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Abstract. In this paper, we introduce the concept of Anntbilagraph on commutative
KS-semigroup and extend the result to union of tmomutative KS-semigroups. We
also establish the result that the union d#o Annihilator graph of any two
commutative KS-semigroups X and Y is equal ttee Annihilator graph of the
commutative KS- semigroup XY and also discuss some of its related propertie
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1. Introduction

In abstract algebra, mathematical system with dnar operation called group and two
binary operations called rings were investigated1966, Imai and Iseki [3] defined a
class of algebra called BCK-algebra. A BCK— algabraamed after the combinators B,
C and K by Carew Arthur Merideth, an Irish logiciaft the same time, Iseki [4]
introduced another class of algebra called BClelalg, which is a generalization of the
class of BCK- algebra and investigated its propsrti For the general development of
BCI/BCK —algebras, the ideal theory and graph plysmportant role. In 2006, Kyung
Ho Kim [7] introduced a new class of algebraiasture called KS-semigroup, which
also deals with a new class algebras related to-BIgKbra, called a commutative KS-
semigroup. In this paper, we introduce the concdé annihilator graph on AQX) a
commutative KS-semigroup and discussed its praserti

2. Preliminaries
Definition 2.1. [11] A BCK-algebra is a triple (X]0) where X is a non empty sefl‘is
a binary operation on X and OX is an element such that the following axioms are
satisfied.
i. x[D=x forall xOX.
i. (xXONk =(x Iy forall x, y, zO X.
iii. x<xy=x0Oz <yOzandZly <z[x forallx,y, zO X.
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iv. (x)dyk)sxOy forallx,y, zOX.
If X is a BCK-algebra, then the relatiorexy iff xOy =0 is a partial order on X, which is
called the natural ordering on X.
Example 2.2. [6]Let X = {0,a,b,c} be a set withtoperation given by Table,

L]0 a b ¢
0/l0 0O O O
ala 0 a a
b|b b 0 b
c|lc ¢c ¢ O

Then (X[J0) is a BCK-algebra.

3. Commutative KS-semigroup
Definition: 3.1. [9] A semigroup is an ordered p&8,0), where S is a nonempty set and
“[T is an associative binary operation on S.

Definition 3.2. [9] A commutative KS-semigroup is a non —empty set ¥wwo binary
operations [T and “«” and constant O satisfying the axioms;
i. (X,00)is BCK-algebra.
ii. (X,*)is semigroup.
ii. xe(ylz)=(KXeydXxez)and (X¥) ez =(xe*zy* z)x,y,zX.
iv.  xOxOy) = yiyx) Ox,yOX.

Example 3.1. [9]Let X={0,a,b,c} be a set with thél'and ‘s’ operations given by
Table,

Y O O|T
[eNeNeNolle)
O T O Ofe
O O O oO|o
L O O|w
O T O O|T
O T 9 O|0

o T o oM
o To® o|lo
o T ool

Clearly, (XJ ¢, 0) is a commutative KS-semigroup.

Definition 3.3. Let (X,[4,%,,0) and (Y[3},%,0) be any two Commutative KS-semigroups
such that X Y={0}. Define the binary operations and “*” on XY by
xOy ifx,yOX
Xy =3 X0y ifxydyY
X otherwise

xpy ifx,yOdX
Xy ={xyy ifx,yOdyY

0 otherwise
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Theorem 3.1.Let (X,,1,0) and (Y[},2,0) be a Commutative KS-semigroups such that
XnY={0} and “[T and “*” be the binary operation on(X defined as follows, for any

x,y 0O X0Oy,

xOy ifxy OX

xOy ={x[12y ifx,y OY

X otherwise

xey ifx,y OX

Xey =< xoy ifxy OdY

{0 otherwise

Then, (XY, ¢) is a Commutative KS-semigroup.

Proof: i. (X,0, *,0) is a BCK-algebra and (¥}, ,0) is a BCK-algebra.

ii. (X,*1) and (Y,s) are a semigroup.

iii. The operation « is left and right distribuéivover the operatio
(i,e) (@xe(ydz)=(xeydxe*2z)and (xXdy)ez = (x*z){y * z)x,y,z O X.
(b)xe(ydz) = (x * y)Ax * z) and (xdy)e z = (x * z){y * 2)1x,y,z O Y.

iv. Xx((x dy) = yQy Ox)0x,y O X.

