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Abstract. In this paper operations based(an) —cut for intuitionistic trapezoidal fuzzy
numbers are defined as addition, multiplicatiorglac multiplication, subtraction etc.,
including exponentiation, extractind”moot, and taking logarithm using the degree of
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1Introduction
Transportation problem is a special kind of linpesgramming problem in which goods
are transported from a set of sources to destimatioith respect to the supply and
demand respectively, such that the total costasfsjportation is minimized. Intuitionistic
fuzzy set (IFS) is one of the components of fuzztytieory [10] and also introduced by
Atanassov [1,2]. IFS is exaggerated by a degrescoéptance and a degree of rejection
function so that the sum of both values is less thae [1]. Mahapatra and Roy [6]
defined the triangular intuitionistic fuzzy numb@irIFN) and trapezoidal intuitionistic
fuzzy number (TrIFN) and their arithmetic operafobased on intuitionistic fuzzy
extension principle usinfx, §) —cuts method. Li [4] developed the ratio ranking moek
for ranking trapezoidal intuitionistic fuzzy numbe

This paper is organized as follows, in sectiorh2, representation of trapezoidal
intuitionistic fuzzy numbers anda, 8) —cut sets. In section 3, operations including
exponentiation, logarithms and root of trapezoidal intuitionistic fuzzy number.

2 Preliminaries .
Definition 2.1. Let X be the universal set. An intuitionistic fuzget (IFS)A'in X is
given by

Al ={(x,,uA, (X),v, (¥ xO X} where the functiop/;, (X),V (X) define the degree of

acceptance and degree of rejection of the elem@ix o the sef\', for every xIX,
O, (X)+vy (X)<1.
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Definition 2.2. Let A be the Trapezoidal intuitionistic fuzzy number withrameters
bh<a<b<as< a< < g< Qwhichis denoted

byAl = (by,aq,b,,a,, a3, bs, a,,b,).The degree of acceptance and degree of rejection
functions are defined as

x—bq
x-a — , by <x<Db
[ﬁ , a1 <x<a, by, —bq 1 2
27061
0 ’ bZ <x< b3
pgi(x) = { 1 , @y < x < azandyzi(x) = x—b,
x—a Z 4 <
—= a3 <x<a b3—b4'b3_ < by
az—0ay 1 >
0 , X >0y o X2

Definition 2.3. The(a, B) —cut trapezoidal intuitionistic fuzzy numbers is idefl as
usually, byd'e = {[4'1(@), A, (@], 41 (B), A5 (B)} . + B <1, a f € [01]
whered'; (a) = a; + a(a; — a,), A% (@) = a, — a(ay — a3) and

AL(B) = by = Bby = by), A3(B) = bs + B(bs — bs).

Definition 2.4. A a —cut sets ofd’ = (by, a4, by, a,, as, b, a,, by) is a crisp subset d¥,
which is defined adl’, = {x/uz(x) = a} . Usingu;(x) and definition ofa —cut it
follows that A';, is a closed interval, denoted Ay = [L,(4"), R.(A)] =
[a; + aa; — a1), ay — a(a, — az)].

Definition 2.5. A g —cut sets ofd! = (b}, a}, b}, a}, as, b}, ay, b,) a crisp subset o,
which is defined asl'y = {x/yz(x) = B} . Using vz (x)and definition off —cut, it
follows that A’ is a closed interval, denoted byd's = [Lg(A), Re(A)] = [b, +
B(by — by),aq — B(by — b3)] .

3 Operationson TrIFNs
Theorem 3.1. If A = (by,a4,b,,a,,as, bs,as, by) and
B! = (bj,a}, b}, ab,ay b4, ay,by) are two TrIFNs, thend! + B = (by + b}, a; + a},
b, + by, a, + ay, a3 +az, bz + bz ,a, + ay, by + by) is also a TrIFN.
Proof: For every, g € [0,1],
A 4Bl = [ay + af + a((ay — ay) + (a — a})), aq + a — a((a) —a}) +
(as - ag,.))] (3.1)
Aig+ Blg=[by + by — B((by — by) + (b5 — b)), bs + b + B((bs — bs) + (b — bY))]
(3.2)
x=a;+a;+ a((az —aq) + (a; — a’l)) and
x = a4 + aj — a((a} - a5) + (as — a3))

x—(ai+ay)
(az+a})-(as+a})

