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Abstract. An intuitionistic fuzzy graph can be obtained frdmo given intuitionistic
fuzzy graphs using union and join. In this paper,discuss the total degree of a vertex in
intuitionistic fuzzy graphs formed by these opemagi in terms of the degree of vertices in
the given intuitionistic fuzzy graphs in some partar cases.
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1. Introduction

Intuitionistic Fuzzy Graph theory was introduced Bytanassov in [1]. In [4],
Karunambigai and Parvathi introduced intuitionistizzy graph as a special case of
Atanassov’s IFG. In [2], NagoorGani and Shajithay® introduced degree, order and
size in intuitionistic fuzzy graph. In [5] Radhadavijaya introduced the total degree of a
vertex in some fuzzy graphs, in [3] NagoorGani &ahman introduced the total and
middle intuitionistic fuzzy graph.In this paper @iscuss about union and join operations
of intuitionistic fuzzy graph and some propertiek inotuitionistic fuzzy graph are
introduced.

2. Preliminaries
Definition 2.1. An intuitionistic fuzzy graph (IFG) is of the forth= (V, E) where

(i) V = {vyvy, ..., vp}such tha, : V - [0,1] andv, : V - [0,1] denotes the degree of
membership and non-membership of the elenres V respectively and < u, (v;) +
v (v;) <1, for everyv; € V.
(i)E €V x Vwhereu, : VXV - [0,1] andv, : V X V - [0,1] such that
pz (v, v;) < min (H1(Ui),.u1 (Vj))
v, (vi,vj) < max (vl(vi),vl (vj))

ando < p,(v;,v;) + v (v, v;) < 1, for everf(v;, v;) € E.
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Here the triple(v;, uq;,v1;) denotes the degree of membership and non-mempesghi
the vertex;. The triple (eij,MZij,vzij) denotes the degree of membership and non-
membership of the edge relatie = (v;, v;) onV x V.

Definition 2.2. An IFG G = (V,E) is said to be regular IFG, if there is a vertexchhs
adjacent to vertices with same degrees.

Definition 2.3. Let G = (V,E) be an IFG .Then the degree of a vertex v is ddfimg
d(v)=(dy(v), dy(V)) whered,, (V)=Xp p2(v,U) andd,, (V)=Xzp v2(V,U).

Definition 2.4. Let G = (V, E) be an IFG. If §,,(v), d,(v)) = (ky, kp) for all vVl that is if

each vertex has same membership degremé same nonmembership degreth&n G
is said to be a regular intuitionistic fuzzy graph.

Definition 2.5. Let G = (V,E) be an IFG. Then the total degree of a vertékv is

defined bytd (w) = (td,, (W), td, (W)=Curv 2 (V) + 1 (W), Tuwp V2 (U, V) + v1 (1))
Hd, W+ (w), dy () + vy (W)

If each vertex of G has same membership total éggrgndsame nonmembership total

degreek,, then said to be a total regular IFG.

3. Total degree of avertexin union

Definition 3.1. Let G, : (V;,E;) andG, : (V,, E,) be two intuitionistic fuzzy graphs and
G =G, VUG, = (VL UV, E; UE,) be the union of;and G,. Then the union of IFGs

G, andG, is an IFG defined by

m (v) ifven
MU=y m @) ifvev,
p () v '(w) ifveviny,
v (v) ifveVy
(viUv (W) = vi ) ifvel,
viA vi'(v) ifver,nl,
Haij if ejj € Eq
(2 Ui, v) =3 Hai if eij € E
Haij V' Haij if ej EE;NE,
Vaij if e;j € Eq
(v2 UV, (w3, v)) = Vaij if e € Ey

Vaij N Vi, if e €E NE,
where (uq,vy)and (u,’,v,") refer the vertex membership and nonmembership
ofG,andG, respectively; (u,,v,) and (u,’,v,") refer the edge membership and
nonmembership dk;and G, respectively.