For any x,y 0 XY, Define thelland « operations on[XY as follows,

xay ifxy OX

Xy =4 X3y ifxy OY
X otherwise

xey ifxy OX
xey =< xoy ifxy dvY
0 otherwise
To prove that,

i. (XOY,0O0) is a BCK-algebra.
(a) For any x(O X, Xx[D =x.For any yO Y, y[D =y.

(b) X3y = 0= either x,yOI X or x,y O Y. so, Xy = 0= (z[)dz[k) = 0

(c) Forany xO X,y O,
Case: (i) Let Z0 X
)z = ()
)k = X2
(xX32)Oy = Xz
Case: (i) LetZ1 Y
Ok = (X)L
(xXOy)Zz =Xz =X
() = Xy = x
(d) Forany xO X,y OY,
Case: (i) Let Z0 X
() Qyk)xy) = 0

(XZ) O(yLz) O(x) = (X2) ) k= (XZ) X = 0

Case: (i) LetzO Y

(XZ) O(yLz)) O(xy) = (xO(yLZ)) [k = xx =0

Hence, (XJY,0) is a BCK-algebra.
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ii. (XOY, ¢) is a semigroup.lfix,y O X or x,yd Y, then (XY, ) is a
semigroup. Let X1 X and yO'Y, then xey=00 XOY.
Also, xe(y*z) = (xsy)ez=01z OXorz OY.
O (XOY, ) is a semigroup.
iii. The operation « is left and right distribugivover the operatiori?.
For all x,y,z0 X or x,y,zO Y,
xe(yZ) = (xey)dx*z) and (Xi/)ez = (x*z){yez)d x O X and y,Z1Y.
Case: (i)
Forany xdX,yQlY,
(@) LetzOX
xe(ydz)=xey=0
(xey) d(xez) =@(x*2z) =0
Ox<(y Uz) = (x * yHx * 2)
(b) (LY) *z = x*z
(xe2)d(yz) =(x*z10=x+*2z
OxO)ez=(x*2z)1y*2)
Case: (ii)
Forany xXJX,yQlY,
(@) LetzOY
xe(yOdz)=xey=0
(xsy)d(x2) =0
Ox (yUz) = (x * yHXx * 2)
(b) ((y) z=xz=0
(xez) O(y=z) = 00(y~z) = 0
O (x0) *z = (x*2)U(y*2)
iv. xO(x0y) = yo(yx) Ox,y O X,
xOx dy) = yQy Ox)Ox,y O Y,For any x( X and yO Y,
xOx Oy) = xk= 0; yQy Ox) = yOy= 0.
Hence, (JY, e, 0) is a Commutative KS-semigroup.

Example 3.2.Let X={0,a,b,c} and Y={0,1,2,3}. Define two operatisCjand s0on
Xand3and s on Y as follows.

L]0 a b ¢ “|0 abec
0,0 O O O 0/0 0 O O
ala a a al0 a 0O
b|b 0 b b|{0O O b O
clc c O c|0O c OO

Clearly, (X,0, %, 0) is a Commutative KS-semigroup.

0
b
C
0
|0 1
0
0
2
2

2 3 |0 1 2 3
0|0 0 0 0/0 0 0O
1|1 10 110 1 0 1
2|2 0 O 2|0 0 2 2
3|3 10 3/]0 1 2 3
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Clearly, (Y,0}, , 0) is a Commutative KS-semigroup.
Let XOY ={0,a,b,c,1,2,3}. Define the two operationsnd « on XIY as follows,

rloaboci1 2 3 |0 a b ¢c 1 2 3
olo oo oo 0O 0|0 0O 0O OO OO
ala 0 a a a a a al0O a 0 0 0O OO
bl/b b 0O b bbb b|0O O b 0 0 0O
c|lc c c O c c c c|0c 0 0O O 0O
11 1 1 1 0 1 O 110 0 0 01 0 1
212 2 2 2 2 0 O 2/0 0 0 0 0 2 2
3/!3 3 3 3 2 10 3/!0 0 001 2 3

Hence, (XJY, 0 ¢, 0) is a Commutative KS-semigroup.

