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1. Introduction

Levine [2] introduced the concept of semi contimidunction. Senthilkumaran et al. [7]
introducedd generalised closed sets in topological spaces plinpose of this paper is to
introduce the concept of totalfig continuous function as a generalization of thecept
of totally continuous function. Several propert@stotally dg continuous function are
obtained. The interior and closure of a subset A gipace X is denoted by int A and cl A
respectively.

2. Preliminaries

Definition 2.1. A subset A of topological space X is said todbgeneralised closed
closed) if int clint A=A wherever AU and U is open in X .The complement dg
closed setin X igg open in X [7].

Definition 2.2. A function f:(X;t1)—(Y,o) is said to be totally continuous if the inverse
image of every open set of Y is clopen in X [1].

3. Totally dg continuous function
Definition 3.1. A function f:(X,1)—(Y,o) is called totallydg continuous if (V) is dg
clopen in X, for every open set V of Y.

The union of twodg clopen sets need not ldg clopen, but in the following
theorem, we assume that arbitrary uniodgtlopen sets idg clopen .

125



V.Senthilkumaran, R.Krishnakumar and Y.Palaniappan

Theorem 3.2. The following statements are equivalent for a fiorct:(X,t)—(Y,0) :
i. fistotallydg continuous.
ii. For each X and for each open set V of Y containing f(x) thexists a
dgclopen set U of X such that f(&).
Proof:
i) = ii)
Let xeX and V be open in Y containing f(x). Theg £*(V) which isdg clopen in
X. f(fY(V))cV.
i) =i)
Let V be open in Y andef™(V).Then f(x)eV. There exists &g clopen set Jof
X such that f(l)cV. Hence Yc (V).
fH(V)=U ref ) Ux» Which isdg clopen in X.

Remark 3.3. It is clear that every totall§g continuous function i€g continuous. But the
converse need not be true can be seen from tloeenvfaly example.

Example 3.4. Let X={a,b,c}, 1={®,{a},{a,b},X}, o={ ®,{a},{b}.{a,b},X}

dg closed sets of (X), ={ ®,{b},{c}{a,c}.{b,c},X}.

Let f: (X,1)—(X, o) be the identity function.

f is dg continuous but not totall§g continuous as'{{a,b})={a,b} is not dg closed.

Remark 3.5. It is clear that every totally continuous functimntotally g continuous.
But the converse need not be true can be seentfr@following example.

Example 3.6. Let X={a,b,c}, =={®,{a},{a,b},X}

Define f:(X)—(X,1) by f(a)=a,f(b)=b,f(c)=a

f is totally ¢g continuous but not totally continuous &a${d})={a,c} is not
closed.

Definition 3.7. A space (X) is said to baig space if everyig open set of X is open in
X.

Theorem 3.8. A function f:(X;t)—(Y,o) is totally dg continuous and X is dg space,
then f is totally continuous.

Proof: Let V be open in Y.Then'{V) is dg clopen in X.As X is aig space, (V) is
clopen.

Definition 3.9. A topological space X is said to Kgconnected if it cannot be written as
the union of two nonempty disjoidty open sets.

Theorem 3.10. If f is a totallydg continuous function from & connected space X onto
any space Y,then Y is an indiscrete space.

Proof: If possible, let Y be not indiscrete.

Let A be a proper nonempty open subset of Y. ThgY)fis a proper nonempigg clopen
subset of X, which is a contradiction to the féetttX isdg connected.
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Theorem 3.11. A topological space (X) is dg connected if and only if every totalig
continuous function from a space £tXinto any T space (Yg) is constant.
Proof: Let X be notdg connected.

Let every totallyig continuous function from (%) to (Y,c) be constant.

Since (Xr7) is notdg connected, there exists a proper nonermdgtfopen subset A of
X.

Let Y={a,b}, 6= {®,{a},{b},Y} be a topology on Y.

Let f:(Xgp)—(Y,0) be a function such that f(A)={a},f(Y-A)={b}. Thenf is non
constant and totallyig continuous such that Y is, Which is a contradiction. Hence X
must bejg connected.

Conversely, let X bég connected. Let f:2Y be totallydg continuous.

Let a,b be distinct points of X such that f(a)#p=f(b), a,p€Y and they are
distinct. As Y is T, there exists open set U containingut notp. So U is a proper open
subset of Y.

(V) is a propefig clopen subset of X, which contradicts X connected.

Hence f must be constant.

Theorem 3.12. Let f:(X,1)—(Y,0) be a totallydg continuous function and Y is a
Tispace.If A is a nonemptig connected subset of X, then f(A) is a single poin
Proof: Obvious.

Lemma 3.13. If Aedg O(X)and B=dg O(Y), then AxBEdg O(XxY).