Theorem 3.1. Let Gy : (11 ,v1) and G, : (U, ,v,) be two intuitionistic fuzzy graphs,
then
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1 tdy (6, uey,) (W) = tdyg, (W); tdue, ue,) (W) = td,g, (W) andtd, g, ue,) (W) =
tdyg,(W); tdy (g, ue,) (W) = tdyg,(w), ifu € V; oru € V, but not both.
2. tdy(6, uey,) W) = tdye, (W) + tdyg, (W) — py(w) Apy'(w) and
tdye, u,) W) = tdyg, (W) + td,g, (W) —vi(w) Vvi(w),ifu € Vy NV, but no edge
incident at u lies irE; N E5.
3. tdy 6, ue,) (W) = tdye, (W) + td,e, (W) — iy WA (W) — Tuver, ne, 2 (WV) A p,'(uv) and
tdy g, ue,) (W) = tdyg, (W) + td,g, (W) — vi (W) Vvi(W) — Xuver, ng, V2 (W) Vv, (w),
ifueV;nV, and some edges incident at u ar&jm E, .
Proof: For anyu € V; UV, , we have three cases to consider.
Case 1: Eitheru € V; oru € V, but not both.
Then no edge incident at u liesApN E,
So,u,Un,’ = py(uv)ifu e vy (i.e.)ifuv € E;

= u,(uwv)ifu eV, (i.e.)ifuv € E,
Hence ifu € 1, then the total membership degree of u is

tdy(c, ue,) W) = dyuce, uey, (W) + 1 (W)

= > k) +mw
UVEE,

=dye, (W) + u(w) = tdyg, (W)
Similarly if u € V, , then the total membership degree of uds ¢, y¢,) (W) = td,g, (W)
voUvy = vo(uu)if u €V (i.e)if uv € Ey

= v,/ (uv) if u eV, (i.e)if uv € E,
Hence, ifu € V;, then the total nonmembership degree of u is
tdy(c, )W) = dyg ue,y) W) +vi(W) = Xuper, V2 () + vy (W)
=dyg, (W) + vi(w) =tdyg (W)

Similarly if u € V,, then the total nonmembership degree oftd g, y,, (W) = td,g, (W)
Case2: u € V; NV, but no edge incident at u liesih N E,.Then any edge incident at u
is either inE; or in E,but not both. Also all these edges will be included, U G,
Hence the total membership degree of u is

tdy e, ue) W) = ducG, ue,) W + (g U py" ) (W)
= D @) + D p ) + @) V'@

UVEE, UVEE,
= D k) + D k) + k) + W) =i @) A W)
UVEE, UVEE,

[Since (W) V' (W) + @ Apy'(w) = p(w) +py' (W) 1]
= D k) @+ Y ) + '@~ ) A
UveEE; UveE,
= dyg, (W) + u (W) + dyg, W + py'(W) — pug (W A py' ()
s tdy e, ue,) W) = tdug, (W) + tdye, (W) — ug (W) A py"(W)
Hence, the total nonmembership degree of u is
tdyc, ue,) W) = dyG, ue, W) + (v U ) (W)
= Z vo(uv) + Z v (wv) + vi(w) Avy'(w)

UveE, UveE,
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= > m) + ) ) + v+ w e - VW
UveE, UVEE,
[Since vi(w)Avy'(w) + viwW Vv (w) = vi(w) +v,'(w)]
= > m) + @+ ) v w) + w ) - v W)
UVEE, UVEE,
= dyg, (W) + vi(W) + dyg,) + v/ (W) — v VW)
“ by, ue,) W) = tdyg, (W) + tdyg, (W) — v (W) Vv, (W)
Case 3. u € V; NV, and some edges incident at u aré;im E, .
Any edge uv which is it; N E, appear only once ifi; U G, and for this uv,

