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Abstract. In this paper, we defined a new fuzzy graph namgdle Layered Fuzzy
Graph (TLFG) which is an extension of DLFG andligstrated with some examples.
Further we introduced some theorems which giveréhationship between the TLFG
with the parental graph G using order, size andesegf fuzzy graphs.
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1. Introduction

Fuzzy logic has developed into a large and deepestibZadeh [18] addresses the
terminology and stresses that fuzzy graphs arenargkzation of the calculi of crisp
graphs. Several other formulations of fuzzy grapbblgems have appeared in the
literature. The first definition of fuzzy graph Waufman [16] in 1975 was based on
Zadeh's fuzzy relations. But it was Rosenfeld [{t11975 who considered fuzzy relation
on fuzzy sets and developed the theory of fuzzyphgaThe author introduced fuzzy
analogues of several graph theoretic concepts saghsubgraphs, paths and
connectedness, cliques, bridges and cut nodesDeting the same time Yeh and Bang
[12] in 1975 also introduced fuzzy graphs indematly and studied various
connectedness concepts.

The degree of a vertex in some fuzzy graphs wasustied by Nagoorgani and
Radha [6]. Nagoorgani and Malarvizhi have defindteient types of fuzzy graphs and
discussed its relationships with isomerism in fugegphs [7 - 9]. Nagoorgani and Radha
[6] introduced vertex degree in fuzzy graphs. Fuaegs and fuzzy hyper graphs are
studied in [15] and [17]. Pathinathan and Ros[itledefined Double Layered Fuzzy
graph which gives a 3 — D view to fuzzy graphsetdhey analyzed several properties in
DLFG [1-5]. In this paper a new fuzzy graph namélyple Layered Fuzzy Graph
(TLFG) is defined and is illustrated with exampbesd some properties in the form of
theorems. First we go through some of the basiaitieh if fuzzy graphs.

2. Preliminaries

Definition 2.1. [11] A fuzzy graph G is a pair of functions G;{) wherec is a fuzzy
subset of a non empty set S and p is a symmetzizyfrelation ons. The underlying

crisp graph of G, ) is denoted bz : (o , 4 )
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Definition 2.2. [13] Let G: (0, ) be a fuzzy graph, the order of G is defined as

O(G) => a(u.

Definition 2.3. [13] Let G:(o,u) be a fuzzy graph, the size of G is defined as
S(G=3 uu .

u,vav

Definition 2.4. [6] Let G: (0, ) be a fuzzy graph, the degree of a vertex u in G is
defined asd(u) = Z,u(u, V)and is denoted ad (u) .

VU
v

Definition 2.5. [14] A fuzzy graphG: (o, ) is said to be a strong fuzzy graph if
H(u,v)=oa(u)da(V) forall (u,v) ing .

Definition 2.6. [10] Let G be a fuzzy graph, the p - complement of Glénoted as
R o) dao(v)—u(uy v if =0
G*:(o*, ") whereg” Oy and p*(u, V) = ( JHo()=uu Vit uuy
0 if g(u,v)=0
3. Triple layered fuzzy graph
Let G: (0, i) be a fuzzy graph with the underlying crisp gr@h (o, i/ ). The pair
TL(G): (v, t4r,)is defined as follows. The node set®(G) beo” 04/ O 4 . The

. . o) if udo
fuzzy subset;, is defined asr;, = _ .
2u(uv) if uvd y
The fuzzy relationg4, on o’ [ 4 is defined as

H(uv) ifu v a*
,u(el ) D,u(eJ ) ifthe edgeie andJ ehave anode in common betwleem

Ky = a(ui) D,u(el) if 4 0o and IeD/J* and eaclh e is incidevith u in clockwise direction.

a(ui)I],u(el) if u Da* and IeD,u* and eacp e is inciden’tW\uI in anticlockwise directiol

0 Otherwise

By definition, £, (u,v) < o, (U) 0o, (V) forallu,ving O 4 . Here f4, is a fuzzy

relation on the fuzzy subsgy, . Hence the pailfL(G):(0y,, 14, ) is defined as Triple
Layered Fuzzy Graph (TLFG).
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Example 3.1. Consider a fuzzy grapts : (o, ) with n = 3 vertices whose crisp graph is
a cycle.

V1(0.6)

e3(0.4) e1(0.5)

V5(0.5) €2(0.3) V,(0.8)

Figure 1: Fuzzy graphG: (o, 1)
Then the triple layered fuzzy graph is given by

€3(0.4)
Q

3(0.4) 0.3 €2(0.3)

Figure 2: Triple layered fuzzy grapﬁ'L(G) (or M)

Remark 3.1. For each value of n we can get different TLFG.

