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1. Introduction
In 1996, Dontchev [5] introduced contra continudusction. Dontchev, Ganster and
Reily[6] introduced a new class of function calledjular set connected function. Jaffri
and Noiri [10] introduced and studied a new form fahction called contra pre
continuous function. Many researchers have stuaiieBre-continuous functions , almost
contra pre-continuous functions on pre-topologishces in [7],[8],[11],[15-18] and
strong forms of continuous functions, called supemtinuous functions are studied in
[20-22].In this paper, we introduce and study almoentracdg continuous function.
Moreover, we obtain basic properties and presematieorems of almost contrdy
continuous function and relationship between alngostracdy continuity ancig regular
graphs. Throughout this paper tX,and (Y©) denote topological spaces where no
separation axioms are assumed unless otherwissl sfEtey are simply denoted by X
and Y.

In a topological space X, the interior of A ané ttlosure of A are respectively
denoted by int A and cl A.

2. Preliminaries

Definition 2.1. Let A be a subset of a topological space X. Thes #aid to be
1) pre open if Adint cl A and pre closed if cl intlB A[12]

2) regular open if A =int cl A and regular closéd = cl int A [12]

3) semi open if Ad cl int A and semi closed if int cl Al A [12]

4) o open if AQint ¢l int A anda closed if cl int ¢l AO A [19]
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5) B open (semi pre open) if A cl int ¢l A andp closed (semi pre closed ) if int cl int A
OA[2]
6) b openif ADlint cl A O cl int A and b closed if int cl A& clint AO A [1].

Definition 2.2. Let A be a subset of a topological space X. Thas gaid to be
1) g closed if cl AO U whenever A0 U and U is open[13]

2) sg closed if scl Al U whenever AJ U and U is semi open [4]

3) gs closed if scl A1 U whenever AJ U and U is open [3]

4) w closed if cl A U whenever AJ U and U is semi open [24]

5) g closed if ¢l AQ U whenever A0 U and U is g open [12]

6) gp closed if pcl AJ U whenever AJ U and U is g open [25]

7) pg closed if pcl A1 U whenever AJ U and U is pre open[14]
8) gp closed if pcl A1 U whenever AJU and U is open [14]

9) sgb closed if bcl Al U whenever A0 U and U is semi open [9].

Definition 2.3. Let A be a subset of a topological X. Then A igl¢aibedoy closed if int
clint AOU whenever A1U and U is open [23].

The complements of the respective closed setsdreXespective open sets in X.
The union of twaig closed sets need not dig closed.
The intersection of tway closed sets need not tig closed.

Definition 2.4. A function f: X - Y is said to be

1) almost contra pre continuous if(¥) is pre closed in X for every regular open sebl
Y.

2) almost contra semi continuous T(¥) is semi closed in X for every regular open et
of Y.

3) almost contra g continuous ifls;\/) is g closed in X for every regular open setf\Wo

4) almost contra sg continuous Tf(V) is sg closed in X for every regular open saif\y.

5) almost contra gs continuous T(¥) is gs closed in X for every regular open setf\.

6) almost contra w continuous itgVv) is w closed in X for every regular open setfWo

7) almost contra gcontinuous if #(V) is g closed in X for every regular open set V of Y.

8) almost contra @ continuous if #(V) is gp closed in X for every regular open set V of
Y.

9) almost contra pg continuous if‘() is pg closed in X for every regular open sebf\y.

10) almost contra gp continuous if(l/) is gp closed in X for every regular open sedf\.

11) almost contra b continuous it@V) is b closed in X for every regular open setf\o

12) almost continuous sgb continuous¥) is sgb closed in X for every regular open set V
of Y.

3. Almost Contra oy Continuous Functions.
In this section, we define almost contg continuous function and discuss some of its
properties.

Definition 3.1. A function f: (Xg) — (Y,0) is called almost contréy continuous if f
Y(V) is oy closed in (X) for every regular open set V in @,
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Example 3.2. Let X =Y = {a,b,c} witht = {@{a},{a,b}.{a,c}, X}
o = {¢fa}{b}{a,b},Y}.

Define f: (%) - (Y,0) by f(a) = c, f(b) = b, f(c) = a. Clearly f is atrst contra
ag continuous

Theorem 3.3. If . X - Y is contradg continuous, then it is almost contedy
continuous.
Proof : The proof is obvious, as every regular open sepén set.

