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We characterize fuzzf]0g, )-right ideals using generalized fuzzy h-closure.
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1. Introduction

In 1965, Zadeh [20] introduced the concepts of yusst. Since then fuzzy sets have been
applied to many branches of mathematics. The figatibn of algebraic structures was
initiated by Rosenfeld [18], he introduced the aotiof fuzzy subgroups. The fuzzy
algebraic structure play an important role in matatcs with wide applications in
theoretical physics, computer science, control mggying, information science, coding
theory and topological spaces [7,19]. Hemiringgpesps in a natural manner, in some
applications to the theory of automata, the thadrformal languages and in computer
sciences [19]. In [9], La Torre initiated the stunfyh-ideals and k-ideals of hemirings.
The notions of “belongingness” and “quasi-coincitkEhof fuzzy points and fuzzy sets
proposed and discussed in [15,17]. Generalizingcthcept of quasi-coincident of a
fuzzy point with a fuzzy set, in [8], Jun defing@],JCq)-fuzzy sub algebras in

BCK/BCI- algebras. Mohanraj et al. characterizednisegular semirings using
intuitionistic fuzzy k-ideals in [4]. Mohanraj el. ggeneralized redefined fuzzy prime
ideals of ordered semigroups in [13]. Mohanraj Bnabu generalized fuzzy prime ideal
of hemirings [11] and redefined generalized fuzghtr h-ideals of hemirings [12]. In this

paper, we introduce the notion @fﬂi Dak)-fuzzy right and right h-ideals. We establish

necessary and sufficient conditions for a fuzzyteebe a fuzzy(i,i Dak)—right and
right h-ideal. We introduce the notion of genemdiZuzzy h-closure. We characterize

fuzzy (i,i Dak) -right ideals using generalized fuzzy h-closure.
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2. Preliminaries
By a hemiring, we mean a structuféd ,+,[) in which the following conditions are

satisfied:
(1) (H,+) is a commutative semigroup.

(2) (H,D) is a semigroup.
(3) al(b+c)=alb+alcandla+b)ic=alc+blc

(4) There i®0H such thatO[x =Xx[0 and0+Xx=x+0=Xx for all x(OH.

A non-empty subset A of a hemiring H is called B-Bemiring of H if it contains zero
and is closed with respect to the addition and iplidation. A non-empty subset | of
hemiring H is called a right (left) ideal in H if is closed under addition and
IH O 1(H O 1).Furthermore | is called an ideal of H if it istba right ideal and left

ideal in H. A right [left] ideal | of a hemiring k$ called a right [left] h-ideal ifa,bO |
and x+a+z=b+z for x,zOH imply x[O1.The h-closurea of a non-empty subset

A of a hemiring H is defined a&={xOH |x+a+z=b+ zfor somea,bdA zOH}
Definition 2.1. A mappingu: X — [0]1] is called a fuzzy set oKX .

Definition 2.2. Let wube any fuzzy set of H and let[d[0]]. The set
M ={xOH | u(x) 2t} is called a level set qfi.

Definition 2.3. A fuzzy set i of H of the form

[0 02

is said to be a fuzzy point with suppottind valuetand is denoted by, .

Definition 2.4. A fuzzy point X, is said to belong to a fuzzy sgt if p(x)>tanditis
denoted byx, U 4.

Definition 2.5. A fuzzy point X, is said to quasi-coincident with a fuzzy sat if
HU(X)+t>1 and it is denoted by O

Definition 2.6. A fuzzy point X, is said to not belong to a fuzzy setif u(x) <t and it
is denoted byx, 5/1

Definition 2.7. A fuzzy set 4 of H is said to be al(iji Da) -fuzzy right [left] ideal of
Hif (i) (x+y),Quimpliesx, O0qu or y, 000w,
(i) (xy),Ouimpliesx, D00 [y,000u] for all t O (01] and forx, yOH.
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Definition 2.8. An (i,iDa) -fuzzy right ideal is said to b@,i DE]) -fuzzy right h-
ideal of a hemiring H ifx+a+z=b+z and ximply a,00qu or bOOqu for
a,b,x,zOH.
Definition 2.9. Let 0< k <1. Then,
(i) We meanx Q u if u(x)+t+k>1.
(i) We meanx, UL u if X Uu or X.Qu.
(i) We meanx, U Lq,u if X Uy and X.q 4.
(iv) We mearx, q_k,uif H(X)+t+k<1
Definition 2.10. Let 1 andV be fuzzy sets in a hemiring H. Then the fuzzy pobad £

andV denoted byu oV is defined as follows:
O{u(y)Ov(z} if x=yz forsomey,zOH

(yov)(x):{wz

0 if 'x'cannotbeexpressibkasx = yz

Definition 2.11. A fuzzy setu of a hemiring H is said to be fuzzy right [leftigial of H if
it satisfies (i) u(x + y) = min{ u(x), u(y)} forx,yOH,

(i) p(xy) = p(x) [(xy) 2 p(y)] forx, y O H.