Theorem 3.14. If the function f: X; —Y; is totally dg continuous function for each
i=1,2, then fxf, : X;xX,—Y1—-Y, defined by (fxf,)(x1,%2)=( f1(X1),f2(X2)), for each xe
X1, X% € X, is totallydg continuous.
Proof: Let leVQEO(Y]_XYg).Then \VAS O(Y]_), V5 € O(Yg)
f1 (V1) €49CO(Xy), f(V2) €GICO(X)
(fixf) (VixVo)=( f(Va), 27(V2))= f'(Vo)x f1(Vz) €4gCO(XxXz).Hence
fixf,is totallydg continuous.

Definition 3.15. Let (X,r) be a topological space. Then the set of all gojnin X such
that x and y cannot be separated duy separation of X is said to be the quédgi
component of X.

Theorem 3.16. Let f: (X,1)—(Y,0) be a totallyig continuous function from a topological
space X into a fspace Y. Then f is constant on each qdgsiomponent of X.
Proof: Let x,y €X that lie in the same quadpg component of X. Let f(X)&B=f(y).
Since Y is T {a}is closed inY and Y-} isopenin.

Since f is totallydg continuous, f({o})and f*(Y-{o}) are disjointdg clopen
subsets of X.

Further > f'{a})and ye f(Y-{0}) which is a contradiction to the fact that x
and y belongs to the same quégicomponent of X. Hence the theorem.

Definition 3.17. A dg frontier of a subset A of X i&gfrA= dgclANagcl(X-A).
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Theorem 3.18. The set of all points X in which a function f:(X5)—(Y,c) is not
totally dg continuous is the union afg frontier of the inverse images of open sets
containing f(x) if arbitrary intersection @fy closed sets in X i&g closed in X.
Proof: Let A ={x € X: f is not totallydg continuous at x}. Let B be the union ég
frontier of the inverse images of open sets coirtgif(x).

Let x €A. Then there exists an open set V of Y contain{myy $uch that f(U) is
not contained in V for each B4gO(X) containing x. Hence &dgcl(X-f*(V)).

On the other hand & (V) cdgclf*(V).So xedg fr f*(V). Hence A=B.

Conversely, let f be totall§ig continuous at ¥X. Let V be open in Y containing
f(X). Then there exists &ligCO(X)containing x such that f(dV.

That is U=f*(V). Hence xedgintf (V)

xgdgcl(X-f(V).Hence % dgfr f*(V). So x¢A implies xZB. Hence B=A.

Theorem 3.19. Let {X1:1 €A} be any family of topological spaces. If £XIIX; is a
totally dg continuous function. Themdéf: X—X; is totally dg continuous function for
eachi €4, where Ris the projection ofIX, onto X;.
Proof: We shall consider a fixetleA. Suppose Wis an arbitrary open set imXThen
P,"(U,) is open il X . Since f is totallyig continuous, we have by
1 (P (Un)=(P,0f)™( U,) is dg clopen in X. Hence the assertion.

Definition 3.20.
i) A filter base4 is said to bejig co-convergent to a poineX of for any
UedgCO(X) containing X, there existseR such that B-U.
i) A filter baseA is said to be convergent to a poirgX of for any

UeO(X) containing X, there existseBl such that B-U.

Theorem 3.21. If a function f:(Xz)—(Y,0) is totallydg continuous, then for each points
x €X and each filter basé in X dg co-convergent to X, the filter basd}(s convergent
to f(x).
Proof: Let x eX andA be any filter base in Xg co-convergent to x.

Since f is totallydg continuous , then for any ¥O(Y) containing f(x), there
exists a UedgCO(X) containing x such that f(dV.

Since A is dg co-convergent to x, there exists aed such that BU. This
implies f(B)cV.

Hence the filter baseA] converges to f(x).

4. Covering properties
Definition 41. A space (Xr) is said to beigT, if for any two distinct points x and y of X,
there exists disjoindg open sets U and V such that and yeV.

Theorem 4.2. If arbitrary intersection ofig closed sets idg closed in a topological
space X, then X i@gT,if and only if for any two distinct points x andoy X, there exists
adg neighbourhood Nof y such that g dgclN,.
Proof: Let X bedgT,. Let x and y be distinct points of X. Then thexéstsdg open sets
U and V such thateU,yeV and UNV=¢.

But UNV=¢ implies VcX-U
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So yeVcX-U.Put X-U=N,, We haveigcIN,=dgcl(X-U)= X-U=N,, as X-U isdg
closed. N is adg neighbourhood of y such that&gclIN,.

Conversely, let X be a topological space such fivatiny two distinct points x
and y of X,there existég neighbourhood Nof y such that gdgclN,.

dagclIN, is also aig neighbourhood of y. SinaigcIN, dg closed, X-dgcIN, is dg
open. %dgclN, implies »xX-dgcIN,.