Definition 3.4. For any x,yOX, X is a Commutative KS-semigroup, denote
xOy=y[{y[X). Obviously, Xly is a lower bound of x and y an@ix=x, x10=00x=0.

Definition 3.5. Let (X,[J ¢, 0) be a Commutative KS-semigroup. For any X,
Define ann(a) = {xO X/xOa= 0, ad X} is called the annihilator of a.

Example 3.3.Let X={0,a,b,c} be a set with thél and « operations given by Table,
|0

C a b c « |0 a b ¢
0 |0 0 0 O 0|0 0O O O
ala 0 a O al0 a 0 a
b |[b b 0 0 b |0 0 b b
c |c b a O c |0 a b c

ann(a) = { XdX/xOa=0,d1X}
ann(0) ={0,a,b,c}; ann(a) = {0,b}; ann(b) = {0,ann(c) = {0}.

Definition 3.6. Let (X,[ ¢, 0) be a commutative KS-semigroup,
Define, Z(X)={all X /a.b = 0 for some & b [0 X} as the set of all zero divisors in X.

Remark 3.1.Note that ann(x)J X and Z(X) 0 i L ann (x).

Definition 3.7. Let (X,[ +, 0) be a commutative KS-semigroup, then theihdliator
graph denoted as AG(X) is defined as, the graph wéttex set ZX) = Z(X) — {0} and
an edge set {xy/ ¥y, x,y 0 Z'(X), ann(xZann(y)# ann(xy)}.

Theorem 3.2.Let (X,d, %,0) and (Y[3, *,0) be any two commutative KS-Semigroup
and Z(X) and Z(Y) be the set of all zero divisofsX and Y respectively, If ZX) = X—
{0} and Z'(Y) =Y—{0}. Then AG(X)0 AG(Y)= AG(XOY).
Proof: We have to prove that AG(XY) = AG(X) O AG(Y).
LetZ{X) = X-{0} and Z(Y) = Y-{0} then Z{XOY) = XOY-{0}
OV(AG(XDOY)) = V(AG(X)) O V(AG(Y)).
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To prove: E(AG(XIY)) = E(AG(X)) O E(AG(Y)).
First let us prove that there does not exist ameed]E(AG(XY) such that
xO V(AG(X)) and yO V(AG(Y)). Suppose if possible let KE(AG(XOY) such that
xO V(AG(X)) and yOV(AG(Y)).In (XO Y), O+,0), we have , ann(x) = ¥ ann(x) in X
and ann(y) = XJ ann(y) in Y.
ann(xJann(y) = (YO ann(x) in X)O (X O ann(y) in Y)= XO Y =ann(0) in XO Y.
ann(x)dann(y) = ann(xy) in XJ Y. but xyI E(AG(XOY), which is a contradiction.
Hence, that there does not exist any eddéBE{AG(XY) such that X1 V(AG(X)) and
y O V(AG(Y)).
Now, let xyd E(AG(X)) and hence, ann(XJann(y) # ann(xy) in X.
In X O Y,ann(x) = YO {ann(x) / xO X}

ann(y) = YO {ann(y) / yO X}

ann(xy) = YO {ann(xy) / x.y X}
ann(x)0ann(y) = YO {ann(x) Oann(y) / x.y1 X}
ann(x)0ann(y) # Y O {ann(xy) / x.y1 X}
ann(x)dann(y) # ann(xy) in XO Y. Therefore, xy1 E(AG(XOY)).
Let xy O E(AG(Y))

Oann(x)dann(y) # ann(xy) in Y.
In X O Y,ann(x) = XO {ann(x) / xO Y}

ann(y) = XO {ann(y) / yO Y}

ann(xy) = XO {ann(xy) / x.y Y}
ann(x)Oann(y) = XO {ann(x) Jann(y) / x.y1 Y}
ann(x)0ann(y) # X O {ann(xy) / x.y1 Y}
ann(x)dann(y) # ann(xy) in XO Y.Therefore, xy E(AG(XOY)).
Let xy 00 E(AG(XY)), then ann(xJann(y) # ann(xy) in XJY.
In XOY,ann(x) — (Y-{0}) = ann(x) in X.

ann(x) =ann(xJ (Y-{0}) in X.
ann(x) =ann(x)J Y in X.