Definition 2.12. A fuzzy right ideal ¢ is said to be fuzzy right h-ideal of a hemiringfH
Xx+a+z=Db+ zimplies u(x) = min{ u(a), u(b)} for a,b,x,z0OH.

3. (0,00q,)-fuzzy right h-Ideals

Throughout this paper, H denotes hemiring unlelssrotise specified. Led< k <1.
Lemma 3.1. Let be a fuzzy set of a hemiring H. Then the followstgtements are
equivalent (ix+ y),uimpliesx, 00q,u or y,00q, for all t 0 (01] and forx, y O H.
(i) max{u(x+y),5E = min{u(x), u(y)} forx,yOH.

Proof: (i) = (ii) If there existx, y 0 H such thatmax{u(x + y),35< < min{u(x), u(y)},
then choose tO(5¢ )such that max{u(x+y),%} <t < min{u(x), 4(y)}. Thus
(x+y),0y, x Opand y, OuNow, t>Lk and g(x)>t>Ekandu(y) >t > Lkimply
xq.u and yq,u Therefore (x+y),Qu but x, OCqu and y, OCq,u, which is a
contradiction.

Conversely, lef(x + y)tﬁu. If t>2k then

min{z(x), u(y)} < maxfu(x +y),5% < max{t, 553 =t. Thus min{u(x), (y)} <t.
Thereforex T or y,Ou. If t<k then

min{(x), t(y)} < max{u(x+y), 1 < maxf, 5} = £ Thereforeu(x) +t+k <1
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oru(y)+t+k <1.Thusx g, 4 ory,q, 4. Hence(x+y),0u implies x, JOq, u or
y,00q, .

Lemma 3.2. Let 4 be fuzzy set of a hemiring H. Then the followirtgtesments are
equivalent(i) (xy), Juimpliesx, 001 q,  or y,00q, x for all t 0 (01] and forx, yOH.

(i) max{u(xy),15} = p(x)forx,y O H.
Proof: The proof is similar to the proof of Lemma 3.1.

Definition 3.1. A fuzzy sety of H is said to be agg,0 0 q, ) -fuzzy right [left] ideal of
Hif (i) (x+y),Quimpliesx 00q,u or y,00q, 4.
(i) (xy),Ouimpliesx,00q,u[y,00q,]for all t 0(01] and forx, yOH.

Theorem 3.1. Let i be a fuzzy set of H. Thep is a (ﬁ,iDak) -fuzzy right ideal if
and only if(i) max{u(x + y),5£} = min{u(x), u(y)}

(i) max{u(xy),%5} 2 p(x)

Proof: The proof follows from the Lemma 3.1 and 3.2.

Definition 3.2. An(0,00q,)-fuzzy right ideal is said to bé],00q, )-fuzzy right h-
ideal of a hemiring H ifx+a+z=b+z and xCuimply aO0qu or hOOgu for
a,b,x,z0OH.

Remark 3.1. If k = O,then xtﬁDak,u coincidesx, ] qu.

Lemma 3.3. Let i be fuzzy set of a hemiring H. Then the followirtgtements are
equivalent.

(i) x+a+z=b+zandx, Oy imply a00q,x or bOOq, u for a,b,x,zOH.

(i) x+a+z=b+zimpliesmax{u(x),%} = min{u(a), u(b)} for a,b,x,z0OH.

Proof: (i) = (ii) If there exista, b, x, z[J H such that

max{u(x+y),5} < min{u(a), u(b)} and x+a+z=b+z then chooset (%< 1)
such that max{u(x),5& <t <min{u(a), 4(b)}. Thus x,0Ox impliesa, O xand
b O 4. Moreover,t >L¥ implies a,q, ¢ andb,q,u. Thereforex, Oy but a, OCq, 4
andb, 0 Og, &, which is a contradiction.

