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1. Introduction 
One of the famous problems in fuzzy subgroup theory is to find the number of fuzzy 
subgroups of dihedral group. Some authors discussed the case of cyclic groups and finite 
Abelian group [1-3, 8-9]. In [10] Tărnăuceanu obtain formula for the fuzzy subgroups of 
dihedral group ��� and ����  which was verified by Dabari, Saeedi and Farrokhi in [6]. 

In our earlier work [7], we have determined the number of subgroups of a finite abelian 
group of rank two. In this present paper, we establish a recurrence relation for the number 
of distinct fuzzy subgroups of dihedral group �����  and solve this recurrence relation 

by using the concept which was already used by Tărnăuceanu and Bentea [2].  

2. Preliminaries  
Let X be a fixed non-empty set. A  Fuzzy Sets  � on X is a function from � to [0,1]. A 
fuzzy subset � of a group G is called a fuzzy subgroup of G if  

(i) ��	
� �  min ���	�, ��
�� � 	, 
 � � 
(ii) ��	��� � ��	� � 	 � � 

Clearly, ���� � max ����. For each � � �0,1!, the level subset corresponding to � is 
defined as  �" � �	 � �: ��	� � ���4! . A fuzzy subset � is a fuzzy subgroup of G if and 
only if its level subsets are subgroups of G [5].  
                  Let ~ be the natural equivalence relation on the set of all fuzzy subsets of G. 
Then �~& iff (��	� ' ��
� (  &�	� ' &�
� �	, 
 � ��. By the above equivalence 
relation, the fuzzy subgroups of G can be classified up to equivalence classes in such a 
way that two fuzzy subgroups � )*+ & of G are distinct if � , & . Suppose that G is a 



Amit Sehgal, Sarita Sehgal and P.K. Sharma 

52 

 

finite group and �: � - �0,1! is a fuzzy subgroup of G. Let ���� � ���, �., �/, . . , �1� 
and assume that �� ' �. '. . . ' �1. Then � provides the following chain of subgroups of 
G ending with G  

         �"2 3 �"4 3 �"5 3 6 3 �"� � �                                                             (1) 
Then for any 	 � � and 7 � 1,2,3, … , *, we have ��	� � �;  ( 	 � �"< = �"<>2 with the 
assumption that �"? � @. According to Volf [11], a necessary and sufficient condition for 
two fuzzy subgroups of G to be equivalent with respect to ~  is that they are same level 
fuzzy subgroups, that is, they determine the same chain of subgroups of type (1). Hence, 
there exists a bisection between the equivalence classes of fuzzy subgroups of G and the 
set of chains of subgroups of the group G, which end in G.  If AB  denotes the number of 
all distinct fuzzy subgroups of G, then AB   is the number of chains of subgroups of length 
one of G ending in G plus the number  of chains of subgroups of length more than one of the 
group G, which end in G.  AB � 1 C ∑ AEEFB    AB � 1 C ∑ �AE G *E�H;IJ;1KJ E�LIM�B� ,                                                                            (2)  
where Iso(9) is the set of representative classes of subgroups of G and nH denotes the size 
of the isomorphism class with representative H.                                                       
                                                                  
3. Dihedral group  
The group �1 is known as Dihedral group of order 2n, this group is generated by two 
elements: a rotation y of order n and a reflection x of order 2. Under these notations, we 
have, �1 �N 	, 
|	. � 1, 
1 � 1, 	
 � 
��	 '. 
 
Theorem 3.1. [12] Every subgroup of �1 is cyclic or dihedral.  A complete list of 
subgroups is as follows:-  

(i) Cyclic subgroups N 
H ' , where d|n 
(ii) Dihedral subgroups  N 
H , 	
; ', where d|n and 0 P 7 P + = 1  

Here cyclic subgroup N 
H '  ~Q1/H and N 
H , 	
; ' ~�1/H . As follows form 
Theorem 3.1, we have following results: 

Theorem 3.2. Number of subgroups of group STU are VW       ~XTY  Z[\]\ Y � ^, U_____TU�Y ~STY  Z[\]\ Y � ^, U_____̀   

Theorem 3.3. Number of subgroups of group STabU are 

c W       ~XTYbd  Z[\]\ Y � ^, a______ eUf d � ^, U_____
TabU
TYbd  ~STYbd  Z[\]\ Y � ^, a______ eUf d � ^, U_____ ̀

Now we contract recurrence relations for number of fuzzy subgroups of group Q���� ,���  )*+ �����.  