[ann(x) Y] O [ann(y) O Y] # [ann(xy) O Y] if x,y O X (or)
[ann(x)O X] O [ann(y)O X] # [ann(xy)O X] if x,yO Y
[ann(x) Dann(y)3Y # [ann(xy) O Y] in X (or) [ann(xX)Jann(y)[2X # [ann(xy)JX] in Y
ann(x)dann(y)# ann(xy) in X or ann(x)Jann(y)# ann(xy) in Y
Hence, either xy1 E(AG(X)) or xy O E (AG(Y)).That is, xydd E(AG(X)) O E(AG(Y)).
Hence, AG(XJY) = AG(X) O AG(Y).

Example 3.4.Let X={0,a,b,c} and Y={0,1,2,3}. Define two operatid} and 4 on
Xand}, and s on Y respectively. If X) =Z(X) — {0} and Z{Y) =Z(Y) — {0}, then
AG(XOY) = AG(X) O AG(Y). Let X ={0,a,b,c} be a set with thél and * operations
given by Table,

L]0 a b ¢ “|0 a b ¢
olo o o o 0|0 O O O
al a 0 a a a 0 a 0 0
blb b 0 b b|0 0 b O
c|lc c¢c ¢ O c|0 ¢ O O
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Clearly, (X1, 1, 0) is a Commutative KS-Semigroup.

The ann(a) = {XOX/x0Oa =0, & X}.

ann(0) ={0,a,b,c} ; ann(a) = {0,b,c} ; ann(b) =,§0c} ; ann(c) = {0,a,b}.

The set of all zero divisors of X is Z(X) = {0,k

The vertex set ZX) = Z(X) — {0} = {a, b, c}.

The edge set = {xy/%¢ y, x,yd Z (X), ann(x) Dann(y)# ann(xy)}.
ann(a)dJann(b) = {0,a,b,c} = ann(ab) = ann(0) .
ann(a)dann(c) = {0,a,b,c} = ann(ac) = ann(0).
ann(b)dann(c) = {0,a,b,c} = ann(bc) = ann(0).

The annihilator graph AG(X) of X is given by Figusel

o ¢
)

a

Let Y ={0,a,b,c} be a set with thél and  operations given by Table,
1 2 3

w
.
N

| 0 2

[oNeoNeoNoelle]

0
1
2
3

[eNeoNeoNe

0
0
0
0

WN R o
W N OO
WNPEFkO

ON PO

0 0
1 0
2 0
3 3
Clearly, (Y3, %, 0) is a Commutative KS-Semigroup.

The ann(a) = {X0X/x0Oa =0, & X}.
ann(0) ={0,1,2,3} ; ann(1) = {0,3}; ann(2) = {03}; ann(3) ={0,1,2}.

The set of all zero divisors of Y is Z(Y) = {0,133,

The vertex set 7Y) = Z(Y) - {0} = {1, 2, 3}.

The edge set = {xy/¥ y, x,y 0 Z'(Y), ann(x) Dann(y)# ann(xy)}.
ann(1)dann(2) = {0,1,3}% ann(12) = ann(0) = {0,1,2,3}
ann(1)dann(3) = {0,1,2,3} ann(13) = ann(1) = {0,3}
ann(2)dann(3) = {0,1,2,3}# ann(23) =ann(2) ={0,1,3}

The annihilator graph AG(Y) of Y is given by FiguB.2
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Let (XOY,Oe,0) be a set with thél and « operations given [able,
0 a 1 3 a b 1 2 3

WNNEFPOTD O M

WNNEFPOOY O T

WNEFR,OT®» O
WNNEFP,OTOO
WNNPFPOT DO O
WNOOT® O
WOOOT YO N
ONFRPOT®» O
WNNEFPOTDO|.
OO OO0 O0o0Oo|o
oNolNolNeol ol i)
OO OOUT oo
OO OO0 O0oOOoO|n
ol ololNoelolNolNe)
ol ololelolNelNe)
WNNPFP OOOO

Clearly, (XOY,[ ¢, 0) is a Commutative KS-Semigroup.

Oann(0) = {0,a,b,c,1,2,3}; ann(a) = {0,b,c,1,2,3hra(b) = {0,a,c,1,2,3}

ann(c) ={0,a,b,1,2,3}; ann(1) = {0,3,a,b,c};annf2J0,1,3,a,b,c};ann(3) = {0,1,2,a,b,c}

The vertex set ZXOY) = Z(XOY) — {0} = {a,b,c,1, 2, 3}.

