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Abstract. In this paper, the authors investigate the solution and generalized Ulam – Hyers 
stability of a mixed type additive-cubic-quartic functional equation   
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in generalized 2-normed spaces. Counterexamples for non-stability cases are also 
discussed. 
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1. Introduction 
Ulam [27] is the pioneer for the famous stability problem in functional equations. In 
1940, while he was delivering a talk before the Mathematics Club of University of 
Wisconsin, he proposed a number of unsolved problems. Among those the following 
question was concerning the stability of homomorphisms: 
“Let G  be group and H  be a metric group with metric ( ).,.d . Given 0ε >  does there 

exists a 0δ > such that if a function :f G H→  satisfies ( )( ), ( ) ( )   d f xy f x f y δ< for all 

,x y G∈ , then is there exists a homomorphism :a G H→  with ( )( ), ( )d f x a x ε≤  for all 

x G∈ .?” The case of approximately additive functions was solved by Hyers [14] under 
the assumption that G and H are Banach spaces. It was further generalized excellent 
results were obtained by number of mathematicians [3, 5 – 13, 15 – 26] . 
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In this paper, the authors investigate general solution and the generalized Ulam - Hyers 
stability of a mixed type additive-cubic-quartic functional equation   

11[ ( 2 2 ) ( - 2 - 2 )] 66 ( ) 48 (2 2 )

  44[ ( ) ( - - )] 12 (3 3 ) 60 ( )

g u v w g u v w g u g v w

g u v w g u v w g v w g v w

+ + + + + +
= + + + + + + +

(1.1) 

in generalized 2-normed spaces. The function 3 4( )  g x ax bx cx= + + is the solution for the 
functional equation (1.1). Counterexamples for non-stability casesare also discussed. 
 
2. Basic definitions on generalized 2-normed space 
Definition 2.1. [4]   Let X be a linear space. A function ( ).,. : [0, )N X X× → ∞  is called a 

generalized 2-normed space if it satisfies the following properties 
[M1] ( , )  ( , ) N x y N y x=  for all ,x y X∈ ,  

[M2] ( , )  | |  ( , )N x y N x yλ λ=  for all ,x y X∈  and X = ,ϕ ϕ  is a real or complex 
field, 
[M3]  ( , )  ( , ) ( , )N x y z N x z N y z+ ≤ +  for all , ,x y z X∈ . 

The generalized 2-normed space is denoted by  (X,N(. , .)). 
 
Definition 2.2. [4] A sequence { }nx  in a generalized 2-normed space (X,N(. , .))  is 

called convergent if there exist x X∈  such that lim  ( , )  0n
n

N x x y
→∞

− =  then 

lim   ( , )  ( , )nn
N x y N x y

→∞
=  for all y X∈ .  

 
Definition 2.3. [4]  A sequence { }nx  in a generalized 2-normed space (X,N(. , .)) is 

called Cauchy sequence if there exist two linearly independent elements y  and z  in X 
such that { ( , )}nN x y  and { ( , )}nN x z  are real Cauchy sequences. 

 
Definition 2.4. [4]  A generalized 2-normed space (X,N (. , .)) is called generalized 2-
Banach space if every Cauchy sequence is convergent. 
 
3. Solution for the functional equation (1.1) 
In this section, the authors discuss the general solution for the functional equation (1.1). 
Throughout this section, let us consider U and V be real vector spaces. 
 
Lemma 3.1. Let  :g U V→  be an even mapping satisfying (1.1), then g  is quartic. 
Proof: Given :g U V→  is an even mapping satisfying (1.1). Letting w=0 in (1.1), we 

obtain 
11[ ( 2 ) ( -2 )] 66 ( ) 48 (2 )

 44[ ( ) ( - )] 12 (3 ) 60 ( ).

g u v g u v g u g v

g u v g u v g v g v

+ + + +
= + + + +

     (3.1) 

By Lemma 2.1 of [12], we desired our result.  
 