The converse of the above theorem need not beambée seen from the following
example.

Example3.4. Let X=Y ={a,b,c},7 ={@{a},{b}.{a,b},X}

o ={o@{a}.{a,b}{a,c},X}. Define f: (X, 1) - (Y,0) by f(a) = b, f(b) = a, f(c) =c
f is almost contraiy continuous but not contedy continuous asf({a,b}) = {a,b} is not
ag closed in X.

Theorem 3.5.
i) Every almost contra pre continuous function is athumntrasg continuous.
i) Every almost contra semi continuous function isaahtontraig continuous.
iiiy Every almost contra g continuous function is alnuasttracy continuous.
iv) Every almost contra sg continuous function is alncostrady continuous.
v) Every almost contra gs continuous function is alngostracdy continuous.
vi) Every almost contrev continuous function is almost conifg continuous.
vii) Every almost contra gontinuous function is almost contfg continuous.
viii) Every almost contra’g continuous function is almost contfg continuous.
ix) Every almost contra pg continuous function is alncositracy continuous.
x) Every almost contra gp continuous function is alincositracg continuous.
xi) Every almost contra b continuous function is alnomsttracy continuous .
xii) Every almost contra sgb continuous function is @noontraig continuous.

Proof : The proof directly follows from the definition afmost contraig continuous

function.

The converse of the above results need not be danebe seen from the following
examples.

Example 3.6. Let X=Y = {a,b,c},7 = {@,{a},{a,b},X}

o = {@{a},{b},a,b},X}. Definef: (X,1) - (Y,0) byf(a)=b, f(b)=a, f(c)=b

f is almost contraig continuous but not almost contra pre continugusemi continuous
as f'({b}) = {a,c} is not pre closed or semi closed.

Example3.7. Let X = Y = {a,b,c}. Letr ando be as above.

Define f: (Xg) - (Y,0) by f(a) =c, f(b) = b, f(c) = a

f is almost contraly continuous but not almost contra g continuous'@b}) = {b} is
not g closed.
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Example 3.8. Let X = Y = {a,b,c}. Letr ando be as above.

Define f: (Xg) - (Y,0) by f(a) =b, f(b) =a, f(c) =b

f is almost contraiy continuous but not almost contra sg continuoudg(s}) = {a,c} is
not sg closed.

Example 3.9. Let X =Y = {a,b,c}. Lett ando be as above.

Define f: (Xg) - (Y,0) by f(a) = b, f(b) =a, f(c) =b

f is almost contraly continuous but not almost contra gs continuoudg(@s}) = {a,c} is
not gs closed.

Example 3.10. Let X=Y = {a,b,c},t = {@{a,b},X}

Let o be as above. Define f: @,- (Y,0) by f(a) =b, f(b) = a, f(c) =c

f is almost contraly continuous but not almost contra w continuoug'gs}) = {a} is
not w closed.

Example 3.11. Let X = Y = {a,b,c}. Lett ando be as in 3.6. Define fas in 3.9.
f is almost contraiy continuous but not almost contracgntinuous as'{{b}) = {a,c} is
not g closed.

Example 3.12. Let X=Y ={a,b,c}, Letr =0 = {@{a},{b}.{a,b}, X}

Define f: (Xz) — (Y,0) by f(a) = b, f(b) =&, f(c) = ¢

f is almost contraly continuous but not almost contrg gontinuous as'{{b}) = {a} is
not gp closed.

Example 3.13. Let X =Y = {a,b,c}. Lett ando be as in previous example. Define f as in
the previous example. f is almost contfg continuous but not almost contra pg
continuous as’{{b}) = {a} is not pg closed.

Example3.14. Let X =Y ={a,b,c}. Letr andc be as in previous example.

Define f: (Xz) - (Y,0) by f(a) = b, f(b) =a, f(c) =c

f is almost contraly continuous but not almost contra gp continuosi$'@b}) = {a} is
not gp closed.

Example 3.15. Let X = Y = {a,b,c}. Letr ando be as in 3.6.

Define f: (Xg) - (Y,0) by f(a) = b, f(b) =a, f(c) =b

f is almost contraly continuous but not aimost contra b continuous'@s}) = {a,c} is
not b closed.

