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fuzzy bi-a automata. Further, we extend the concept of homgiigm of semigroup
with infinite product to homomorphism of semigrawiph bi infinite product. This concept
is proposed in the place of fuzzy hi- automata.
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1. Introduction
Bi - infinite or two sided infinite words are thataral extension of (right) infinite words
[1,3,4,6]. This extension can be obtained by reptathe set of natural numbers by the set
of integers, since the infinite words are the fiond of natural numbers into the input
alphabets. The theory was first extended in [5]ginde then the study has been continued
in [2].

Section 2 summarizes some preliminaries on fuzzy.bianguages. Section 3
gives the definition for fuzzy b automaton to recognize fuzzy bi- language. Section
4 presents a definition for homomorphism of semigrwith bi-infinite products to accept
bi- & languages and equivalence between fuzzg bautomaton and homomorphism of
semigroup with bi-infinite product

2. Fuzzy bi- @w languages
A function « from the set of integer&Z into the set of alphabet®\ is called a
bi-infinite string or bi-infinite word. A bi-infinie word is denoted as

-+ a(-1)a(0)a(1)--- orif we write i) =&, for eachi[1Z, then the bi-infinite word
G is also denoted as-a_,a,a,---. The set of all bi-infinite words over the alphtb&

is denoted by” A”. Any subset of” A“ is called the bi-infinite language. Any fuzzy set
of “A® is called the fuzzy bi-infinite language.

The shift function7:“ A” - “ A“ is defined for everyw” A® and for
every j0Z, r(a(j))=a(j-1) or 7(a;)=a,,. Let L be a bi-infinite of “A”.
Then,
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(L) ={r(a)|aOL}.
L is said to be shift invariant it. = 7(L) . Shift invariant means that there is no special
role for a,.

The set of infinite wordsA® is actually the set of right infinite words. L&A
denote the set of left infinite words. We can buildeft infinite word u from the right

infinite word w in the following way. Letw[J A“,

u, =w, iON,
denotew the left infinite word defined by the right inftei word. In the similar way, we
obtain a setX ={v_v|WD X}, where X is a right infinite language.

Similarly, we can build a bi-infinite worde =uw. Let u0” A and w A®,
then the bi-infinite worda is defined by
_|u,, ifn<O
" {Wn_l, if n>1
and is denoted bju, w] . Supposeu and w are fuzzy left infinite word and fuzzy right
infinite word, then the weight function is calcdédtas follows:
W(w) = W (u) OW(W) |w=uw}, Ou® A, wA”.
Let XOF(”A) and YOF(A®), then we write
[XYT={[x ylO* A x” A, yO A%}

and

XY = Jr"([X,Y)).

ntZz

3. Recognition of fuzzy bi- & languages by fuzzy bi- & automata

In this section, we introduce the concept of fukizye automaton to accept fuzzy loi-
language. Further, we prove the equivalences afyffbiz &« language recognized by fuzzy
bi- & automaton, fuzzy b language obtained by fuzzy Buchi recognizable uaggs
and bi-a rational languages.

Definition 3.1. A fuzzy bi-a automaton is a 5-tuplg = (S, A, f,7,8), where
*Sis the finite set of states.
*Ais the finite set of input alphabets.
of:Sx Ax S - [0,1] is the fuzzy transition function.

J: S - [0,1] is afuzzy set of left-infinite repetitive states.
B : S - [0,1] is a fuzzy set of right-infinite repetitive states

Two transitions f(s,4,s,,) >0 and f(s;,«;,s;,;) >0 are consecutive if
I = j. Arun of the fuzzy bie automatong on a bi-w word w=---w W - is a
bi-a wordif R=---s 55 ---0Y S.
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The set of right infinitely often states that octum the runR is denoted by
inf (R") and is defined by
inf (R") ={s0 S|thereexistsinfinitely manyi suchthat s, = s}
A right infinite run in § is successful if it visitsB infinitely often, that is,
inf(R")nB#@. A fuzzy right « -word is called an accepted word I, if the
corresponding right infinite rurR is successful ing . The set of righta -words

recognized byg§ is a set of label of right successful runsgn and is denoted by.“(F)
The set of left infinitely often states that occumsthe run R is denoted by

inf (R™) and is defined as
inf (R™) ={s0 S|there existsinfinitely manyi <0 suchthats = s}

