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Abstract. In general, the Join of two totally regular fuzgnaphs need not be a totally
regular fuzzy graph. In this paper, necessarysaffiitient conditions for the Join of two
totally regular fuzzy graphs to be totally regulader some restrictions are obtained.
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1. Introduction

A fuzzy subset of a s&t is a mapping from V to [0,1]. A fuzzy graphG is a pair of
functionsG:(o, 1) whereos is a fuzzy subset of a non empty ¥etand ¢ is a symmetric
fuzzy relation ory,satisfyingu(uv) < o (u) A o (v). The underlying crisp graph & : (o,

) is denoted byG*:(V, E) whereE € V x V. Fuzzy graph theory was introduced by
Rosenfeld in 1975. Though it is very young, it haen growing fast and has numerous
applications in various fields. During the samedtii¥eh and Bang have also introduced
various concepts in connectedness in fuzzy gradosdeson and Peng introduced the
concept of operations on fuzzy graphs.

The operations of union, join, Cartesigrmoduct and composition on two fuzzy
graphs were defined by Mordeson and Peng [2]. tBardand Vijayakumar discussed
about the complement of the operations of unidn, [@artesian product and composition
on two fuzzy graphs. The Regular property of fugegphs which are obtained from two
given fuzzy graphs using the operatiamson, join, Cartesian product and compaosition
was discussed by Nagoorgani and Radha. In oureeavbrk [9,10], we have discussed
the totally regular property of Cartesian produghd some composition of two fuzzy
graphs. In this paper we study about the TotallguRar property of the Join of two fuzzy
graphs and the number of vertices in the fuzzylgép and G, are denoted by, and
p, respectively.
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First we go through some preliminaries which caridund in [1-8].
2. Basic definitions
Definition 2.1. [7] The order of a fuzzy graphis defined by
0(6) = Z o (1)

uev

Definition 2.2. [3] LetG:(o, ) be a fuzzy graph. The degree of a vertex u is @&fined

by
do(w) = ) u(uv) = ) u(uv)

U#v UVEE

Definition 2.3. [5] Let G:(o, ) be a fuzzy graph orG*. The total degree of a vertex
u € V is defined by
tdg(u) = Z wuv) + o) = dg(w) + o(w).

Uu+v
If each vertex of G has the same total degreedk @ is said to be a totally regular fuzzy

graph of total degree k
or a k-totally regular fuzzy graph.

Definition 2.4. [2] Assume tha?; NV, = @ - The join (sum) ofz;and G, is defined as
a fuzzy graph
G=G,+Gy: (04 + 0y, +uy) on G*:(V,E) whereV="V,UV, andE =
E,UE, U E" whereE’ is the set of all edges joining vertices1gf with vertices of/, ,
with
(o7 + 0)W) =(0y U ay)W) forallu € V; UV,
=0 W) ifue
=og,(w) ifucelV,

_ (1 U pp)wv), ifuv € EjVE,
Co + 2)wv) = { o; (W) Aoy (v), if uww € E'
=y (uwv) ifueV, (i.e) ifuve€kE;
= u, (uv) ifuev, (i.e)ifuveEkE,

3. Total degree of avertex in Join
Herel;, NV, = ¢.Hence E;N E, = Q.

By definition,
tdg, +¢,(W)
= D WU + ) s @A+ (0 Ao
UVEE, UE, uv €E’
Foranyu€eV,, tdg, +g,(W) = Z u(uv) + Z o1 (W) Aay,(v) + a1 (1)

UveEE; uv €E’
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= dGl(u) + (1 (u) + ZquE'O-l (u) N O'z(v)

tdg, +,(@) = tdg, @)+ D 0 (W) Ay () 3.1)
uv €E’
Similarly,
Foranyu €V, ,tdg, 4+¢,(w) = tdg,(u) + Z o1 (W) Ao, (v) (3.2)
uv €E’

Lemma3.l. [8] Let G : (gy, 41 ) and G, : (0, ,u,) be two fuzzy graphs
1. 0, =20, then tdg 14, (W) = tdg,(u) +0(Gy), ifuel;
= tdg,(w) + py o, (W) ,if u€eV,
2. 0; =o0ythentdg 4q,(w) = tdg, (W) + pyo(w), ifuel;
= tdg,(u) +0(Gy), ifuev,

4. Totally Regular Property of the Join

If G, and G, are totally regular fuzzy graphs, thén+ G, need not be a totally regular
fuzzy graph.

ConsiderG; andG, in Fig.4.1. Hereo, = gy .