Example3.16. Let X =Y ={a,b,c}. Letr ando be as in 3.6.

Define f: (Xz) - (Y,0) by f(a) = b, f(b) =a, f(c) =b

f is almost contraly continuous but not almost contra sgb continusug($b}) = {a,c}
is not sgb closed.

Theorem 3.17. Let arbitrary union ofig open sets beg open in X.

The following are equivalent for a function f: X'Y.
1) f is almost contrag continuous
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2) For every closed set F of YA(F) isdy open in X.

3) For eachxX and each regular closed set F of Y containingy there existsg open
set U containing in X such that f(UXJ F.

4) For eachxOX and each regular open set V of Y not containix), there exists ag
closed set K in X not containingsuch thatt(Vv) O K.

Proof :

1) = 2)is obvious.

2) =3) Let F be a regular closed set in Y containing. fThis impliesxOf *(F). By (2) f
Y(F) is oy open in X containing x. Let U ='(F). This implies U isog open in X
containing x and f(U) = f(f(F)) O F.

3)=2) Let F be regular closed in Y containing)f(This impliesx O f*(F). From (3),
there existsiy open set Jin X containingx such that f({) O F. That is YO f*(F).

Thus f(F) =0 {U, : x O f(F)}.

This is union obig open sets. SA'(F) is oy open in X.

3) = 4) Let V be regular open set in Y not containiffg). Then Y-V is a regular closed
set in Y containing ¥). From (3) there existsdg open set U in X containingsuch that
fuyoy- v.

This implies UD f(Y - V) = X — f}(V). Hence (V) O X-U. Let K =X — U. Then K is
oig closed not containingsuch thatf(V) O K.

(4) = (3). Let F be regular closed set in Y containihg.fThen Y — F is a regular open
set in Y not containing Xj. From (4), there existsdy closed set K not containing x such
that f(Y-F) O K.

That is X — f(F)OK. Hence X — KO f(F). That is f(X — K)J F. Let U = X — K. U isiy
open containing x such that f(Q) F.

Theorem 3.18. The following are equivalent for a function f: XY

1) fis almost contrag continuous

2) fi(int ¢l G) isdy closed in X for every open set G of Y.

3) f* (clint F) isoig open in X for every closed set F of Y.

Proof :

(1)= (2). Let G be openin Y. Then int cl G is regusgen in Y. By (1) (intcl G ) is
ag closed in X.

(2) = (1). Let V be regular open in Y. Theh V) = f'(int cl V) is oy closed in X, as V
is openinY. So, fis almost contfg continuous.

(1) = (3). Let F be closed in Y. Then cl int F is reguibbsed in Y. By (1) f'(cl int F) is
ag open in X.

(3) = (1) is obvious.

Definition 3.19. A function f: X - Y is said to be R-map if{V) is regular open for
each regular open set V of Y.

Theorem 3.20. If f: X — Y is almost contraig continuous and almost continuous, then f
is an R-map.

Proof: Let VO RO(Y). Then (V) is oy closed and open. Thei(¥) is regular open in

X. So, fis an R-map.
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Definition 3.21. A function f : X — Y is said to be perfectly continuous if(¥) is
clopen for each open set V of Y.

Theorem 3.22. For two functions f: X Yandg: VY- Z letgof; X- Zbea
composition function. Then the following hold.

1) If f is almost contraig continuous and g is an R-map, then gof is almostrady
continuous.

2) If f is almost contraig continuous and g is perfectly continuous, theigalmostdy
continuous and almost contifg continuous.

3) If fis contradg continuous and g is almost continuous, then g@inost contraiy
continuous.

Proof :

1) Let V be regular open in Z. Theft(§) is regular open in Y. As f is almost contfg
continuous,

(gof) (V) = f{(g*(V)) is oy closed in X.

2) Let V be regular open in Z. Thefl(yY) is clopen in Y. That is V) is regular open
and regular closed in Y. So, (gofy) = f(g*(V)) is oy open andy closed in X.

3) Let V be regular open in Z:X¢V) is open in Y. As f is contray continuous, (gof\V)
=fYg(V)) is ay closed in X.