A left infinite run in § is successful if it visitsJ infinitely often, that is
iNf(R)nJ#@. A fuzzy left « -word is called accepted word b , if the
corresponding left infinite rurR is successful ing . The set of lefta -words recognized
by § is a set of labels of right successful runsiinand is denoted by’ L(F ).

A run in § is successful ifinf (R")n J# @ and inf (R") n B £ ¢. A fuzzy
bi- & word is called an accepted word Iy, if the corresponding rurR is successful in
$ . The set of fuzzy biee words recognized by is a set of labels of successful runs in

§ and is denoted by'L”(F). A set X of fuzzy bi-a words is recognizable if there

exists a fuzzy biee automatony such thatX = L?(F) or simply X = L(gF).
A fuzzy bi-a languagey is said to be recognizable if there exists adifuizzy

bi-aw automatong . A fuzzy setu of “A® is bi-a rational if 1 is a finite union of

fuzzy sets of the fornf’ XYZ* with X,Y and Z are recognizable fuzzy languages of
some fuzzy automaton.

Theorem 3.2. For each fuzzy b languageu of “A®, the following conditions are
equivalent
1. uOF{“A*} isrecognizable by fuzzy bie automaton,

2. p is shift invariant and is a finite union of therfo [Y,Y] for
X,YOF(A”), where X andY are recognizable by fuzzy Buchi automaton,

3. u is afinite union of fuzzy sets of the forY for X,Y OF(A?),
where X andY are recognizable by fuzzy Buchi automaton,

4. p is bi-a rational.
Proof: (1) implies (2). LetF =(S,A, f,73,8) be a fuzzy biee automaton such that
U=“L“(F) . Construct two fuzzy Buchi automato§, and §, for every sO0S,

5 =(SAf,J,s) and 5, =(S A f,58B). Let X, =L“(F,) and Y, =L“(3F,) be
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the two fuzzy languages recognized By and §, respectively. Clearly, by construction
u =X, Y]
s1s
Every fuzzy bi<« language is shift invariant. That is no specigd@miance for the origin.
Further,(2) implies (3). Ify = U?zl[x ., Y.1, then

p=Ur' () (1)

= [Ur‘[xj ’Yj]j )
j=1\i0z

=[x, ©)
j=1

Now, (3) implies (4). SinceX andY are recognizable by fuzzy Buchi automaton, by
theorem 3.3.2, they are of the form

x=(ove o v=Uuwzy

i=1 i=1j=1
Now

—_— nn_—_

xy =M uwzp

i=1j=1

where U;,V,,W, and Z, are fuzzy languages recognized by some fuzzy aattm
Hence u is bi-a rational. To prove, (4) implies (1), lez be bi-a rational. Thenyu
is a finite union of fuzzy sets of the forfiXYZ“ where X,Y and Z are recognizable
fuzzy languages of some fuzzy automaton. Constaicfuzzy bi-a automaton
$=(S,A f,7,8), whereJ and B are singleton fuzzy sets such th¥tY and Z
are recognizable fuzzy languages of fuzzy autonsatdR = (S A f,LI) ,

F, =(S A f,I,B)and, == (S, A f,B,B) respectively. Hence} XYZ” = L*(F).

4. Recognition of fuzzy bi- & languages by homomor phism

This section presents the definitions of semigraih left infinite product, semigroup
with bi-infinite product and homomorphism of senaigp with bi-infinite products. Also,
the equivalence between fuzzy &i-automaton and homomorphism of semigroup with
infinite product is proved.