G1_ Gl Gl 4 Gl
w03 e u: (0.4) - uil.3y 0.3 us{{14)
1
02 oA 0z
. ]
w3 a4 vi(0.3) 0.3 a0y

Figure4.l:
Similarly if G; + G, is totally regular fuzzy graph the6; is totally regular fuzzy graph
andG; is not a totally regular fuzzy graph fig. 4.2.
And if G, is a totally regular fuzzy graph and G, is not a totally regular fuzzy
graph , therG; + G, is a totally regular fuzzy graph Rig. 4.3.
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Gy (z1 Gy + 6o
w04 » u {03y ug (0.4 04 us (0.5
04
g:2
b:1 02 i B
0.4
b L]
vy (0.4) va (0.3) vi{04) 0.4 w2 {03)
Figure4.2:
Gy
® ;03
01
L ] w2 (0.3) w1 (0.3)
uz (0.3

u; (0.3) 0.1 us (0:3)

Figured.3: G, + G,

In the following theorems, we obtain resagy and sufficient conditions for the
join of two fuzzy graphs to be totally regular mnse particular cases.
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Theorem 4.1. Let G; and G, be totally regular fuzzy graphs of the same degueh that
o, Ao, is constant function. The®, + G, is totally regular fuzzy graph if and only if
b1 = P2
Proof : Let G, and G, be k-totally regular fuzzy graphs.

Let(ay (W) A o,(v)) = ¢ for all u € V; and v € V, where c is a constant.
Foranyu € V; , from (4.1) ,

tdg, +6,(0) = tdg, () + ) 0,(@) Ay (¥)
uv €E’

=tdg, (w) + Z c=k+cp, (4.1)

VEV,

For anyu € V, , from (4.2) ,
tdg, +6,(W) = tde, () + ) 1@ Aoy (¥)

uv €’

= tdg,(u) + Z c=k+cp, (4.2)
VEV;
From (4.3) and (4.4)G; + G, is atotally regular fuzzy graph.
Sk+cep,=k+cpr ©p,=pg.
Hence the theorem.

Corollary 42. Let Gy : (o, 4y ) and G, : (0, ,1,) be twok-totally regular fuzzy
graphs such thaty; = o, (or o, = 0y) and 0, (or g;) is a constant function. Then
G, + G, is atotally regular fuzzy graph if and onlypf, = p;.
Proof: If o, =0, and o, is a constant function, them, Ao, =0, is a constant
function. 0, = 0; and o; is a constant function, thea; Ao, = 0; is a constant
function.

Hence the result follows from the above theorem 4.1

Theorem 4.3. Let G, and G, be two fuzzy graphs such that = p, and g, Ao, is

constant function. The@,; + G, is totally regular fuzzy graph if and only &, and G,

are both totally regular fuzzy graphs of the saegree.

Proof: Let G,and G, be two fuzzy graphs such that = p, =p (say) and
01(W)No,(v) = ¢, for all u € V; and v € V, where c is a constant.

For anyu € V; , from definition (4.1) ,

tde, +6,(W) = tdg, ) + ) 0@ Ay()

uv €E’

= tdg (u) + Z ¢ =tdg, () +cp (4.3)

VEV,

For anyw € V, , from definition (4.2)
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tde, +6,(W) = tdg,(W) + D 01 (8) Ao (W)
uv €E’
= tdg, (W) + Z ¢ = tdg, (W) + cp (4.4)
vEV;

From4.5 and 4.6,

G, + G, is atotally regular fuzzy graph.

e tdg,(u) +cp = tdg,(w) +cp

= tdg, (w) = tdg,(w) whereu €V, and w € V, are arbitrary.
HenceG, + G, is totally regular fuzzy graph if and only i, and G, are both totally
regular fuzzy graphs of the same degree.

Corollary 4.4. Let G, : (01, 41 ) and G, : (02 ,u;) be two fuzzy graphs such that
Py =DP1, 0 = 0y(0or g, = 0y) and g, (or g;) is a constant function. Theh, + G, is

a totally regular fuzzy graph if and only if;; and G, are both totally regular fuzzy
graphs of the same degree .

Proof: Proof is similar to Corollary 4.2.

Theorem 45. LetG, : (o, , 4y ) and G, : (g, ,u,) be two totally regular fuzzy graphs
such thato; = a,(or o, = 0y). If G;+ G, is a totally regular fuzzy graph, then
o, (or g;) is a constant function.

Proof: Leto; = g, and letG; be ak;- totally regular fuzzy graph, i=1,2.