(H2Upp Y (uv) = pp (uv)Vap'(uv)
By definition, the total membership degree of u is

tdyu e, ue,) W = dyueG, ue,) W + (g U py (W)
= > (U g + ) V' W)
UVEE

= D @t Y )+ Y )V @) + ) Vi (W)

Uv€EE; _E, Uv€eE, _E; UVEE] NE,

= D m@) Y wm) [ )k @)Vie' @)

UVEE, _E, Uve€E, _E; uv€E; NE,

Y @) AR @)] = Yk @) Ag ) + ) V'@

UVEE, NE, UvEE; NE,
L R S 15 I ST OO R S o)
UVEE; _E, UVEE, _E; UVEE; NE, Uv€EE; NE,

- ) Ak (uv)] i) + 15 ) — i () A ()

UVEE; NE,

= D ) +p+ D ) + ) — () AW

UVEE, UVEE,
= D ) Ak (wv)
UVEE; NE;
tdy (6, ue,) (W = tdyue, (W) + tdye, (W) — p WA " (W) — Z Ha (uv) A py ' (uw)
UV€EE; NE,

(v2Uv" ) (uv) = vo(uv) Av, "(uv)
The total nonmembership degree of u is
tdys, ue,) W) = dyg,ue, (W) + (v1 Uy ) (W)

- Z (v2 U Y(uw) + vi(w) Avy'(w)

uv eE
= Z v, (uv) + Z v, (uv) + Z vy (uv) Avy " (uw) + vy (w) Avy' (1)
uv €E1 _Ep uv €E; _Eq uv €E1 NEy
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= Z v, (uv) + Z vy (uv) + [ Z v, (uv) Avy '(uv)

uv €E; _E, uv €E, _Eq uv €E; NE,
+ Z vy, (uv) Vv, '(uv) 1 — Z v, (uv) Vv, '(uv)
uv €E1 NEy uv €Eq NE,

+vi(w) Avy'(w)

= Z v, (uv) + Z v, (uv) + Z vy (uv) + Z v, '(uv)

uv €E; _E; uv €E, _Eq uv €E; NE, uv €E; NE,
= D @)V, @] + v+ w0 - V@
uv €E; NE,
= D nw) + H@+ ) v W) + Vi) - @) V@
UveEE; UVEE,
- Z v, (uv) Vv, "(uv)
uv €E; NE,
tdy (G, ug,) (W) = tdyg, (W) + tdyg, (W) — v (W) Vv, (u) - z v, (W) Vv, "(u)
uv €Eq NE,
Example 3.1. Conside6; : (u1,v1) and G, : (U, ,v,) be two intuitionistic fuzzy graphs
i‘('31 4) 1@11 8)
(.2,.3 (.2,.3) (1,. (.1,.7)
wy(.3, .5) p(.5, .4) w(.1,.7) .2, .4) w(.5,.4) w(.3,.5 \(.2,.4)
G, G, G1UG;
Figure 1

In Gy tdg, (uy) = (7,1); tdg, (u3) = (.7,.7); tdg, (wy) = (5,.8).
G tdg, (uy) = (3,2.1); tdg, (v1) = (3,1.1); tdg, (wy) = (2,1.3).

GIUG;: tdg,ug, (u1) = (-8,1.7); tdg,ug, (U2) = (.7,.7); tdg,ue,(v1) = (.3,1.1);

tdg,us,(w1) = (.5,.8).