1 ,a, +a; < x<as;+a;

x—(as+aj)
(az+ab)—(as+ay) ’

0 , otherwise

a1+ a3 <x<a,+a,

which givesu,,p(x) = (3.3)

az+az<x<a,+a,
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X = by + by — B((bz = by) + (b; — by))andc = bz + by + B((bs — b3) + (b — b3))
which gives,

x — (b + by)
(by + by) — (b + by) ’

by +b; <x<b,+b,

)/A+B(x) = < 0 ) b2 + bé <x< b3 + bé (3.4)
x (b ¥ bo) bs + by < x < by + b
(bs + by) — (b3 + b}) P D3OI =X =D 0

\ 1 , Otherwise
So A+ B represented by (3.3) and (3.4) is a trapezoidalpett IFN. It can be

approximated to TrIFN. Thus we ha¥dé+ B = (b; + b}, a; + aj, b, + b}, a, + a},
as +a;, bs +b3, a,+a,, by+by)is alsoa TrIFN.

Theorem 32 If Ai = (bll al, b2, az, ag, b3, a4, b4) and ) )

B! = (by,a}, by, a5, a5 ,bs,a,, by) are two TrIFNs, then A — B = [b; — b}, a; —
ay, b, — b3, a, —aj,az —ay, b3 —by,a, —ay, by — by] is also a TrIFN.

Proof. For everya,B € [0,1]. Let the additive image @&, and Bigbe —B', =
[—aj + a(ay — a3), —a; — a(a; — ay)] andB'y = [—b3 — B(by — b3), —b3(b; — b)].

Aly = B'y = (ay —ayp) + af(a; — a)) + (a4 — ay)], (ay — a1) — al(ay —as) +

(az —ay)] (3.5)
A'g — B'g = (by — b3) — B[(b2 — b3) — (by — by)], (b3 — b3) + fl(by — b1) —
(bs — b3)] (3.6)

x = (a; — ay) + a[(a; — a1) + (a4 — az)] and
x = (as —a1) — al(as — az) + (az — a1)]
Ha-p(x) ,
x —(a; — ag)
(az —az) —(a; —ay)’
1 , (ag—a3z) <x<(az—a3)
(ag—a) —x
(ap—ap) +(az—ay)’
0 , otherwise
(b; — b3) — B[(b, — b3) — (by — by)] and
(b3 — by) + B[(by — b1) — (b3 — b3)]. Now expressing3 in terms ofx and setting
0andB =1 in(3.6) which gives,

(a1 —ay) s x < (az — a3)

(3.7)

(a3 —az) S x < (as —a1)

-

X
X
B
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Ya-g(x) ® b)
X — 02 — D3
7 —, (by —by) < x < (b, — b3)
(by — by) — (by — b3) v 2
— 03 = Dy
- - , (b3 —b3) <x<(by,—by)
(by — by)(bs — b3) 2 o
\ 1 , otherwise

SoA — B represented by (3.7) and (3.8) is a trapezoidabpeth IFN. It can be
approximated to TrIFN. Thus we havd! — B = [b; — b} ,a; —a}, b, — b}, a, —
a;, az —ay by — by ,a, —ay, by — bi] is also a TrIFN.

Theorem 33 If Ai = (bll al, bz, az, a3, b3, a4, b4) and
B = (bj,a}, by, ay,a% , bk, al, by) are two TrIFNs, then
Al x BY = (byby,a,a4,b,b,, 0,05, a3a3, b3bs, asay, byby) is also a TrIFN.