As N, is adg neighbourhood of y, there existsigq open set U such thatey
and(X-dgclIN,)NU=¢.

Hence X isdgTo.

Theorem 4.3. If arbitrary intersection ofig closed sets idg closed in a topological
space X, then X iggT, if for any two distinct points x and y of X, theegists aig open
sets U and V such thatet, y €V anddgclUndgclV=¢.
Proof: Let X be a topological space. Let x and y be dtpoints of X.

Then there existdg open sets U and V such thagl, y €V and dgclU N
dgclV=e.

V is adg neighbourhood of y such thagé&gclV, as »xdgclU. Hence by the
above theorem X i€gTo..

Lemma 4.4. Let arbitrary intersection afg closed sets bég closed in a topological
space X and Let f:(%)—(Y,o) be a totallydg continuous injective function. If Y isyT
then X isdgT>.

Proof: Let x and y be any pair of distinct points of X.erhf(a}f(b). Since Y is T,there
exists an open sets U containing f(x) but not Ten xe fi(U)and y (V). As fis
totally dg continuous, f(U) is dg clopen in X. Also »x f'(U) and yex -f*(U). By the
above theorem, X i€gT,.

Definition 4.5. A space X is said to bég compact if everyig open cover of X has a
finite subcover.

Definition 4.6. A subset A of a space X is said todgcocompact relative to X if every
cover of A bydg clopen sets of X has a finite subcover.

Definition 4.7. A subset A of a space X is said todgecocompact if the subspace A is
dg cocompact.

Theorem 4.8. If arbitrary union ofdg clopen sets igig clopen for a space X and a
function f.(X;1)—(Y,o) is totallydg continuous and A i€g cocompact relative to X, then
f(A) is compactin V.
Proof: Let {H.:a € I}be any cover of f(A) by open sets of the subspf#\).For eachu
€ |, there exists an open sef & Y such that kAN f(A).

For each x€A, there existsue | such that f(x)e A, and there exists U
€dgCO(X) containing x such that f(l& A .

Since the family {iJ :x € A} is a cover of A bydg clopen sets of X, there exists
a finite subset fof A such that AZU{ U, :x €EA}.

Therefore we obtain f(AJU{f( U,):x €A} which is a subsets of { A :x €Ay}
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Thus f(A)=U { A NF(A) : X EAJ=U{ H X EA}.
Hence f(A) is compact.

Corollary 4.9. If arbitrary union ofdg clopen sets igg clopen in topological space X
and if f:(X;1)—(Y,o) is totallydg continuous surjective function and Xdg cocompact,
then Y is compact.

Proof: Follows from the above theorem.

Definition 4.10. A space X is said to be
Countablydg cocompact if everglg clopen countable cover of X has a finite subcover
i) dg co-Lindelof if everyig clopen cover of X has a countable subcover.

Theorem 4.11. Let f:(X,1)—(Y,c) be a totallydg continuous surjective function. Then
the following statements hold:

i) If Xis dg co-Lindelof, then Y is Lindelof

ii) If X is countablydg cocompact,, then Y is countably compact.

Proof:

i) Let{V.,a € I} be an open cover of Y. Since f is totalllg continuous , then {f
(V.o € 1} is a dg clopen cover of X. Since X iég co-Lindelof, there exists a
countable subseg bf | such that Xg{f *(V:a € Io}.

Then Y2{V ,.a € I} and hence Y is Lindelof.

ii) Similar to (i).

Definition 4.12. A space X is said to be
i) dgcoTy, if for each pair of distinct points x and y oftiere existig clopen sets
U and V containing x and y respectively such gglt and »x¢V;
ii) dgcoT, if for each pair of distinct points x and y oftiere exist disjointig
clopen sets U and V in X such thalkand V.

Theorem 4.13. If f:(X,1)—(Y,0) is a totallydg continuous injective function and Y is
Ty, then X isdgcoTs.

Proof: Suppose Y is T, For any distinct points x and y in X, there existW €O(Y)
such that f(x)eV,f(y)¢V and f(y) eW, f(x)¢W. Since f is totallydg continuous, f
Yv)and f{(W) aredg clopen subsets of (¥,such that > f(V),yef*(V) and ye (W),

x & £%(W). This shows X isigcoT,.

Theorem 4.14. If f:(X,1)—(Y,0) is a totallydg injective function and Y is;J then X is
dgcoT,.
Proof: For any pair of distinct points x and y in X, thendst disjoint open sets U and V
in Y such that f(xXU and f(y)eV.

Since f is totallydig continuous;f(U) and (V) aredg clopen in X containing x
and y respectively.

Therefore (U) N £(V)=¢ because OV=¢. This shows X igigcoT,.