3.1. Total degreeof avertexinjoin
Definition 3.1.1.The join of two IFG<:;and G,is an IFG

G =Gy + Gy = (Vy UV, E; UE, UE") defined by
(U +m V@)= v Y) ifv eV UV,
(1 + v @) =(vy UV )(w) if v €V UV,
(M2 + 2N (Wi, vj) =(p2 U pp V(v v5) if vi,vj € E; UE,
Bi(vi) A '(v)if vy, v; €E'
(v2 + vV (Wi, vj) =(vo UV (v,v)) if v, v; EELVE,
#w((v) VvV, '(vj)if v, vj €EE’
Theorem 3.1.1. LetG, : (u1,v,) and G, : (1, ,v,) be two intuitionistic fuzzy graphs
with V; NV, = ¢.Then
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1.tdyg, ue,) (W) = tdye, (W) + Z U (W) Apy'(w), for any u € V; and
uv €E’
{6, vy (W) = tdy, ) + Y (W) Ay (), for any w €V,

uv €E’

2.tdy (6, )W) = tdyg (W) + Z vi(w) Vvy'(v), for any u € V; and
uv €E’
tdy (g, ugy W) = tdyg, (W) + Z vi(w)vv'(v), foranyu €V,
uv €E’

Proof: HereV; NV, = ¢. HenceE; NE, = ¢.
SouUpy'(uv) = py(uv) if u eV, (i.e)if uv € E;
=u,'(w)ifueVv, (i.e)if uv € E,

By definition,
yooap @ = ) (Ui )wv) + > ) Ay () + (g A YW
UVEE; UE, uv €E’
Foranyu € V; ,tdy, us,) (W) = Z Uy (uv) + Z Uy () A ' () + pg ()
UvEE, uv €E’
= dug, W+ @+ ) @) A (W)
uv €E’

tdy (6, ue,) (W) = tdyg, (W) + Yoy ep (W) A py'(v) 13)
Similarly, For any u € V/,, ,

tdy (6, ue,) (W) = tdyg, (W) + Yoy ep (W) A py '(v) 12)

viUv,'(wv) = vy(uv)ifueV,; (i.e)if uv € E;
= v, '(uv)ifuev, (ie)ifuv€E,

By definition,

tdy(G, ug,) (W) = z (v vy )(uv) + Z viWw) vv'(w) + (v VN

UVEE, UE, uv €E’
Forany u €V, ,tdy g, yg,) (W) = Z vy (uv) + Z viw) Vvy'(v) +vi(w)
UVEE; uv €E’
= dug, @ + 1@ + ) n@VHE)
uv €E’

tdy(G, ue,) (W) = tdyg, (W) + Xy epvi(W) Vv '(v) (L
Similarly, For anyu € V/, ,
tdy (6, ue,) (W) = tdyg, (W) + Xypepvi(w) Vv '(v) (3L

Theorem 3.1.2. Let G; : (44,v1) and G, : (u,,v,) be two intuitionistic fuzzy graphs
withV; NV, = ¢. Then
1wy =pq'thentdye, +6,) W) =tdys, (W) +0,(Gy),ifu €V,
= tdyg,(W) + pr (W), ifu eV,
24y =y thentdyg, 46, (W) = tdye, W)+ pyuy (W), ifu€v;
= td,g, W) +0,(G),ifuel,
vy = vy 'thentd, i, 16, (W) =td,g W) +0,(G,) ifu€el;
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= tdyg, (W) + pyvi'(W) ,ifu €,
4vi'= vy thentdy,g, +¢,)W) = tdyg, (W) + povy (W, ifu €V,
tdyg, (W) +0,(Gy),ifueV,
Proof: 1. If u; = ', From (3.1.1), for any u € V;,

{6, + ) () = g, (@) + Dy () At )

uv €E’

e, + 69 (@) = tdye, @+ Yy () Ay ()
uv €E’
= tdyg, (W) + ) 1'®)

v EV,

= tdﬂcl (u) + OM(GZ)
From (3.1.2),forany u € V, , tdy s, +¢,) (W) = tdyg, (W) + Z wy (w) Apg'(v)

uv €E’

= tdye, (W + Y 1@

ver
= tdyg, (W) + pyu'(W)
Similarly,we get
2.Foranyu € Vy ,uy' = py thentdye, +6,) W) = tdus, (W) + pay py (W)
Foranyu € V, , ;" = g thentdyg, +¢,) W) = td,g, (W) + 0,(G1)
3. Ifv; =vy,