For anyu € V; , from definition (4.1) ,

tde, 6, (W) = tdg, () + ) 1@ Ay (W)
uv €EE’
= tdg, (u) + Z 0, (W) = ky + 0(Gy) (4.5)
VeV,

For anyu € V, , from definition (4.2)

tde,+6,(0) = tdg,(@) + D 01 (W) Aop@)
uv €E’

= tdg, )+ ) 0 (W =l +p10; W (46)

VeV,
SinceG; + G, is totally regular fuzzy graph then

ki +0(Gy) = ky+py0,(w),foranyu €'V,

= ki—k, = po,(w)—0(G,) foranyu €V,
~ Foranyu,v €V, p1oy (u) — 0(G2) = ky — ky = pro, (v) — 0(G2)
= p102 (W) = p10z (V)
= oy (u) =0, ()
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Henceo, is a constant function.

Example 4.6. The converse of theorem 4.5 need not be trueeXample consider fig.
42. G, andG, are two totally regular fuzzy graphs such that
0, = 0y and oy is a constant function. But G; + G, is not a totally regular fuzzy
graph.

Gy
vy (0,55
011 o1
2 (0.6) u.(0.6) vy (047 0.2 v, {0.4)
u, (0.6)
01
04
04
01
22 (0.6) 4 (0.6]
o4 o4
04 A
04
]
s 0.2 p2(0.4]
v (0.4) 0.5
0.3
0
01
v:(0.5]

Figure4.4: G, + G,
Theorem 4.7. Let G; : (01, W1 ) and G, : (02 ,u,) be two fuzzy graphs of degrees
ki and k, such thato; A g, is constant function. The®, + G, is totally regular fuzzy
graph if and only ik, — k, = ¢( p; — p, ) where c is the constant valueqf A g, .

15



K. Radha and M.Vijaya
Proof: From (4.3), forany € V;

td, 6,0 = tdg, () + » WARW) = e () D¢
uv €E’
= kl + sz
From (4.4) , forany € V,

td, +6,(0) = tdg, () + ) 0@ Ay (¥)
uv €E’
= tdg, (W) + Z c=ky,+cp;
vEV)
HenceG, + G, is totally regular fuzzy grapk= k; + cp, =k, +cpy & k1 —k, =
Cp1 — CP2
& kg —ky = ¢ (p1 —p2)-

Corollary 4.8. Let Gy : (a1, 11 ) and G, : (05, uy) be two totally regular fuzzy graphs
such that; = o,(or o, = gy) and g, (or g,) is a constant function. Theéh + G, is a
totally regular fuzzy graph if and only &, — k, = ¢ (p; — p2) where c is the constant
value ofa, (or o;).

5. Conclusion

In this paper, we have showed that the Join oftat@lly regular fuzzy graphs need not
be a totally regular fuzzy graph. We have obtainecessary and sufficient condition for
the Join of two fuzzy graphs to be totally regitasome particular cases.

REFERENCES

1. J.N.Mordeson and P.S.Nakuzzy Graphs and Fuzzy HypergrapPhysica-verlag,
Heidelberg, 2000.

2. J.N.Mordeson and C.S.Peng, Operations on fuzzyhgrdpform. Sci, 79 (1994)
159-170.

3. A.NagoorGani and M.Basheer Ahamed, Order and siZie4azy graphBulletin of
Pure and Applied Science®2E (1) (2003) 145-148.

4. A.Nagoorgani and K.Radha, The degree of a vertexsome fuzzy graphs,
International Journal of Algorithms, Computing aM&thematics3 (2009) 107-117.

5. A.Nagoorgani and K.Radha, On regular fuzzy gragbsynal of Physical Sciences,
12 (2008) 33-40.

6. A.Nagoorgani and K.Radha, Regular property of tbim jof two fuzzy graphs,
Proceedings of the National Conference on Fuzzyhbtattics and Graph theory.

16



Totally Regular Property of the Join of two Fuzzsaghs

7. A.Rosenfeld, Fuzzy Graphs, In: L. A. Zadeh, K.S, Mu Shimura, Eds., Fuzzy sets
and Their Applications, Academic Press, pp. 77-2875.

8. K.Radha and M.Vijaya, The total degree of a veitexome fuzzy graphslamal
Academic Research journal: An interdisciplinary cipkissue (2014) 160-168.

9. K.Radha and M.Vijaya, Totally regular property afriesian product of two fuzzy
graphs,Jamal Academic Research Journal : An interdiscigljn special issue
(2015) 647-652.

10. K.Radha and M.Vijaya, Totally regular property ohaposition of two fuzzy graphs,

International Journal of Pure and Applied Matheinat Sciences8(1) (2015) 87-
100.

17