Lemma 3.2. Let :g U V→  be an odd mapping satisfying (1.1), then g  is additive-cubic. 
Proof: By data :g U V→  is an odd mapping satisfying (1.1). Letting w=0 in (1.1), we get 
(3.1).  By Lemma 2.2 of [12], we desired our result..   
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Theorem 3.1. A mapping :g U V→  satisfies (1.1) for all , ,u v w U∈  if and only if there 

exist a unique additive mapping :A U V→ , a unique cubic mapping :C U U U V× × → , 
and a unique quartic symmetric multi-additive mapping :Q U U U U V× × × → , such that  

( )  ( ) ( , , ) ( , , , )g u A u C u u u Q u u u u= + +                                                                            (3.2) 
for all u U∈  and C is symmetric for each fixed one variable and is additive for fixed two 
variables. 
Proof: By hypothesis, :g U V→  satisfies (1.1). Letting w=0 in (1.1), we obtain (3.1). By 
Lemma 2.3 of [12], our result is demonstrated. 
 
3.1. Stability of the functional equation (1.1) 
In this section, the authors investigate generalized Ulam - Hyers stability of the functional 
equation (1.1) in generalized 2-normed spaces. Let U be generalized 2-normed space and 
V be generalized 2-Banach space. Define a function :g U V→  by  

( , , )  11[ ( 2 2 ) ( 2 2 )] 66 ( ) 48 (2 2 )

 44[ ( ) ( )] 12 (3 3 ) 60 ( ).

Dg u v w g u v w g u v w g u g v w

g u v w g u v w g v w g v w

= + + + − − + + +
− + + + − − − + − +

 

for all  , ,u v w U∈ .  Also, throughout this paper, we use the following notation  

( ) ( ) ( ) ( )( ), , , , , , ,u v w u y v y w yα α=  and ,u u y= for all  , ,u v w U∈  and ally U∈ . 

 
Theorem 3.1.1. Let  { 1,1}j ∈ − . Let 3: [0, )Xα → ∞  be a function such that 

( ) ( )
0

2 , 2 , 2 2 , 2 , 2
  lim 0

16 16

nj nj nj nj nj nj

nj njn
n

u v w u v w
converges and

α α∞

→∞=

=∑                           (3.1.1)  

for all , ,u v w U∈ . Suppose an even function :g U V→  with (0) 0g =  satisfies the 
inequality 

( ( , , ),  ) ( , , )N Dg u v w y u v wα≤                                                                              (3.1.2)  
for all  , ,u v w U∈  andy U∈ . Then there exists a unique quartic function :Q U V→   such 
that 

( )
1

2

2
( ( ) -  ( ), ) 

16

kj

kj
j

k

v
N g v Q v y

β∞

−=

≤ ∑                                                                               (3.1.3) 

where 1
(2 ) 12 (2 ,2 ,0) (0,2 ,0)

352
kj kj kj kjv v v vβ α α = + 

                                             (3.1.4)  

for all  v U∈ .  The mapping ( )Q v  is defined by (2 )
lim  ( )  ,   0

16

nj

njn

g v
N Q v y

→∞

 
− = 

 

     (3.1.5)  

for all v U∈  and all y U∈ . 

Proof: Assume 1j = . Setting ( , , )u v w  by ( , ,0)v v  in (3.1.2), we get 

( (3 ) 4 (2 ) 17 ( ),  ) ( , ,0)N g v g v g v y v vα− + + ≤                                                          (3.1.6)  
for all v U∈  and all y U∈ . 
From (4.6) and (M2), it is easy to verify that 

(12 (3 ) 48 (2 ) 204 ( ),  ) 12 ( , ,0)N g v g v g v y v vα− − ≤                                                (3.1.7)  

for allv U∈  and ally U∈ .  Replacing 0u w= = in (4.2), we get 
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 (70 (2 ) 12 (3 ) 148 ( ),  ) (0, ,0)N g v g v f v y vα− − ≤                                        (3.1.8)  
for allv U∈  and ally U∈ . Combining (3.1.7) and (3.1.8) with the help of (M3), we 
arrive  

(2 ) 1
( ),   [12 ( , ,0) (0, ,0)]

16 352

g v
N g v y v v vα α − ≤ + 
 

                                                    (3.1.9)  

for allv U∈  and y U∈ . 