Conversely, letx, Dy. If t>5 then

min{z(a), (b)} < max{u(x), 55 <t = max{, %}, Thusa, Oy or b, Oy. If

t <LK, then min{u(a), t(b)} < max{u(x),45<} < maxt, 5 =< . Thusa, g, i or

b,q, 4. Hencex, O implies a00q, 2 or b OOg, 4.
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Corollary 3.1. Let i be a fuzzy set of H. Them is a(i,i Da) -fuzzy right ideal of H
if and only if (i) max{u(x + y),05} = min{ u(x), u(y)}

(i) max{x(xy),05} = u(x)

Proof: By taking k = 0in Theorem 3.1, we get the result.

Theorem 3.2. Let i be a fuzzy set of H. Thep is a (@ Dak)-fuzzy right h-ideal if
and only if (i) max{u(x+y),:3% = min{£(X), £(y)}

(i) max{u(xy), 5 2 (x)

iy max{u(x),5} = min{u(a), 1(b)} fora,b,x,zOH.

Proof: The proof follows from the Lemma 3.1, 3.2 and 3.3.

Corollary 3.2. A (0,00 q,) -fuzzy right ideal is &0,0 0 q, ) -fuzzy right h-ideal of H
if and only if x+a+z=b+zimplies max{u(x),£} =min{u(a), u(b)} for
a,b,x,z0OH.

Proof: The Proof follows from the Lemma 3.3 and Theoreth 3

Corollary 3.3. Let i be a fuzzy set of H. Thep is a(i,i Da) fuzzy right h-ideal if

and only if(i) max{u(x + y),05} = min{ u(x), u(y)}

(i) max{u(xy),05} = u(x)

(iii) max{u(x),05} = min{ u(a), u(b)} fora,b,x,z0OH.
Proof: By taking k = 0, in Theorem 3.2, we get the result.

3.1. Generalized fuzzy right h-ideals
Definition 3.1.1. Let ¢ and A be the fuzzy sets of H. We mean that] Oq, i if

x,04 implies x J0q, 4.

Lemma 3.1.1. Let 4 and A be the fuzzy sets of H. TheA [ Dak,u if and only if
max{A(x), 5} = ().

Proof: Let A [ Dak,u. If there existsx OH such thatmax{A(x),5¢} <t < u(x), then
x0A, x, Opand t > L€ Thust > 5¢ impliesx g, . Therefore x O, 4, Which is a
contradiction.

Conversely, letx, 0. If t <, then Zk = maxft, 55 > max{A(x), 55} = u(x). Now,
Ee>p(x) and =t imply p(x)+t<il-k. Thus xquu If t>Zk  then

t =max{,5} >max{A(x), 5} > 4(X). Thus x,Ou. Therefore xOOgu Hence
ADOg 4
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Definition 3.1.2. Let 4 be the fuzzy set of H. Then fuzzy h-closuretotienoted byZl
is defined as:Z{(x) = E]b min{u(a), u(b)}. The fuzzy setu is generalized fuzzy
x+a+z=b+z

h-closed if 7 0 (g, .

Theorem 3.1.1. Every(JOq)-fuzzy right ideal i is a (JOCc,)-fuzzy right h-ideal if
and only ify [ Dakp.

Proof: Let i be a(ﬁ,ﬁDak)—fuzzy right ideal of H. Ley/ [ Dakp. By Lemma 3.1.1,
maxf(X), 5} = (X). Now x+at+z=b+zimplies

max/(X), 53 2 LX) = X+a+g:b+zmin{,cl(61), u(b)}. Thereforeu is a (ﬁiD&k)—fuzzy right
h-ideal of H.

Conversely, x+a+z=b+zimplies max{u(x),5} =2 min{u(a), u(b)}.  Thus

max{u(x), 532 0 min{u(a),u(o)} = 4(x).By Lemma 3.1.1 O Og 4

Theorem 3.1.2. Let 4 be a fuzzy set of H. Thep is a(ﬁ,ﬁDak)-fuzzy right ideal of
H if and only if 44 is a fuzzy right [left] ideal of H for alt 0 (1 1] whenever non-
empty.