Theorem 3.4. The number of all distinct fuzzy subgroups of STabU is 

ga
W�T hi∑ jkal mkanoa mblnoTanW = gkanWl mkanoa m C∞engpnlnoqU
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Tkal mka�Wnoa�W mr �=W�lnpnWgpnobp senpe,p t s�b C g = W�bW�T�te =∑ jkal mkanoa mblnoTanW = gkanWl mkanoa m C∞engpnlnoqU�W Tkal mka�Wnoa�W mr �=W�lnpnWgpnobpnW senpe,p t s�b C g = W�bW�T�teuv  

4. Construction of recurrence relations  
Theorem 4.1.  If wkXTabUm denotes number of fuzzy subgroups of group XTabU, then 
we can establish relation as  wkXTabUm = gwkXTabU>Wm = gwkXTa>WbUm C gw�XTa>WbU>W� � ^.    
Proof:   We know that, the  number of subgroups of group XTabU which are isomorphic 

to group XTlb[ is 1 for 0 P x P * )*+ 0 P y P z  

By using (2), we have A�Q����� � 1 C ∑ ∑ A�Q�{�|�1��}q~��q~ C ∑ A�Q�{�������q~           (3)                                                                                               

Change n into n-1 in (3), we get  A�Q����>2� � 1 C ∑ ∑ A�Q�{�|�1�.}q~��q~ C ∑ A�Q�{��>2�����q~                                         (4)                                                     

From (3) and (4), we get  

 A�Q����� = 2A�Q����>2� � ∑ A�Q�{��>2�����q~                                                              (5)                                                                                                 

Change m into m-1 in (5), we get  A�Q��>2��� = 2A�Q��>2��>2� � ∑ A�Q�{��>2���.�q~                                                        (6)                                                  

From (5) and (6), we get  

 AkQ����m = 2AkQ����>2m = 2AkQ��>2��m C 2A�Q��>2��>2� � 0                              (7) 

 
Theorem 4.2. If wkSTam denotes number of fuzzy subgroups of groupSTa, then we 
can establish relation as  wkSTam = gTwkSTa>Wm � gwkXTam = gTwkXTa>Wm    
Proof: By using (2) and Theorem 3.2, we have  Ak���m � 1 C ∑ AsQ�<t1;q~ C ∑ �1�;As��<t1��;q~                                                             (8) AkQ��m � 1 C ∑ AsQ�<t1��;q~                                                                                              (9)                                                                                                                

(8)-(9), we get  Ak���m = 2AkQ��m � ∑ �1�;As��<t1��;q~                                                                       (10)                                                                                                 

Change n to n-1 in (10), we get  Ak���>2m = 2AkQ��>2m � ∑ �1�;��As��<t1�.;q~                                                             (11) 

(10)-p (11), we get Ak���m = 2�Ak���>2m � 2AkQ��m = 2�AkQ��>2m                                                      (12)                                                 

Theorem 4.3.  If wkSTabUm denotes number of fuzzy subgroups of groupSTabU , then 
we can establish relation as  wkSTabUm = gbwkSTabU>Wm = gTwkSTa>WbUm C gTbwkSTa>WbU>Wm� gwkXTabUm = gbwkXTabU>Wm = gTwkXTa>WbUm C gTbwkXTa>WbU>Wm. 
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Proof: By using (2) and Theorem 3.2, we have  Ak�����m �1 C ∑ ∑ AsQ�<��t1�q~�;q~ C ∑ ∑ ���;�1��As��<��t1�q~���;q~ C ∑ �1��As����� t1���q~    (13) AkQ����m � 1 C ∑ ∑ AsQ�<��t1�q~���;q~ C ∑ AsQ����t1���q~                                             (14)                                                  

 
(13)-(14), we get  Ak�����m = 2AkQ����m � ∑ ∑ ���;�1��As��<��t1�q~���;q~ C ∑ �1��As�����t1���q~    

                                                                                                                                         (15)                                                                                                  
Change n to n-1 in (15), we get  Ak�����>2m = 2AkQ����>2m �∑ ∑ ���;�1����As��<��t1���q~���;q~ C ∑ �1����As�����t1�.�q~                                        (16)      

(15)-q (16), we get Ak�����m = 2AkQ����m = 2�Ak�����>2m C 2�AkQ����>2m � ∑ ���;As��<��t���;q~      

                                                                                                                                         (17)                                                 
Change m to m-1 in (17), we get  Ak���>2��m = 2AkQ��>2��m = 2�Ak���>2��>2m C 2�AkQ��>2��>2m �∑ �����;As��<��t��.;q~                                                                                                    (18) 

 
(17)-p(18), we get  Ak�����m = 2AkQ����m = 2�Ak�����>2m C 2�AkQ����>2m = 2�Ak���>2��m C2�AkQ��>2��m C 2��Ak���>2��>2m = 2��AkQ��>2��>2m � 0  Ak�����m = 2�Ak�����>2m = 2�Ak���>2��m C 2��Ak���>2��>2m � 2AkQ����m =2�AkQ����>2m = 2�AkQ��>2��m C 2��AkQ��>2��>2m                                                 (19)                                     
Now we find solution of these recurrence relations which satisfies required initial 
condition.  
 
