42" o A2y 3.1.14
N[ T T T R T G I Ve (3114
for all vou and allygu. Also

N[g(zw")_g(zmv) - L [42”‘) q2). ]SZ A2 ) s . w(3115)

16™" 16" 16 G

M

~
Il

,Z

=

for all voDu and alzou .
Hence there exist two linearly independent elemgntand z in U such that

{N[Q(Z”V) y}} and {N(Q(Z"V) Zj} are real Cauchy sequences. Thus the sequence
16" ' 16"’

{M} is Cauchy sequence. Singe is complete, there exists a mappiQgu - V

such that [im N(Q( V)~ g§26nv) J Ofor all vOU and allygu. Letting n - o in
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(3.1.13) we see that (3.1.3) holds forwaliu and allygu. To proveQ satisfies (1.1),
replacing(u, v, w) by (2'u,2'v, 2‘w) and divided by16" in (3.1.2), we get

s N(Dg(2'u, 2v, 2w ,y) < (2u 2v, 2y (3.1.16) for allu,,wOu and

all you. Lettingn - o and usmg the definition ah(v) we see thaQ satisfies (1.1).
To prove Q(v) is unique, IetR(v) be another quartic mapping satisfying (1.1) and
(3.1.3), we arrive

10 =5 N0 b (2 ) 2 A

tends to 0 as n approaches infinity, forsaliu and all yOU. Hence is unique. For
j =-1, we can prove the similar stability result. Thisnpletes the proof of the theorem.

The following corollary is an immediate consequen€dheorem 3.1.1 concerning the
stability of (1.1).

Corallary 3.1.1. LetA andsbe nonnegative real numbers. If an even functjoy - Vv
satisfies the inequality

A
N(Dg(u, v, W, Y<{A{ Il uff + [Ivi+ 1w s 405 4 (3117)

ATE AW e 0o W W st or o

for all u,v,wOU and allydJU. Then there exists a unique quartic functoru - v
such that

134

330’

25) (3.1.18)
N(g(V) - AV, Y < WlHVﬁ

22|16 22]16-2° 'l vIF

for all vOU and allydJu .

Theorem 3.1.2. Let j O{-1,1}. Leta: X® - [0,») be a function such that

© nj j j j j j
a(2 u,22:jv,2‘ w) converges and lim a( u,jj V.2 W) (3.1.19)

n=0 n-e

for all u,v,wJU. Suppose an odd functio§:u — v be a function withg(0)=0

satisfies the inequalit(Dg(u, v, W), ) <a(uv W (3.1.20)

for all u,v,w OU and allyOu . Then there exists a unique additive functibry - Vv
such that
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1S (2
N(g(2)-89(u- AV, y < 3 LEY) (3.1.21)
k=1l
Where (25v) = %a(O,ZjV,OﬁTlla @8V 5y .0 (3.1.22)
forall v Ou and allyou. The mappingA(v) is defined by
im N(A(\/)—w");—nfw j:o (3.1.23)

forallv OU and allydu .
Proof: Assume j=1. Settin@, Vv, Wby (0,v,0) in (3.1.20) and using oddnessafwe

get N(48g(2v)-12g(3v)y 60g (), y)<a (Ov,( A24)
forall v OU and allygou. From (3.1.24) and (M2), it is easy verify that

14 14

it - = 3.1.25
N(llEB(48g(2V) 12g(3v)- 60g (v)), 93 11[130' O,v,C ( )
forall v ou and allygu. Replacing(u,v, w) by (2v,v,0) in (3.1.20), we get
N(11g(4v)- 569 (v 1149 (&} 104 ¢),yda (2 yv,! (3.1.26)
forallv ou and allygu . From (3.1.26) and (M2), it is easy verify that
N(lil(llg(4v)— 569 (V) 1149 (&) 104 g)),gslila (2 v, (3.1.27)

for all v Ou and allyou. Combining (3.1.25) and (3.1.27) with the help(B), we
arrive

14 1
N(g(4v)—10g(2v)+ 16 —a (0,v,0y—a (2v,v,0 3.1.28
(9(4v)~10g(2v)+ 16g(v), yE - =a (O, 0y a (,v,0] ( )
for allv Ou and allygu . Equation (3.1.28) can be rewritten as
N(9(4v)-89(2v)- 2(g(2v)- 89(V), Y= ¥ (v (3.1.29)

where y(v) :%Ba(o’v’ O)+T11a (2v,v,0)forall v DU and allyou .