Proof. For everya, § € [0,1]. To calculate the multiplication of TrIFM&ndB?, we first
multiply the (a, ) —cuts ofA'andB! using interval arithmetic.
Ay + By =[a + alay — a) * (af + a(ah — @), (as — a(as — as) * (a4 -

ald, - )] (3.9
AlgxB'g = [(bz — B(by — b)) * (by — B(by — b1), (b3 + B(by — b3) * b3 +
B(bs — b3)] (3.10)

x = [(az — ay)(a; — ap)]a? + (a1 (ay — ai) + (ai(a; — a;))a + a;ajand

x = [(ay — az)(a} — az)a® — [(a} — a3) + aj(ay — az)la + azal

Hasp(x)

—[as(ay —a}) +aj(a; —ay) +/[a; (@) —a}) +aj(ap —a;)]? — 4(a, —ay)(a) — aj)(asa) — x)
2(a, —ag)(@, —ah) ’

4 !
aa; < x < aza,

1 , azay <x < asag
[as(al — a3) + ai(aq — az) £ las(a} — a3) + aj(as — a5)]1* — 4(ay — a3)(a} — a3)(asa} — x)
2(as — az)(aj — a3)
asa; < x < a,ay
0 s X > azay (3.11)

x = [(by = by)(b; — b))] B? — [by(b; — by) + by (by — by)]B + byby
andx = [(bs — b3) (b — b3)] B2 + [b3(bj — b3) + b3 (bs — b3)]B + bsbs
So A = B represented by (3.11) and (3.12) is a trapezatiabed IFN. It can be
approximated to TrIFN. Thus we have

AU« BY = (byb} ,a,a} ,b,b} ,a,ah ,azas , bsbs ,asal, b,bl) is also a TrIFN.
Theorem 3.4.Let reR. If AL = (by, a4, b,, a,,a,,a3,a4,b,) is a TrIFN thers = rAt is
also a TrIFN and is given by = rA' = {rbl’ml’rbz’mz’m3’rb3’m4’ rby, 7 >0

B rby,ray, rby,ras, ra,, rby ,ra, by, r <0
Proof. Let A* = (by,a4,b,,a,,a,,as,a4,b,) be TrIFN and-eR
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Case()r>0 .

To calculate the scalar multiplication of TrIENwe first multiplyr and(a. ) —cuts of

At givesr A, = [ra; + a(ra, —ray), ra, — a(ra, —raz)] (3.13)
r Ay = [rb, — B(rby — rby), by — B(rby — rb3)] (3.14)

x=ra; + a(ra, —ra;)ande =ra, — a(ra, —raz)
X —raq

_, ra; < x <ra,
) ra, < x <rag

, T3 S X < 1ray

Ta3 - T'a4
0 , otherwise
x =rb, — B(rb, — rby)andc = rb; + f(rby — rb3)

X —1b, b < x <rh
rhy —rh, ’ T =X=T0

0 , Thy < x <rb,

YS('X) x — ,r_b3 b - - b
|T'b4—Tb3’r3_x_r4

t 1 , otherwise

Thus, scalar multiplication can be given &= [rb;,ra,,rb,,ra,,ras, b, va,, rby)
which is also a TrIFN when > 0.

Case(ii) r<0

Similarly, it can be shown that= 74’ if r < 0 where

X—T0y4 X—7bs3
|ra3—ra4 , X € [T‘b4,7"a3] ITb4—T'b3 , X € [Tb4,7"b3]
1 , T E|[ras,ra 0 , T €[rbs, b
i@ =4 ke, T el any 0 = 1 ), T EbaThl
——— , r€lra,ra
— 2T by’ T E [rby,7by]
0 , otherwise 1 , otherwise

Thus, scalar multiplication can be givenSas [rb, ,ra, ,rbs,ras ,ra, ,rb, ,ra, ,rby|
which is also a TrIFN where < 0.

Theorem 3.5. If A* = (b; ,a4,by,a,,a3,bs,a4,b,) and
B = (b} ,a}, b, ,a,,as,bs,a, b)) are two TrIFN, then
D=<ﬁﬂ&ﬂﬁﬁﬂ ﬁ).

by ’ay 'byaz’ay 'by "aj’ b
Proof. To calculate division of TrIFN& andBiwe first divide the(a, §) —cuts ofA’ and
B using interval arithmetic.