The edge set = {xy/%¢ y, x,y 0 Z (XOY), ann(x) Dann(y)# ann(xy)}.
ann(a)Jann(b) = {0,a,b,c,1,2,3} = ann(ab) = ann(0) = {8,8,1,2,3}
ann(a)dann(c) = {0,a,b,c,1,2,3} = ann(ac) = ann(0) = {B,a,1,2,3}
ann(b)dJann(c) = {0,a,b,c,1,2,3} = ann(bc) = ann(0) = {0,a,1,2,3}
ann(1)dJann(2) = {0,1,3,a,b,c} # ann(12) = ann(0) = {0,a,b,c,1,2,3}
ann(1)dJann(3) = {0,1,2,3,a,b,cy ann(13) = ann(1) = {0,3,a,b,c}
ann(2)dann(3) = {0,1,2,3,a,b,ck ann(23) = ann(2) = {0,1,3,a,b,c}
ann(a)Jann(1) = {0,a,b,c,1,2,3} = ann(al) = ann(0) = {b,q,1,2,3}
ann(a)dann(2) ={0,a,b,c,1,2,3} = ann(a2) = ann(0) = {b,a,1,2,3}
ann(a)Jann(3) = {0,a,b,c,1,2,3} = ann(a3) = ann(0) = {b,q,1,2,3}
ann(b)dann(1) = {0,a,b,c,1,2,3} = ann(bl) = ann(0) = {6,8,1,2,3}
ann(b)dann(2) = {0,a,b,c,1,2,3} = ann(b2) = ann(0) = {6,8,1,2,3}
ann(b)dann(3) = {0,a,b,c,1,2,3} = ann(b3) = ann(0) = {6,8,1,2,3}
ann(c)dann(l) ={0,a,b,c,1,2,3} = ann(cl) = ann(0) = {6,a8,1,2,3}
ann(c)dann(2) ={0,a,b,c,1,2,3} = ann(c2) = ann(0) = {6,a,1,2,3}
ann(c)dann(3) ={0,a,b,c,1,2,3} = ann(c3) = ann(0) = {0,a,1,2,3}

The annihilator graph AG(XY) of XOYis given in Figure 3.4.

2
o o 1-V
a b
o 3
C
Hence, AG(XJY) = AG(X) 0 AG(Y) .

Example 3.5.Let X={0,a,b,c} and Y={0,1,2,3}. Define two operatidjand 4 0on X

and}and son Y respectively,
Let Z{(X) =X — {0} and Z{(Y) # Y — {0}, then AG(XY) # AG(X)1 AG(Y).
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Let X ={0,a,b,c} be a set with thé&l and ¢ operations given by Table,

/0 a b c «|0 a b C
0|0 O O O 0|0 O O O
ala 0 a a al0 a 0 O
bi{b b 0 b blo 0 b 0
c|lc c ¢ O clo ¢ 0 O

Clearly, (X1, 1, 0) is a Commutative KS-Semigroup.
The ann(a) = { XX /xOa =0, &1 X}.
ann(0) ={0,a,b,c}; ann(a) = {0,b,c}; ann(b) = {Q¢d; ann(c) ={0,a,b}.
The set of all zero divisors Z(X) = {0,a,b,c}.Thertex set AX) = X — {0} = {a, b, c}.
The edge set = {xy/% y, x,y 0 Z'(X), ann(x) Dann(y)# ann(xy)}.
ann(a)dJann(b) = {0,a,b,c} = ann(ab) = ann(0) = {0,a,b,c}.
ann(a)dJann(c) = {0,a,b,c} = ann(ac) = ann(0) = {0,a,b,c}.
ann(b)dann(c) = {0,a,b,c} = ann(bc) = ann(0) = {0,a,b,c}.
The annihilator graph ofAG(X) of X is given by Figu3.5 .
° (]
a b

C
]

Let Y ={0,1,2,3} be a set with thél and « operations given by Table,

|0 1 2 3 2|0 1 23
Olo 0 0 O 0|0 O O O
111 0 1 0 110 1 0 1
212 2 0 0 2|0 0 2 2
3/3 2 1 0 3/0 1 2 3