4. Theoretical conceptsof TLFG
Theorem 4.1. Order TL(G) = Order(G) + 2 Size(G), where G is azfpigraph.
Proof: As the node set of TL(G) iwr O Oy and the fuzzy subsep;, on
C e e . o(u) if udo
o Ou Ou is defined agoy = ] .
2u(uv) if uvd y

Order TL(G)= > oy, (1) (by definition 2.2)

uVUEO E

= Z oy (u)+ Z o7, (U)
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=Y o(u)+2)’ u(u) (by definition of o, (u) )
ulv WE
= Order (G) + 2 Size (G).

Theorem 4.2. SizeT ( G = 3 Sizd $+ 2) u(;60u (,9whereGis a fuzzy
q,qDE
graph and, j LIN.

Proof: SizeT L( Q = z . (U Y (by definition 2.3)

u,VMJVUEUE

=D MU +23 i (@.8) D (W) + Dt (U, €

UMV g. 60 E wv,& E W VB E

(4 and y are the end node of both in clockwise and anti
clockwise direction in the third and fourth sumroatrespectively)

=size (G)+2Y H& U & ¥ > o UYu ey X o @Nu(e

el,qDE yov, g1 E yDViE E
=size (G)+2). u& VU § ¥ Y 1 €¥ Y 1 €)
q.0E & E B E

Since in the third and fourth summation, we anesatering only one vertex in
each edge either clockwise and anticlockwise doecits membership value is less than
the value of the vertices.

SizeT L[ G =size (G)+2) u @Xu (¥ 2size(G

e.qUE

=3size (G)+2) pud€ Pu é

q,qDE
Theorem 4.3. |E;, (G)| =3|E(G) + 2| E(L(G)) .

Proof: Each edge in G is replaced by a two new vertexLifGJ. The pair of adjacent
edges in G contributes two new edges in TL(G) aagh edge in G is neighbourhood of
two vertices both in clockwise and anticlockwiseedtion. Also the vertex which are
adjacent in G is also adjacent in TL(G).

Thus, we havéE;, (G)|=3|E(G)+ 2 (no of pairwise adjacent edgasd’)
=3E(G)| + 2E(L(G)).

Theorem 4.4. If G is a strong fuzzy graph then TL(G) is alsdramsg fuzzy graph.

Proof: By definition 2.5, we haveu(u, V) = a(u) Do (V)for all (u,v) in 4 .

Assume G is a strong fuzzy graph. We need to pid¥6&) is a strong graph. Consider
an edge (u,v) in TL(G). Then
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W) ifu Mo
y(el) Dp(e] ) ifthe edgei e antJ:l ehave a node in common betifveam

it a(ul) D,u((?) if W 0 and iel],cf and eacih e isincideith u in clockwise direction.

a(uI)D,u((?) ifuI 0 and IeD,J and eaclhe is incidentmla't in anticlockwise directic
Case i: It is trivial from our assumption that G is a stgo graph. Thus
4(u,v) =o(u)da(\V) for all (u,v) in L, .
Caseii: If f (u,v)=p(e)0u(eg) andifu = g, v=e U U are adjacent in G
then 1, (u,v) = o, (§) Ooy, (€) (by the definition oty )
Caseiii: If & (u,v)=0(y)Ou(e) and each;as incident to pin clockwise direction
in G'. Then

U (U, V) =0y (u) Doy () (by the definition obry, )
Case iv: If 4, (u,v)=o(y)Uu(e) and each eis incident to single ;uin
anticlockwise direction in G Then

Uy (u,v) =0 (u)Uoy (&) (by the definition otry, )

Hence if G is a strong fuzzy graph, by case i, iii, and iv; we have
L (U, V) = 07, (U) Doy, (W for all (u,v) ingg, -

Theorem 4.5. Let G be a fuzzy graph then
de(u) + (0(u)0u(8)) + @ (U )Ou(e) if Lo’
bW =9S ye)Du(e) + @ (w)Ou(e) if U0y

q0y

Proof: By definition 2.4, we havel, (u) = z,u( u, v)

VZ£U
vV

Casei: Let udo , then
Ari ) (U) = X Hn (U ) + i (U, §) + 4t (Y, £) where wand y are the end

vio

nodes of g

=2 HUV) +(@W)0HE)) + O (4 )Iu @)

(*-"in the first summation the vertices which are agljgén G is also adjacent in TLFG)
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=ds(u)+(a(u)Du(e)) + (o (uy )0 ()
Caseii: Let udy/ , then
(W= 2 Hn(e 8) +1n (w @ = > H(90u(@+o W )IH (8

.04 .04
Remark 4.1. If G is a strong fuzzy graph then the p - complenwénL(G) is isolated
vertices. Thugd, (U) =0 for alluin o’ Uy .

5. Conclusion

The triple layered fuzzy graph (TLFG) is definedamsextension of DLFG. In this paper
the TLFG is defined and some of its relationshiphvwthe parental graph whose crisp
graph is a cycle is studied. Further work can beedm develop multi layered fuzzy
graph and its application in networking.
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