Definition 4.15. A space X is calledig coregular if for eacldg clopen set F and each
point x¢F, there exists disjoint open sets U and V suahfU and xeV.
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Definition 4.16. A space X is said to b#g conormal if for any pair of distinéy clopen
sets krand b, there exists disjoint open sets U and V suchRhaU and BcV.

Theorem 4.17. If f is totally dg continuous injective open function fromig coregular
space X onto a space Y, then Y is regular.
Proof: Let F be a closed set of Y andH.
Take y=f(x). Since f is totallfig continuous, f(F) is adgclopen set.

Take G= f(F). We have gG. Since X isig coregular, there exists disjoint open
sets U and V such thatd® and xeV.

We obtain that F=f(GJ f(U) and y= f(x) € f(V) such that f(U) and f(V) are
disjoint open sets. Hence Y is regular.

Theorem 4.18. If f is totally dg continuous injective open function fromig conormal
space X onto a space Y, then Y is normal.
Proof: Similar to the above proof.

Definition 4.19. For a function f:(X5)—(Y,0), the subset {(x,f(x)):>eX} cXxY is called
the graph of f and is denoted by G(f).

Definition 4.20. A graph G(f) of a function f.(%¢)—(Y,0) is said to be stronglgg co-
closed if for each (x,yE(XxY)- G(f), there exist UedgCO(X) containing x and V
€0(Y) containing y such that (UxY\) G(f)=¢.

Lemma 4.21. A graph G(f) of a function f:(%)—(Y,oc) is stronglydg co-closed in XxY
if and only if for each (X,yE(XxY)- G(f), there exist UsdgCO(X) containing x and V
€0(Y) containing y such that f(0) V=¢.
Proof: Let G(f) be stronglyig- co-closed.

Let (X,y) €(XxY)- G(f).Then there existig clopen set U containing x and V
€0(Y) containing y such that (W)x G(f)=¢. That is \Wf(X)=¢.

That is \Nf(U)=¢.
Conversely, let for each (X, 8(XxY)- G(f), there exist U=dgCO(X) containing x and V
€0(Y) containing y such that f(0) V=¢.

Let yeV. y €Y-f(X). That is y f(x) for any x.That is V\f(X)=¢. This implies
(UxV)N (Xxf(X))=¢. That is(UxV) G(f)=¢.

Theorem 4.22. Let f:(X,1)—(Y,0) has a stronglyig co-closed graph G(f). If f is
injective, then X igigcoT,.
Proof: Let x and y be any two distinct points of X.
Then, we have(x,f(y)E(XxY)- G(f).
By the above lemma, there exdt clopen set U of X and&0O(Y) such that
(x,f(y)) €(UxV) and f(UNV=¢.
Hence Nf(V)=¢, xeU and ¥f (V).
Hence X isdgcoTs.

Theorem 4.23. If arbitrary union ofdg clopen sets isig clopen in a space X and
f:(X,1)—(Y,o0) is totallydg continuous and Y is,T then G(f) is stronglgg co-closed in
the product space XxY.
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Proof: Let (x,y) €(XxY)- G(f). Then yf(x) and there exist open sets &hd \4 such that
f(x)eVyyeV, and VINV,=¢.

From hypothesis, there exist&tigCO(X,x) such that f(LgV ..

Therefore, we obtain f(U)V,=¢. So G(f) is stronglyig co-closed graph.

Definition 4.24. A function f:(X,t)—(Y,oc) is said to be :
i) Totallydg irresolute if the preimage dfj clopen subset of Y i&g clopen in X.
ii) Totally predg clopen if the image of everg clopen subset of X ig&g clopen in

Theorem 4.25. Let f:(X,1)—(Y,c) be surjective and totallgg irresolute and totally pre
dg clopen and g:(%)—(Zn) be any function. Then gof: (®—(Z,n) is totally dg
continuous if and only if g is totallyg continuous.
Proof: Let g be totallydg continuous. Let V be open in ZX@) dg clopen in Y.f((g
Y(V)) is dg clopen in X.

Hence gof is totallyig continuous.

Conversely, let gof: (¢)— (Zn) be totallydg continuous. Let V be open in Z.

Then (gof)(V) is dg clopen in X. That is{(g*(V)) is dg clopen.

Since f is totally preig clopen, f(f((g*(V))) is dg clopenin Y.

That is g'(V) is clopen in Y. Hence g is totallig continuous.

Theorem 4.26. Let f:(X,1)—(Y,0) has a stronglyigco-closed graph G(f). If f is
surjective totally preig clopen function,then Y iég T, space
Proof: Let y; and y be distinct points of Y. Since f is surjective)ffy,, for some &X.
(X,¥2) €(XxY)- G(f). There exist &dgCO(X) and \EO(Y) such that (x,)eUxV and
(UxV)NG(f)=¢b. Then we have f(UNV= ¢

Since f is totally preig clopen such that f(x)zgf(U). Hence Y isdg To.
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