Clearly, (Y[}, %, 0) is a Commutative KS-Semigroup.
The ann(a) = {XIX /xOa =0, &1 X}.
ann(0) ={0,1,2,3}; ann(1) = {0,2}; ann(2) = {0,1hnn(3) = {0}
The set of all zero divisors Z(Y) = {0,1,2}.The tex set Z(Y) # Y — {0}.
ZHY) ={1, 2}.
The edge set = {xy/¥ y, x,y 0 Z'(Y), ann(x) Jann(y)# ann(xy)}.
ann(1)dann(2) = {0,1,2}+ ann(12) = ann(0) ={0,1,2,3}

The annihilator graph AG(Y) of Y is given by Figuses
0

1 2
The annihilator graph of AG(X)] AG(Y) is given as Figure 3.7
0 0 ./.

a b
1 2
0

c
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Let (XOY,Oe+,0) be a set with thél and « operations given by Table,
b 1 2 0 b 1 2

WNNPFPOTD O| O
OO OOT 9L O W
NDNOOOOO

WNPFPOOOOW

WNNEFR,ROTODOO| O

WNNPFPOTD® O
WNNPFPOOD O
WNPFPOT®» O O
NNOOT DO
PORFRP,OTODO
WNEFROTD O
OO OO0 oOoOo
cNoNoNeleNJIEeI]
OO OOT OO
[cNeolNeoNoNoNeNolle)
P OPFPOOOO

Clearly, (XY, », 0) is a Commutative KS-Semigroup.
ann(0) ={0,a,b,c,1,2,3}; ann(a) = {0,b,c,1,2,3pn (b) ={0,a,c,1,2,3}
ann(c) = {0,a,b,1,2,3};ann(1) = {0,2,a,b,c}; ann2J0,1,a,b,c}; ann(3) = {0,a,b,c}.

The vertex set ZX0OY) = Z(XOY) — {0} = {a,b,c,1, 2, 3}.

The edge set = {xy/¥ y, x,yd Z' (XOY), ann(x) dann(y)# ann(xy)}.
ann(a)dann(b) = {0,a,b,c,1,2,3} = ann(ab) = ann(0) = {b,q,1,2,3}
ann(a)Jann(c) = {0,a,b,c,1,2,3} = ann(ac) = ann(0) = {B,,1,2,3}
ann(b)dJann(c) = {0,a,b,c,1,2,3} = ann(bc) = ann(0) = {0,a,1,2,3}
ann(1)dJann(2) = {0,1,2,a,b,c} # ann(12) = ann(0) ={0,a,b,c,1,2,3}
ann(1)dJann(3) = {0,2,a,b,c} = ann(13) = ann(1) =4@&,b,c}
ann(2)dann(3) = {0,1,a,b,c} = ann(23) = ann(2) =X@&,b,c}
ann(a)dann(l) ={0,a,b,c,1,2,3} = ann(al) = ann(0) = {B,a,1,2,3}
ann(a)Jann(2) = {0,a,b,c,1,2,3} = ann(a2) = ann(0) = {b,q,1,2,3}
ann(a)dann(3) = {0,a,b,c,1,2,3} = ann(a3) = ann(0) = {b,a,1,2,3}
ann(b)dann(1) = {0,a,b,c,1,2,3} = ann(bl) = ann(0) = {6,8,1,2,3}
ann(b)dann(2) = {0,a,b,c,1,2,3} = ann(b2) = ann(0) = {6,8,1,2,3}
ann(b)dann(3) = {0,a,b,c,1,2,3} = ann(b3) = ann(0) = {6,8,1,2,3}
ann(c)dann(1) ={0,a,b,c,1,2,3} = ann(cl) = ann(0) = {6,8,1,2,3}
ann(c)dann(2) ={0,a,b,c,1,2,3} = ann(c2) = ann(0) = {0,a,1,2,3}
ann(c)dann(3) ={0,a,b,c,1,2,3} = ann(c3) = ann(0) = {6,8,1,2,3}

The annihilator graph of AG[XY)) Figure 3.8

° ° ——9¢
a b 1 2

c® 39
Hence, AG(OXTY) # AG(X) [ AG(Y)
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