Definition 4.1. Semigroup with left infinite product is a 5-tup(éM, N,[,*, A), where
e (M) is asemigroup.
« *:NxM - N is the mixed product satisfying for evetymOM and
NON, (n*m) Il =n*(mll).
« A is the left infinite product.
Definition 4.2. Semigroup with bi-infinite product is a 4 - tup(@1, N, L, P), where
« M is a semigroup.
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* (M,N) is a semigroup with infinite product.

e (M,L) is asemigroup with left infinite product.
with a surjective mapd: NxL — P such that fornON,IJL and mON we have
A(nml) = A(n,ml).
Definition 4.3. Let S=(M,,N;,L,R) and 7 =(M,,N,,L,,P,) be two semigroups
with bi-infinite product. A homomorphism of semiges with bi-infinite product is a
4-tuple h=(h,h,,h,,h,) such that(h,h,) is a homomorphism of semigroup with
infinite product, (h,h;) is a homomorphism of semigroup with left infinfgeoduct and
h,: B - P, is amap such that for eaghlJN,,I OL;, h,(nl) =h,(n)h,(I).

Definition 4.4. Let S=(M,,N;,L,R) and 7 =(M,,N,,L,,P,) be two semigroups
with bi-infinite product. A homomorphisnh:S - 7 of semigroups with bi-infinite
product recognize a fuzzy set = (u,,HU,,Us, 4,) If there exists a fuzzy set

A=(A,4,,4;,4,) such that the following fuzzy diagrams are comringa

M, o N, 2N,
b S
0,1 —— [0,1] 0,1 —— [0, 1
L, . 1, P M.op
S S
[0,1] —— [0,1] [0,1] —— [0,1]

Theorem 4.5. Let L(F) be a fuzzy biew language recognized by fuzzy hi- automata
$ . Then there exists a homomorphism of semigrouph Wirinfinite product which
recognizes the same fuzzy hi-language.

Proof: Let §=(S, A, f,7,8) be a fuzzy biee automaton recognizing a fuzzy bi-

language L(F) of “A“. Without loss of generality, let us assume th{) = XY

with X is a fuzzy set of A and Y is a fuzzy set of A®.
Y is the fuzzy set of right infinite words. So, thexxists a homomorphism of
semigroup with right infinite product such that folowing diagrams are commutative

AT Ae M2,y
g1 IS M2 | | A2
A 4 4 4
0,1] —— [0, 1 0,1 —— [0.1]

In a similar way, sinceX is the fuzzy set of left infinite words obtainedrh AZ’, by
theorem 3.3.1, there exists a homomorphism of semngwith right infinite product such
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that the following diagrams are commutative
At oM A7 N

Hs | | As Ha | | Ag

1 1 N 1
0,1] —— [0,1] [0,1] —— [0,1]

Theorem 4.6. Let 4 be a fuzzy biw language recognized by a homomorphism
h: (A", A®,* A“ A®) . S of semigroups with bi-infinite product. Then thendsts a

fuzzy bi-a automatag which recognizes the same fuzzydi-language.

Proof: Since h recognize a fuzzy bie language, there exists the following the
following commutative fuzzy diagrams

h ) h
AT . S A = 8,
ST “f
0,1] —— [0,1] [0,1] —— [0,1]
h . h
AT = 83 “A — S—L
oL | “ |
[0,1] —— [0, 1] 0,1] —— [0,1]

We construct a fuzzy automaton for each fuzzy diagrTaking union of these fuzzy
automata, we obtain the required fuzzybi-automata§ to recognize the same fuzzy bi-
& language.

5. Conclusion

This paper defines the notions of fuzzy di-automata and fuzzy ki languages. We
have analyzed the relationships among the languagegnized by fuzzy b&. automata
and fuzzy Buchi recognizable languages. Furtherhase proved that the fuzzy loi-
language is recognizable by fuzzy &i-automaton if and only if it is recognizable by
homomorphism of semigroups with infinite product.
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