Using g,(v) = g(2V)—-89g(y) , we obtain

N(g.(2v)-2g, (W), V) <y (VY (3.1.30)
for all v OU and all ygu. The rest of the proof is similar to that of Them

3.1.1.The following corollary is an immediate camsence of Theorem 3.1.2 concerning
the stability of (1.1).

Corollary 3.1.2. Let A and's be nonnegative real numbers. If an odd funcgeo - v
satisfies the inequality

A
N(Dg(u v W, Y=y A1 uft+ IIvil+ wy s Los 1 (3131

AT A e 0o W W &5 or o3
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for all u,v,w O U and allygu. Then there exists a unique additive functiaru - Vv
such that

1874
363’
i 187 1 (3.1.32)
N(g(y) - AW, Y < (363|2_2 |+ 1 2 jl/l 1R

187 1
+ A S
(363|2-25 112 2% j| v it
forall v OU andyOu
Theorem 3.1.3. Let j 0{-1,1}. Leta: X® - [0,0)be a function such that

= a(2u, 2Vv, 2 w) a(@u,2v,?2 W)=0

_ converges and lim . (3.1.33)
~ gn N oo gni
for all u,v,wOU. Suppose an odd functiog:U - v be a function withg(0)=0
satisfies the inequalit(Dg(u v, W), y) <a(u v w (3.1.34)

for all u,v,wOU and all ygu. Then there exists a unique cubic functionu - Vv
such that

Kj
N(g(2v)- 2909~ AV, Y < Z N2 (3.1.35)
J
where y(24y) is defined in (3.1.22) for all Ou. The mapping(v) is defined by
lim N(C(v)— 9(2m")gfgm v) j:o (3.1.36)

forallv Ou and allygu.
Proof: It follows from (3.1.28) that

N(g(4v)-10g(2v)+ 16g(v), Y [Ba O,v, 0)L a (2v,v,0 (3.1.37)
forall v Ou andallydu. Equatlon (3.1.37) can be rewritten as
N(9(4V)-29(2v)- 8(g(2v)- 29(V), Y= ¥ (V (3.1.38)
Wherey(v) :%H(O’V’O)Jr%la (2v,v,0)for all vou and all you. Using
9.(V) = 9(2v—-29(V), we obtain

N(g.(2v)-8g.(V), ¥) =¥ (V) (3.1.39)

for all v OU and all ylUU. The rest of the proof is similar to that of Thewor

3.1.1.The following corollary is an immediate camsence of Theorem 3.1.3 concerning
the stability of (1.1).

Corollary 3.1.3. Let A and sbe nonnegative real numbers. If an odd funcigow - v
satisfies the inequality
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A
N(Dg(u v W, Y<A{Ilull+ [Ivii+ Iyl s 3 or 5 (3140
Miultiv AW e W2 W% Wl s dor s

for all v DU and all yOu. Then there exists a unique cubic functonu - v such
that

1871
2541
187 1
N ) Y < + 1 (3.1.41)
(g - AV, Y (363|8_2| 1z 2 jl [l Vi
187 1
+ A S
(363|8-ﬁ5 112 2% j| it

for all v DU andyOu

Theorem 3.1.4. Let j O{-11}. Let a:X® - [0,) be a function satisfying (3.1.19)
and (3.1.33) for ali,v,w OU. Suppose an odd functiof:U — v be a function with
g(0) =0 satisfies the inequalities (3.1.20) and (3.1.3#)dllu,v,wOU and all yOJU .

Then there exists a unique additive functidaU - V and a unique cubic function
C:U - V such that

N(g(V - Y- Q V. ¥ sé—;zy@") 12"(2") (3.1.42)

forallv OU andallygu, wherey(v) is defmed in (3.1.22) for alt OU .

Proof: The proof follows by Theorems 3.1.2 and 3.1.3. Tdllowing corollary is an
immediate consequence of Theorem 3.1.4 concerhangtability of (1.1).