From (3.1.3),forany u € V; , tdy g, +¢,)(W) = td,q,(w) + Z v (W) Vv ()

uv €E’
tdy(a, + 6y (@) = tdhg, @+ D ¥ @V W)
uv €E’
= tdyg, W+ Y ')
v EV,

= tdyg, (W) +0y(G2)
From (3.1.4),forany u € V;, td,(g,+¢,) (W) = td,q, (W) + Z v; (W) Vv ()

uv €E’

= tdyg, W+ ) /W
v EV;
= tdyg, (W) + pyvi'(w)
Similarly,we get
4.For any u € V1,v1 2 v; thentd,, +6,) W) = tdyg, (W) + p, vy (W
Foranyu € V,, vy = vy thentdyg, +¢,) (W) = td,g, (W) + 0,(Gy).

Example 3.1.1. Conside6 : (41 ,v1 ) and G, : (4, ,v,) be two intuitionistic fuzzy
graphs with; NV, = ¢.

239



Total Degree of a Vertex in Union and Join of Sdmtaitionistic Fuzzy Graphs

(.2,.3) y (-3, Dy (-2,-3)u (.3,.4)
(.2,.4 (.1,.8) (.2,.4 (.1,.3)
(.3,-4) (.4,.5)v (.3,.4)v  (.3,.5) ¥.4,.5)
Gl Gz Gl+ GZ
Figure2:

In Gy tdg, (wy) = (4,.7); tdg, (v1) = (.5,.8).

G: tdg,(uz) = (4,.7); tdg, (v2) = (5,.8).
GiU Gy:tdg, +6,(wq) = (:8,1.6); tdg, 1+, (u2) = (.9,1.5); tdg, 46, (v1) = (1.1,1.7);
tdg, +¢,(v2) = (1,1.8).

Theorem 3.1.3. Let G, : (41 ,v41) and G, : (up ,v,) be two intuitionistic fuzzy graphs
with V; NV, = ¢ such thatu; A p," andv; v v, are constant functions.
1. tdu(Gl +Gz)(u) = tdm;l(u) + C Py ,qu € Vl andtdu'(al +GZ)(u) = td/l.Gz (u) +
¢ p1,if u € V, where c is a constant value pf Ay,

2. tdyg, +6,) W) = tdyg, (W) + cp, ,ifu € V; andtdy g, +¢,)(W) = tdyg, (W) +
cpy, if u € Vo,where c is a constant value of v v,’.
Proof: 1. Letu; (u) Auy'(v) =c be a constant, for all € V;, andv € V,.

From (3.1.1), for any u € V3, td, g, +¢,)(W) = td,g, (W) + Z wy (u) Apy'(v)

v EV,
= tdye, (W) + Z c

v EV,
= tdue, (W) + cp,

From (3.1.2), for any u € V5, td, ¢, +¢,)(W) = td,g, (W) + Z Uy (W) A py'(v)

v EV;
= tdyg, (W) + Z c

v EV;
= td,g, w+ cp,
2.Letv; (u) Vv,'(v) =cbe aconstant, foralk € V; andv € V, .

From (3.1.3), forany u € V3, td, (¢, +¢,) (W) = td,, (0) + Z vy (W) vv,'(v)

v EV,
= tdyg, (u) + Z c

v EV,
= tdyg, (u) + cp;
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From (3.1.4),for any u € V;, tdy g, +¢,)(W) = td,g, (W) + Z v (W) v, (v)
v EV;

= tdyg,(u) + Z c
v EV;

= tdyg,(W) + cpy
5. Conclusion
In this paper, we have found the total degree dices in G; U G, andG;+G, in terms
of the total degree of vertices @ andG, under some conditions and illustrated them
through examples. They will be useful in studyiregious properties of Union and Join
of two intuitionistic fuzzy graphs.
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