Definition 3.23. A topological space X is said to begspace if everyig open in X is
open in X.

Theorem 3.24. Let f : X - Y be contraig continuous and g : Y> Z beog continuous.
If Y is a Ty Space, then gof : X Z is almost contrag continuous.

Proof : Let V be regular open in Z. Ther(¥) is ¢g open in Y. As Y is T, space, g
Y(V)is openin.

So, (gofi(V) = FH(g(V)) is oy closed in X.

Definition 3.25. A function f : X — Y is said to be stronglyig open (stronglyy closed )
if f(U) is og open g closed) for everyyg open g closed ) set U of X.

Theorem 3.26. If f : X - Y is surjective and stronglyg open (stronglyy closed) and g
.Y - Zis a function such that gof : X Z is almost contraig continuous, then g is
almost contraig continuous.

Proof: Let V be regular closed (regular open ) set inA&. gof is almost contray
continuous (gofj(V) = (g™ (V)) is g open §g closed ).

Since f is surjective and strongllg open (stronglyly closed ) f(f(g*(V))) = g*(V) is oy
open (g closed).

Hence g is almost contréy continuous.

Definition 3.27. A function f: X - Y is said to be weaklylg continuous, if for each

XOX and each open set V of Y, containing)fthere exists aig open set U of X
containingx such that f(UYJ cl V
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Theorem 3.28. If a function f : X - Y is almost contrag continuous, then f is weakly
ag continuous function.

Proof : Letx(X and V be an open set containing)f(Then cl V is regular closed in Y
containing f).

As fis almost contray continuous, f(cl V) is og open in X containing. Let U = f*(cl
V).

Then f(U)O f(f*(cl V)) O cl V. Hence f is almost weakbjg continuous.

Definition 3.29. A space X is called locallyg indiscrete, if everyg open set is closed in
X.

Theorem 3.30. If a function f: X - Y is almost contraig continuous and X is localkygy
indiscrete, then f is almost continuous.

Proof : Let V be regular closed in Y. SO(¥) is og open in X. As X is locallyy
indiscrete, (V) is closed in X. Hence f is almost continuous.

4. oy regular graphs
Definition 4.1. For a function f: X- Y, the subset {f(x)) : x O X} O XXxY is called
the graph of f and is denoted by G(f).

Definition 4.2. A graph G(f) of a function f :X- Y is said to beig regular if for each
(x,y)d(XxY) — G(f), there exists &g closed set U in X containingand VO RO(Y)
containing y such that (Ux\) G(f) = .

Lemma 4.3. The following properties are equivalent for a drap(f)of a function:

1) G(f) isoyg regular
2) for each pointxy) )O(XxY) — G(f), there exist aig closed set U in X containing
and VO RO(Y) containing y such that f(WV = @.

Proof:

(1) = (2). Let &y)O (XxY) — G(f). Then there existsdy closed set U in X containing
and VO RO(Y) containing y such that (Ux\) G (f) =¢. That is Vn f(X) = @. That is
VnfU=0.

(2)= (1) : Assume (2). Y1 V. yO Y — f(X). That is ¥ f(x) for anyx(OX. That is \n
f(X) = @.

This implies (UxV)n (Xxf(X)) = @. That is (UxV)n G(f) = .

Theorem 4.4. If f : X - Y is almost contraig continuous and Y is,Tthen G(f) isoy
regular in XxY.

Proof : LetY be T. Let (x,y)O(XxY) — G(f). It follows f(x) Z y. As Y is T, there exist
open sets V and W containing)f@nd y respectively such thatMW =@. Then int cl V

n int cl W =@. Since f is almost contréy continuous, f(int ¢l V) is oy closed in X, as
int cl V is regular openin Y.

Let U = fi(int ¢l V).Then f(V) O int ¢l V .So, f(U)n int cl W = ¢. Hence G(f) isigy
regular in XxY. The intersection of twdg open sets need not hig open. But in the
following theorem, we assume that intersectionvaf &g open sets i€g open.
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Theorem 4.5. Let f: (X;1) - (Y,0) be a function and g : (X, - (XxY,1x0), the graph
function defined by g = (x,f(x)), for everyx(OX. Then f is almostig continuous if and
only if g is almostig continuous,

Proof: Let g be almostig continuous. Let XIX and VI RO(Y) containing ).