Corollary 3.14. Let A and s be nonnegative real numbers. If an odd function
g:U - V satisfies the inequality

A
N(Dg(u v w, Y<iA{llull + v+ Iwd s 1o s 1 (3143
AMlutFiv A b 0 0% el sq% or %

for all u,vywOU and all ygu. Then there exists a unique additive function

A:U - Vand a unique cubic function:u - v such that
N(g(Y-Av-ay. y
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187 187
Jh B A,
(363 2541]
187 1 4 187 11_ Alvi (3.1.44)
363|2-2 | 11| 2° ) | 363|2:8 | 1H1 8]

187 1 L 187 1 AV P
363|2-2° | 111 2* )| | 363|2%38 | 1H1*3)(]

forallv ou andallypu.

Theorem 3.1.5. Let j O{-1,1}. Let a: X® - [0,0) be a function satisfies (3.1.1) and
(3.1.19) and (3.1.33) for all,v,w DU and allygu . Suppose a functiog:U - Vv be a
function with g(0)=0 satisfies the inequalities (3.1.2), (3.1.20) aBdL.34) for all
u,v,wOU and allygu. Then there exists a unique additive funceo - v, a unique
cubic functionc:uU - v and a unique quartic functiap:U - v such that

IN

S AV- Y- 1) ¢ A@YV), ¢ BEZV), 1) 1& y(@v), 1¢& y(2v
N(g(W-AY-aQy- Qy :‘rsz{kzl +k£ @ +{ > 5 +8§j 5

_1-j 16<J 6 2k’1_j
T2 T2 2
115 yE2v) 15 vE2v) (3.1.45)
¥ G{ZK; T 8k§;j g
2 2

for all v OU and all ygu. where y(29v) and g(2Yv) are defined in (3.1.22) and
(3.1.4), respectively for alv OU .

Proof: The proof theorem by using oddness, evenness d §laeorems 3.1.1 and 3.1.4.
The following corollary is the immediate consequené Theorem 3.1.5 concerning the
stability of (1.1).

Corollary 3.15. Let A and s be nonnegative real numbers. If a function
g:U - Vsatisfies the inequality

A
N(Dg(u v W, Y A{Iluff + [Ivii+ Wyl s 1o s 1 (3146
MIlulIv AW 1 02 e el %% or 9—;

for all u,v, wd U and allygu .Then there exists a unique additive functionu -, v and
a unique cubic functio€ : U - Vv and a unique quartic functiap: u _ v such that
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N(g(M-AV-QaQVy- QY ¥

187 187 13
—+t—+— |
[363 2541 33(;

187 1 187 1 25 (3.1.47)
+ + + - + |v |f
363[2-2 | 11| 2° )| | 363|238 | 141 8) | 22|16-2 ||

187 1 187 1
+ + + + |v |
{[363|2-2S | 11]% 2% j| [ 363|238 | 11{1*?] [ 22|16‘5£ ||

forallv OU andallydOu.

IN

3.2.Counter Examples
Example3.2.1. Let a:[l - [J be a function defined by

4' <1
a(v)= s | ~ where >0 is a constant, and define a functigri[] — [
M, otherwise

oy o(y)=3. 72)

N(Dg(u ), )< Z2HEI8 ) o o] W) 321) for al Uy, WO and

y [l . Then theredoes not exist guartic mappindQ:[] — [J and a constand > 0

such tha
N(g(v)- V), y<d|{* for all X0 (3.2.2)

<1l
Example 3.2.2. Let a:[J - [ be a function defined bya(v)= M _
M, otherwise

where >0 is a constant, and define a functiong:[] - [J by

for all vOO . Theng satisfies the functional inequality

a( ):Z ( ) for all v . Theng satisfies the functional inequality

N(Dg u,VV\) y<2Zx206] +| §+| } (3.2.3) for al u,v,wIl and
yU[l . Then theredoes not exist additive mappingA:[J — [ and a constant

0 >0 such that
N(g(v)—Q(\), 3)s5||‘# for all xJO . (3.2.4)
M<1

Example 32.3. Let a:[0 - [ be a function defined bya(v):{ .
M,  otherwise

where >0 is a constant, and define a functiong:[] - [J by

= q|2"Vv
a(v)=>. ( ) for all vi0 . Then g satisfies the functional inequality
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N(Dg(u v w), ))Sw{" I+ +| \Hls} (3.2.5) for all u,v,WdJ and

y [l . Then theredoes not exist aubic mappingC :[] — [1 and a constand >0
such that

N(g(v)—Q(v), ))SJ” %3 for all 0.  (3.2.6)
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