Proof: Let 1 be an(d,0 Dak)—fuzzy right ideal of H. Letx, y O 44, for t O(5¢ 1]. By
Theorem 3.1, max{u(x+y), 35 = min{u(x), u(y)} =t >L£. Thus X+ Yy 4. By
Theorem3.1, max{u(x2),5} = p(x) =t. Thus Xz[ g for all XU and zOH.
Therefore/, is a fuzzy right ideal in H for all D(% 1] whenever non-empty.
Conversely, if there existx, y 0 H such thatmax{u(x+y),5<} <min{u(x), u(y)}
then choosel(LE J)such that max{u(x+y),L5 <t <min{u(x), u(y)}. Thus
X, yOu andt O (35 1] butx+ yO 4, which is a contradiction. If there exisisz 0 H

such that max{u(x2,5} <u(x) then choose sO(5¢]) such that

max{u(x2),5} <s<pu(x). Thus xOp, and sOEE]1] but xzOu,,which is a
contradiction.

Theorem 3.1.3. Let 1 be a fuzzy set of H. Thep is a (O 00q, ) -fuzzy right h-ideal of
H if and only if 44 is a fuzzy right h-ideal of H for ati] (% 1] whenever non-empty.
Proof: Let u be a(ﬁ,ﬁ Dak) -fuzzy right h-ideal of H. By Theorem 3.1.%, is a fuzzy
right ideal of H fort (3£ 1] whenever non-empty. Let+a+z=b+z and a, b0y,
t O (& 2. Thusmax{u(x), 53 = min{u(a), (b)} =t > <. Therefore x O 44, . Hence

M4 is a fuzzy right h-ideal of H for afi L] (% 1] whenever non-empty.
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Conversely, by Theorem 3.142, is a(i,iDak)—fuzzy right ideal of H. If there
exists a,b,x,z0OH such that max{u(x),55< <min{u(a), u(b)}, then choose
tO(%<) such that max{u(x),5} <t <min{u(a), #(0)}. Thus a,bO, but
XU 4, which is a contradiction. Hencg is a(i,i Dak)-fuzzy right hideal of H.

Theorem 3.1.4. Every fuzzy right h-ideal of H is éji Dak) -fuzzy right h-ideal of H.
Proof: The proof is straight forward.

Theorem 3.1.5. Every(Q00q, ) -fuzzy right h-ideal of H is 40,00q, ) -fuzzy right h-
ideal of H forr <K.

Proof: Now, r <kimplies £ >£&. Thus

maxfu(x +y),5} =2 maxf(x+y),5% = minf(x), 4(y)} and

max{ ¢(xy), 5} = max{ ¢(xy), 5} =2 p(x). Thenx+a+z =b+ zimplies
max{u(x), 557 2 max{u(x), 5} = min{ 4(a), u(b)}.

Corollary 3.1.1. Every(i,i Dak) -fuzzy right h-ideal of H is e(ﬁ,i Da) -fuzzy right h-

ideal of H.
Proof: By taking k = 0in Theorem 4.8, we get the result.

Remark 3.1.1.
(1) Every(0,00q, ) -fuzzy right h-ideal need not be afuzzy right halle

(2) Every (0,004, ) -fuzzy right h-ideal need not be(&, 0] [, ) -fuzzy right h-ideal.

(3) Every (ﬁiDak)-fuzzy right h-ideal need not be(ﬁlﬁDar)-fuzzy right h-ideal for
r >k

Example3.1.1. LetH ={0,a,b,c} be a hemiring with the Cayley table as follows:

+|0|la|bjc L |0|lalb|c
O[0ja|b]|c 0|{0j0f0O]|O
alal0|c|b a|l0|0|0|O
b|b|c|0]|a b|{O0O|la|b|cC
c|c|bjalo c|0|lalbjc

Now, we define a fuzzy s and level sets of: as follows:
0.8 if x=0
0.6 if x =a
0.4 if x=Db
0.2 if x=c

(x)=
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By Theorem 4.6,u is a (i,i Dak)—fuzzy right h-ideal of H fork = 0.2. Now,

H(@+h)=pu(c)=02% 04=p(b) = 1(a) C u(b) impliesy is not fuzzy right h-ideal of H.
Now, £(blc)=g4c)=02% 04=4()C04 Thenu is not UL, )-fuzzy right h-ideal for
k=02

By takingr = 0.3, z(a+b) 0% = u(a+b) [1035= 1(c) [1035= 0352 04 = 14b) = 1(8) C 4(b).

Thusy is noyd,0 0 q, ) -fuzzy right h-ideal forr = 0.3,
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