5. Solution of recurrence relation  
Multiply both sides of (19) by 	1  and summation n from 1 to ∞, we get   ∑ Ak�����m∞1q� 	1 = 2� ∑ Ak�����>2m∞1q� 	1 = 2� ∑ Ak���>2��m∞1q� 	1 C2�� ∑ Ak���>2��>2m∞1q� 	1 � 2 ∑ AkQ����m∞1q� 	1 = 2� ∑ AkQ����>2m∞1q� 	1 =2� ∑ AkQ��>2��m∞1q� 	1 C 2�� ∑ AkQ��>2��>2m∞1q� 	1  

Take ∑ Ak�����m∞1q~ 	1 � �� and   ∑ AkQ����m∞1q~ 	1 � ��, we get  ��� = Ak���m� = 2�	�� = 2������ = Ak���>2m� C 2��	���� � 2��� =AkQ��m� = 2�	�� = 2������ = AkQ��>2m� C 2��	����  �1 = 2�	��� = 2��1 = �	����� = sAk���m = 2�Ak���>2mt � �2 = 2�	��� =2��1 = �	����� = 2�AkQ��m = �AkQ��>2m!.  
 

Use the concept AkQ��m � 2� in above equation, we get   
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�1 = 2�	��� = 2��1 = �	����� = �2��2 = ��� � �2 = 2�	��� = 2��1 =�	����� = 2�2� = �2���! �1 = 2�	��� = 2��1 = �	����� � �2 = 2�	��� = 2��1 = �	�����                                                                              (20) 
 
Now we find value ��, multiply both sides of (8) by 	1  and summation n from 1 to ∞, 
we get 

 ��� = AkQ��m� = 2	�� = 2����� = AkQ��>2m� C 2	���� � 0  ���1 = 2	� = �����2 = 2	� � AkQ��m = 2AkQ��>2m � 2� = 2� � 0  �� = �.�.�����.�� ���� � 0.                                                                         
 

The general solution of above equation is �� � ��.�.���.���  

We know that AkQ�?��m � 21   

Then �~ � ∑ 21∞1q~ 	1 � ���.�  

Hence, �� � ���.� �.�.���.��� 

Put the value of ��, we get  �2 = 2�	��� = 2��1 = �	����� � s.�.���.�t� s�������.�.���n.������.������� t  

Hence, (20) becomes �1 = 2�	��� = 2��1 = �	����� � s.�.���.�t� s�������.�.���n.������.������� t 

Then �� = .����������.��� ���� � s.�.���.�t� s�������.�.���n.������.����������.��� t                                        (21) 

 C.F of the recurrence relation ��� is ��.����������.��� ��    

P.I of the recurrence relation (21) is  � s.�.���.�t�
 

Now we find B  � s.�.���.�t� = .����������.��� � s.�.���.�t��� � s.�.���.�t� s�������.�.���n.������.����������.��� t  

��1 = ����������.�����.�������� ! � s�������.�.���n.������.����������.��� t  

� � s �������.�.���n.������.������n���n.����.���n�.��.����4�t  

 
Then, the general solution of (21) is �� � ��.����������.��� �� C s �������.�.���n.������.������n����.���n.���n�.��.����4�t s.�.���.�t�

        

Put m=0 in ∑ Ak���m∞1q~ 	1 � �~   �~ � ∑ .�����2n��.����∞1q~ 	1 � ���� i ���.�� C ��.��.�u � i .���������.������.��u  
Put m=0 in (10), we get  �~ � � C s �������.�.���n.������.������n����.�n��n.���n�.��.����4�t  

Hence     i .���������.������.��u � � C s �������.�.���n.������.���������n.�����.���n�.��.����4t  
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� � i �������������.�������n����.���n.���n�.��.����4�u  
Hence     �� �i �������������.�������n����.���n.���n�.��.����4�u �.����������.��� �� C
s �������.�.���n.������.������n����.���n.���n�.��.����4�t s.�.���.�t�

 

�� � .�����������n����.���n.���n�.��.����4� �=��n� �������
���.�����2 C 2 s �����.�t�n� = � s �����.�t��  �� �.���������� i∑ jk�� mk�nJ� m��nJ��n� = 2k�n�� mk�nJ� m C∞�n�n�nJq~�k�� mk���nJ��� mr �=1��n�n�2�nJ�� s�n��,� t s�� C 2 = �������t� 	�nJn�n.�u  

But �� � ∑ Ak�����m∞1q~ 	1 , Hence Ak�����m � �����7�7�*� �� 	1 7* �� Ak�����m �
.�

��� hi∑ jk�� mk�nJ� m��nJ��n� = 2k�n�� mk�nJ� m C∞�n.�n�nJq1
�k�� mk���nJ��� mr �=1��n�n�2�nJ�� s�n��,� t s�� C 2 = �������t� =∑ jk�� mk�nJ� m��nJ��n� = 2k�n�� mk�nJ� m C∞�n.�n�nJq1�� 
�k�� mk���nJ��� mr �=1��n�n�2�nJ��n� s�n��,� t s�� C 2 = �������t�uv                                   (22)                                                                                                                                     

 
Corollary [6, 10].  The number of all distinct fuzzy subgroups of STabW is ga
�T�W�g j�a C g�Tangb = �a C ��TanWb C gTang = TanW C �a C g�Tg =��a C ��T C �ga C ��! 
Proof.  Put n=1 in equation (22), we get desired result.   
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