From (3.1.9), we arrive (2 )
( ),   ( )

16

g v
N g v y vβ − ≤ 
 

                                                 (3.1.10) 

where 1
( ) [12 ( , ,0) (0, ,0)]

352
v v v vβ α α= + for all v U∈  and all y U∈ .  Replacing v   by  

2v  and divided by 16 in (3.1.10), we have 
2

2

(2 ) (2 ) (2 )
,   

16 16 16

g v g v v
N y

β 
− ≤ 

 

                                                                            (3.1.11)  

for all v U∈  and all y U∈ . Combining (3.1.10) and (3.1.11)  and using (M3), we arrive 
2 2

2 2

(2 ) (2 ) (2 ) (2 )
( ),  ,   + ( ) , 

16 16 16 16

(2 )
( )

16

g v g v g v g v
N g v y N y N g v y

v
v

ββ

     − ≤ − −     
    

≤ +
                                

(3.1.12)  

for all v U∈  and all y U∈ .  In general for any positive integer n, we have 
1

0

(2 ) (2 )
( ),  

16 16

n kn

n k
k

g v v
N g v y

β−

=

 
− ≤ 

 
∑

0

(2 )

16

k

k
k

vβ∞

=

≤∑
                                                           

 (3.1.13)  

for all  v U∈  and all y U∈ .  In order to prove the convergence of the sequence (2 )

16

n

n

g v 
 
 

, 

replace v   by  2mv  and divided  by  16m  in (4.13),  for  any m,n>0, we arrive 

( ) ( ) ( ) ( ) ( )
0

2 2 2 21
, 2 , 0

16 16 16 16 16

n m m n m n m

m
n m m m n n m

k

g v g v g v v
N y N g v y as m

β+ + +∞

+ +
=

   
   − = − ≤ → → ∞
   
   

∑ (3.1.14) 

for all v U∈  and all y U∈ . Also 

( ) ( ) ( ) ( ) ( )
0

2 2 2 21
, 2 , 0

16 16 16 16 16

n m m n m n m

m
n m m m n n m

k

g v g v g v v
N z N g v z as m

β+ + +∞

+ +
=

   
   − = − ≤ → → ∞
   
   

∑ (3.1.15) 

for all v U∈  and allz U∈ . 
Hence there exist two linearly independent elements y  and z  in U  such that 

(2 )
,

16

n

n

g v
N y
   
  
   

 and (2 )
,

16

n

n

g v
N z
   
  
   

 are real Cauchy sequences. Thus the sequence 

(2 )

16

n

n

g v 
 
 

 is Cauchy sequence. Since V  is complete, there exists a mapping :Q U V→  

such that  ( ) (2 )
lim , 0

16

n

nn

g v
N Q v y

→∞

 
− = 

 
for all  v U∈  and all y U∈ . Letting n → ∞  in 
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(3.1.13) we see that (3.1.3) holds for all v U∈  and all y U∈ . To prove Q satisfies (1.1), 

replacing ( ), ,u v w  by ( )2 ,2 ,2n n nu v w  and divided by 16n  in (3.1.2), we get 

( )( ) ( )1 1
2 ,  2 ,  2 ,    2 ,  2 ,  2

16 16
n n n n n n

n n
N Dg u v w y u v wα≤  (3.1.16) for all , ,  u v w U∈  and 

all y U∈ . Letting n → ∞  and using the definition of ( )Q v  we see that Q  satisfies (1.1). 

To prove ( )Q v  is unique, let ( )R v  be another quartic mapping satisfying (1.1) and 

(3.1.3), we arrive 

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )
0

21
, 2 2 , 2 2 ,

16 16

k n

n n n n
n k n

k

v
N Q v R v y N Q v f v y N f v R v y

β +∞

+
=

− = − + − ≤∑  

tends to 0 as n approaches infinity, for all v U∈  and all y U∈ .  HenceQ  is unique. For 

1j = − , we can prove the similar stability result. This completes the proof of the theorem. 
The following corollary is an immediate consequence of Theorem 3.1.1 concerning the 
stability of (1.1). 
 