Then gk) = (X, f(X))ORO(XxY). As g is almostig continuous, there exiaf open set U
of X containing x such that g(U) XxY. So,f(U) 0 V. Hence f is almosfg continuous.
Conversely, let f be almogy continuous. Lex [0X and W be a regular open set of XxY
containing g§). There exists WIRO(X,r) and VO RO(Y,0) such thatx,f(x))O(UxV) O
W. As f is almostig continuous,there existsURO(X,t) such that XIU, and f(U,) O V.
Let U = UlnU2. We havexdUO ogO(X,r) and g(U)d (UxV) O W. This implies g is
almostoy continuous.

5. Connectedness
Definition 5.1. A space X is callediy connected if X cannot be written as a disjoint
union of two non-emptylg open sets.

Theorem 5.2. If f: X - Y is an almost contrag continuous surjection and X &
connected then Y is connected.

Proof: Let Y be not connected. Then Y =WV, such that |J and \4 are disjoint
nonempty open sets. Let U =int ¢ &hd V =int cl \l. Then U and V are disjoint
nonempty regular open sets such that YEW As f is almost contray continuous, f
(V) and (V) areoy closed sets of X. We have  XX¥W)Of*(V) such that f(U) and
(V) are disjoint. Since f is surjective® fU) and f* (V) are nonempty. This implies X is
not o connected. Hence Y is connected.

Theorem 5.3. The almost contrelg image oflg connected space is connected.

Proof: Let f: X- Y be an almost contr@y continuous function of dég connected space
X onto a topological space Y. Suppose Y is not mneated space. Then Y =0V,
where \; and \ are disjoint nonempty open sets of Y. Spavid \4 are clopenin Y. As
f is almost contraiy continuous, ¥ (V1) and f(V,) aredy open in X. Alsot (V) and f*
(V) are disjoint nonempty and X = f(Vy)O f* (V,). This contradiction shows Y is
connected.

Definition 5.4. A topological space X is said to log ultra connected if every two non
emptyoy closed subsets of X intersect.

Definition 5.5. A topological space X is said to be hyper conrgeiftevery open set is
dense.

Theorem 5.6.If X is oy ultra connected and f: X Y is almost contraig continuous
surjection, then Y is hyper connected .

Proof: Let Y be not hyper connected, So, there existzpmm set V in Y such that V is
not dense in Y. So, there exist nonempty regulangget B=intclVandB=Y —clV
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in Y. As f is almost contrag continuous, f (B,) and f* (B,) are disjointig closed . This
contradicts they ultra connectedness of X. Hence Y is hypercommuect

6. Separation axioms
Definition 6.1. A topological space X is said to lig T, space if for any pair of distinct
pointsx and vy, there exisfg open sets G and H such tkalG, y1G and xO H, y1 H.

Definition 6.2. A space X is said to be weakly Hausdorff if ealgment of X is an
intersection of regular closed sets [23].

Theorem 6.3. If f : X - Y is an almost contrédig continuous injection and Y is weakly
Hausdorff, then X isig T;.

Proof : Let Y be weakly Hausdorff. For any distinct poistand y in X, there exist V
and W regular closed sets in Y such th&dy, f(y)dV, and f(yJw and f&)OW. Since
f is almost contraig continuous, (V) and f* (W) arecy open sets of X such thef f
Lv), yo £t (v) and yo £ (W), xO 1 (W).

This completes the proof.

Corollary 6.4. 1f f: X - Yis contradg continuous injection and Y is weakly Hausdorff,
then X isog Ty,

Definition 6.5. A topological space X is called Ultra Hausdorff spaif for every pair of
distinct pointsx and y in X, there exist disjoint clopen sets U &hih X, containingx
and y respectively.

Definition 6.6. A topological space is said to kg T, space if for any pair of distinct
pointsx and y in X, there exist disjoinfy open sets G and H such that G and y{1 H.

Theorem 6.7. If f: X - Y is an almost contrag continuous injective function from
space X into a Ultra Hausdorff space Y, then Xgsl..

Proof: Let x and y be distinct points in X. As f is injective(f # f(y). As Y is Ultra
Hausdorff space, there exist disjoint clopen &k&nd V of Y containing ) and f(y)
respectively. ThemO f* (U) and yJ f* (V), where f (U) and f* (V)are disjointdy open
sets in X. Hence the assertion.