Corollary 3.1.1. Letλ  andsbe nonnegative real numbers. If an even function :g U V→  
satisfies the inequality 

{ }
{ }3 3 3

( ( , , ), ) || || || || || || ,  4  4

4 4
|| || || || || || || || || || || || ,

3 3

s s s

s s s s s s

N Dg u v w y u v w s or s

u v w u v w s or s

λ
λ

λ



≤ + + < >

 + + + < >


     (3.1.17) 

for all , ,  u v w U∈   and all y U∈ . Then there exists a unique quartic function :Q U V→   
such that    

3
3

13
,

330
25

( ( ) -  ( ),  ) || ||
22 |16 - 2 |

25
|| ||

22 |16 - 2 |

s
s

s
s

N g v Q v y v

v

λ

λ

λ






≤ 





                                                                   (3.1.18)  

for all v U∈  and all y U∈ . 
 
Theorem 3.1.2. Let  { 1,1}j ∈ − . Let 3: [0, )Xα → ∞   be a function such that 

0

(2 , 2 ,2 ) (2 ,2 ,2 )
lim 0

2 2

nj nj nj nj nj nj

nj njn
n

u v w u v w
converges and

α α∞

→∞=

=∑                  (3.1.19)  

for all  , ,  u v w U∈ . Suppose an odd function :g U V→   be a function with (0) 0g =  
satisfies the inequality ( ( , , ),  ) ( , , )N Dg u v w y u v wα≤                                        (3.1.20)  
for all , ,  u v w U∈  and all y U∈ . Then there exists a unique additive function :A U V→  
such that 
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1

2

1 (2 )
( (2 ) 8 ( ) ( ), ) 

2 2

kj

kj
j

k

v
N g v g v A v y

γ∞

−=

− − ≤ ∑                                                          (3.1.21) 

Where 14 1
(2 )  (0,2 ,0) (2 2 ,2 ,0)

33 11
kj kj kj kjv v v vγ α α= + ⋅                                         (3.1.22)  

for all   v U∈  and all y U∈ .  The mapping ( )A v  is defined by 

(2 ) 8 (2 )
lim  ( )  0

2

nj nj

njn

g v g v
N A v

→∞

 −− = 
 

                                                                   (3.1.23)  

for all  v U∈  and all y U∈ . 

Proof: Assume j=1. Setting( , , )u v w by (0, ,0)v  in (3.1.20) and using oddness ofg , we 
get  (48 (2 ) 12 (3 ) 60 ( ),  ) (0, ,0)N g v g v g v y vα− − ≤                                                  (3.1.24)  
for all   v U∈  and all y U∈ .  From (3.1.24) and (M2), it is easy verify that 

14 14
(48 (2 ) 12 (3 ) 60 ( )),  (0, ,0)

11 3 11 3
N g v g v g v y vα − − ≤ ⋅ ⋅ 

                                     (3.1.25)  

for all   v U∈  and all y U∈ . Replacing ( , , )u v w  by (2 , ,0)v v  in (3.1.20), we get 

(11 (4 ) 56 (3 ) 114 (2 ) 104 ( ),  ) (2 , ,0)N g v g v g v g v y v vα− + − ≤                              (3.1.26) 
 for all  v U∈  and all y U∈ . From (3.1.26) and (M2), it is easy verify that 

1 1
(11 (4 ) 56 (3 ) 114 (2 ) 104 ( )),  (2 , ,0)

11 11
N g v g v g v g v y v vα − + − ≤ 
 

                         (3.1.27)  

for all   v U∈  and all y U∈ . Combining (3.1.25) and (3.1.27) with the help of (M3), we 
arrive 

14 1
( (4 ) 10 (2 ) 16 ( ), ) (0, ,0) (2 , ,0) 

11 3 11
N g v g v g v y v v vα α− + ≤ +

⋅                             
(3.1.28)  

for all  v U∈  and all y U∈ . Equation (3.1.28) can be rewritten as  

( (4 ) 8 (2 ) 2( (2 ) 8 ( )), ) ( )N g v g v g v g v y vγ− − − ≤                                                     (3.1.29) 

where ( ) 14 1
(0, ,0) (2 , ,0) 

11 3 11
v v v vγ α α= +

⋅
for all  v U∈ and all y U∈ .  

Using ( ) (2 ) 8 ( )ag v g v g v= −  , we obtain 

( (2 ) - 2 ( ),  ) ( ) a aN g v g v y vγ≤                                                                             (3.1.30) 

 for all   v U∈  and all y U∈ .  The rest of the proof is similar to that of Theorem 
3.1.1.The following corollary is an immediate consequence of Theorem 3.1.2 concerning 
the stability of (1.1). 
 
Corollary 3.1.2. Let λ  and s  be nonnegative real numbers. If an odd function :g U V→  
satisfies the inequality 

{ }
{ }3 3 3

( ( , , ), ) || || || || || || ,  1  1

1 1
|| || || || || || || || || || || || ,

3 3

s s s

s s s s s s

N Dg u v w y u v w s or s

u v w u v w s or s

λ
λ

λ



≤ + + < >

 + + + < >


       (3.1.31) 
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for all , ,  u v w U∈  and all y U∈ . Then there exists a unique additive function :A U V→   
such that 

  

1

3
3 1 3

187
,

363

187 1
( ( ) -  ( ),  ) || ||

363| 2 - 2 | 11|1 2 |

187 1
|| ||

363| 2 - 2 | 11|1 2 |

s
s s

s
s s

N g v A v y v

v

λ

λ

λ

−

−




 ≤ + − 
 
 + −                                      

(3.1.32)  

for all  v U∈  andy U∈  

Theorem 3.1.3. Let  { 1,1}j ∈ − . Let 3: [0, )Xα → ∞ be a function such that 

0

(2 ,2 ,2 ) (2 ,2 ,2 )
lim 0

8 8

nj nj nj nj nj nj

nj njn
n

u v w u v w
converges and

α α∞

→∞=

=∑                  (3.1.33) 

for all , ,  u v w U∈ . Suppose an odd function :g U V→   be a function with (0) 0g =  
satisfies the inequality ( ( , , ),  ) ( , , )N Dg u v w y u v wα≤                                         (3.1.34)  
for all , ,  u v w U∈  and all y U∈ . Then there exists a unique cubic function :C U V→  
such that 

1
2

1 (2 )
( (2 ) 2 ( ) ( ), ) 

8 8

kj

kj
j

k

v
N g v g v C v y

γ∞

−=

− − ≤ ∑                                                        (3.1.35) 

where (2 )kj vγ  is defined in (3.1.22)  for all   v U∈ .  The mapping ( )C v  is defined by 

(2 ) 2 (2 )
lim  ( )  0

8

nj nj

njn

g v g v
N C v

→∞

 −− = 
 

                                                            (3.1.36)  

for all  v U∈  and all y U∈ . 
Proof: It follows from (3.1.28) that  

14 1
( (4 ) 10 (2 ) 16 ( ), ) (0, ,0) (2 , ,0) 

11 3 11
N g v g v g v y v v vα α− + ≤ +

⋅                                   
(3.1.37)  

for all   v U∈  and all y U∈ .  Equation (3.1.37) can be rewritten as  

( (4 ) 2 (2 ) 8( (2 ) 2 ( )), ) ( )N g v g v g v g v y vγ− − − ≤                                                      (3.1.38) 

Where ( ) 14 1
(0, ,0) (2 , ,0) 

11 3 11
v v v vγ α α= +

⋅
for all  v U∈  and all y U∈ . Using 

( ) (2 ) 2 ( )cg v g v g v= − , we obtain 

( (2 ) -8 ( ),  ) ( ) c cN g v g v y vγ≤                                                                            (3.1.39)  

for all  v U∈  and all y U∈ . The rest of the proof is similar to that of Theorem 
3.1.1.The following corollary is an immediate consequence of Theorem 3.1.3 concerning 
the stability of (1.1). 
 