Definition 6.8. A topological space is called Ultra normal spateach pair of disjoint
closed sets can be separated by disjoint clopen set

Definition 6.9. A topological space X is said to big normal if each pair of disjoint
closed sets can be separated by dispdjmpen sets.

Theorem 6.10. If f: X - Y is an almost contrdg continuous closed injection and Y is
Ultra normal, then X isig normal.

Proof: Let E and F be disjoint closed subsets of X. Asdlosed and injective f(E) and
f(F) are disjoint closed sets in Y. Since f is @ltrormal, there exist disjoint clopen sets U
and V in Y such that f(E)] U and f(F)O V. This implies EJ f* (U) and FO f* (V). As f

77



V.SenthilkumararR.Krishnakumar and Y.Palaniappan

is almost contraig continuous, ¥ (U) and f* (V) are disjointoly open sets in X. This
completes the proof.

Lemma 6.11. f : X Y is almostay continuous implies for eactilX and for every
regular open set V of Y containing(f( there existsig open set U in X containingsuch
that f(U)OV.

Proof : Letf: X - Y be almostig continuous. Let V be regular open in Y containing
f(x). f* (V) is oig open in X containing. Let U = f* (V). This implies U isig open in X
containing x and f(U) = f (f(v)) O V.

Theorem 6.12. If f: X - Y is almostig continuous and Y is semiregular, then dds
continuous

Proof : LetxOX and V be be an open set of Y containing.fBy the definition of semi
regularity of Y, there exists a regular open setf® such that ) 0 G O V. Since fis
almostog continuous, there existsWdg — O(XX) such that f(UDJ G. Hence we have,
f(U)OGOV. This shows f isig continuous.

7. Compactness

Definition 7.1. A space X is said to be

1) oig compact if evergy open cover of X has a finite subcover.

2) og closed compact if everg closed cover of X has a finite subcover.

3) Nearly compact if every regular open cover dias a finite subcover.

4) Countablyig compact if every countable cover of X diy open sets has a finite
subcover.

5) Countablyiy closed compact if every countable cover of Xigyclosed sets has a
finite subcover.

6) Nearly countable compact if every countable cafeX by regular open sets has a
finite subcover.

7) og Lindelof if everyog open cover of X has a countable subcover.

8) oy closed Lindelof if everyy closed cover of X has a countable subcover.

9) Nearly Lindlof if every regular open cover off¥as a countable subcover.

10) S- Lindelof if every cover of X by regular clmbsets has a countable subcover.
11) Countably S — closed if every countable cov¥eft by regular closed sets has a finite
subcover.

12) S - closed if every regular closed cover ofas h finite subcover.

Theorem 7.2. Let f : X - Y be an almost contrdg continuous surjection. Then the
following properties hold:

1) If X is oy closed compact, then Y is nearly compact.

2) If X is countablyy closed compact, then Y is nearly countably compac

3) If X is oy closed Lindelof, then Y is nearly Lindelof.

Proof :

(1) Let{V,: a O 1} be any regular open cover of Y. As f is almoshtradyg continuous,
{1 (Va) : a0} is oy closed cover of X.

Since X isoly closed compact, there exists a finite sulset I such that X =1 { f™* (Vo)

. GDIo}.
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As fis surjective, Y #1 {V a : alg}, which is a finite subcover of Y. Hence Y is nkyar
compact.
The proof of (2) and (3) are similar.

Theorem 7.3. Let f : X =Y be an almost contr@ continuous surjection. Then the
following hold:

1)If Xis og compact then Y is S-closed.

2)If X is countablyslg compact, then Y is countably S - closed.

3)If X is o Lindelof, then Y is S - Lindelof.

Proof : 1) Let {Va : a0l}. be any regular closed cover of Y. As f is almhosntraoy
continuous{ f™* (Va) : a [0 1} is oig open cover of X. Since X &) compact, there exist a
finite subsetd of | such that X £{ f* (Va) ; allg}. As fis surjective. Y =1 {V a :a0lg}

is a finite subcover for Y. This shows Y is S- @ds

The proof of (2) and (3) are similar.
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