Corollary 3.1.3. Let λ  and sbe nonnegative real numbers. If an odd function :g U V→  
satisfies the inequality 
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{ }
{ }3 3 3

( ( , , ), ) || || || || || || ,  3  3

|| || || || || || || || || || || || , 1 1

s s s

s s s s s s

N Dg u v w y u v w s or s

u v w u v w s or s
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for all  v U∈  and all y U∈ . Then there exists a unique cubic function :C U V→   such 
that 
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for all  v U∈  andy U∈ . 
 
Theorem 3.1.4.  Let  { 1,1}j ∈ − . Let 3: [0, )Xα → ∞   be a function satisfying (3.1.19) 
and (3.1.33) for all, ,  u v w U∈ . Suppose an odd function :g U V→  be a function with 

(0) 0g =  satisfies the inequalities (3.1.20) and (3.1.34) for all , ,  u v w U∈  and all y U∈ . 

Then there exists a unique additive function :A U V→ and a unique cubic function 
:C U V→  such that 
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for all  v U∈  and all y U∈ , where ( )vγ   is defined in  (3.1.22) for all  v U∈ . 
Proof: The proof follows by Theorems 3.1.2 and 3.1.3. The following corollary is an 
immediate consequence of Theorem 3.1.4 concerning the stability of (1.1). 
 
Corollary 3.1.4.  Let λ  and s  be nonnegative real numbers. If an odd function 

:g U V→  satisfies the inequality 
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     (3.1.43) 

for all , ,  u v w U∈  and all y U∈ . Then there exists a unique additive function 

:A U V→ and a unique cubic function :C U V→  such that 
( ( ) ( ) ( ),  ) N g v A v C v y− −  
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 (3.1.44) 

for all  v U∈  and all y U∈ . 

Theorem 3.1.5. Let  { 1,1}j ∈ − . Let 3: [0, )Xα → ∞  be a function satisfies (3.1.1) and 
(3.1.19) and (3.1.33) for all  , ,  u v w U∈  and all y U∈ . Suppose a function :g U V→  be a 
function with (0) 0g =  satisfies the inequalities (3.1.2), (3.1.20) and (3.1.34) for all   

, ,  u v w U∈  and all y U∈ . Then there exists a unique additive function:A U V→ , a unique 

cubic function :C U V→   and a unique quartic function :Q U V→   such that  

( )
1 1 1 1

2 2 2 2

1 (2 ) ( 2 ) 1 1 (2 ) 1 (2 )
( ) ( ) ( ) ( ),

2 16 16 6 2 2 8 8

kj kj kj kj

kj kj kj kj
j j j j

k k k k

v v v v
N g v A v C v Q v y

β β γ γ∞ ∞ ∞ ∞

− − − −= = = =

  
−  − − − ≤ + + +  

  
  

∑ ∑ ∑ ∑

 
1 1

2 2

1 1 ( 2 ) 1 ( 2 )

6 2 2 8 8

kj kj

kj kj
j j

k k

v vγ γ∞ ∞

− −= =

 
− − + + 

 
 

∑ ∑
                                                     

 (3.1.45)  

for all  v U∈  and all y U∈ . where (2 )kj vγ  and (2 )kj vβ  are defined in  (3.1.22) and 
(3.1.4), respectively for all   v U∈ . 
Proof: The proof theorem by using oddness, evenness of g and Theorems 3.1.1 and 3.1.4.  
The following corollary is the immediate consequence of Theorem 3.1.5 concerning the 
stability of (1.1). 
 
Corollary 3.1.5. Let λ  and s  be nonnegative real numbers. If a function 

:g U V→ satisfies the inequality 
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for all , ,u v w U∈  and all y U∈ .Then there exists a unique additive function :A U V→ and 
a unique cubic function :C U V→ and a unique quartic function :Q U V→  such that 
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for all  v U∈  and all y U∈ . 
 
3.2.Counter Examples 
Example 3.2.1. Let  :α →� �   be a function defined by   
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Example 3.2.3.  Let  :α →� �   be a function defined by  ( )
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