A_l:a — [a1+a(a’2—a’1) ,a4—a(a4—a§)] — [‘11"'“(‘12—‘11) a4—a(a4—a3)] (3 15)
E"'a [aita(az—ay),as—a(ay—as)] ay—a(ay—a}) ’aj+a(ay-ay) ’
ﬁ — [b2—B(by—b1) b3 +B(by—b3)] — [bz—ﬁ(bz—bl) b3+3(b4—b3)] (3 16)
Big  [b;—B(by—b1) b3+B(by—b3)] by+B(bs—b3) " by—p(by—b7) '
X = a,1+a(af—a:’l) and x = af—a(a",—a?)

ay—a(ay—aj) a;+a(az—az)
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(oo - 4 %
I (az—a1)+x(a4—a3) a, az
az as
1 , S <x<-—
,LlAi/Ei(X as az (3.17)
| __Gaxar Loy<h
x(az—a1)+(a4—a3) a; a
k , otherwise
b,—B(b,—b b3+ (bs—b
= Pl andx = 2P0
by +B(by—b3) by, —B(by—b1)
_ !
- I P T -
x(by—b3)+(b2=b1) by by
0 , b—f <x< b—f
)/Ai/gi(x) = . bz b, (318)
i om o
x(by—b1)+(by—bs3) b, by

P 1 ) otherwise
So A'/B' represented by (3.17) and (3.18) is a trapezoiti@ped IFN. It can be
approximated to TrIFNA? /B‘—(b—1 G b az a3 b3 a4 b‘*)

IIIIIIIIIIIIII'
4 b3 az b2 1b1

Theorem 3.6.
If A' = (by,aq,by,a,,0a3,bs,a4,by)is a positive TrIFN, then
~_1_(11111111)

Al ) ) ) ) ) ) )
N by a4 bs az a; by a; by
Proof. Let A" = (by, a4, b3, a; , a3, b3 ,a,,b,) be a positive TrIFN. To calculate inverse
of TrIFN A we first take the inverse of tfe 8) —cuts ofA! using interval arithmetic.

1 o= 1 — 1 1
/Ala l[ai+ a(az—ai), as—a(as—as)] [a4— a(as—az)’ ar+a(az—as) (319)
1/ = 1 =[ 1 Jp— ] (3.20)
AlB [bz— B(bz—b1), b3+p (by—b3)] bz+p (by—b3) " by— B(ba—by)
1 1
= a,— a(as—as) a:'d = al‘l"a(az—(h)l
azx
{x(a4—a3) ’ a_4 Sxs a_3
Z<x<—
—I(X) = 4 as az (3.21)
| s insi
x(az—ay) az ai
k , otherwise
x=— and x= S
b3 +[5’(b4 b3) by—p(b2-by)
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s loyx<—
x(bs—b3) by b3
1 1
0 , —<x<—
ygi-z(x) = { bs b, (3.22)
| =21, Lox<t
x(by—by) b, by
1 , otherwise

So Ai”" represented by (3.21) and (3.22) is a trapezoi@ped IFN. It can be

approximated to TRIFNA! ' = (i e i).

by 'a, 'b3 "az "a; "by, "a; 'by

Theorem 3.7. If At = (b, ,ay,b,,a, ,a5,bs,a,,b,) is a trapezoidal intuitionistic fuzzy
number ther? = (eP1,e%,ebz, %, e, b3 % eb+) is also a TrIFN.

Proof. To calculate exponential of the TrIFMiwe first take the exponential of the
(a, B) —cut of A using interval arithmetic.

eAia = e(a1+a(a2_a1)' as—a(as—as)) ’eAiB = e(bz—ﬁ(bz—bl)' b3+ﬁ(b4—b3))(3_23)& (324)

x = e“l"‘“(az—al) and x = ea4—a(a4—a3)

lnx—_al ) eal S X S eaZ
az—a,
1 e2<x<e®
K,z (%) = Ja4—lnx ’ (3.25)
=, eB<x<e%
a,—as
0 , otherwise
x = eb2=Bb2-b1) gndx = ebs+B(bs—b3)
(22X b <y < b2
by—by
0 elz < x <ebs
)/e;ii(x) = J nx—by ) ) (3.26)
| e < x<e"
t b4-_b3
1 , otherwise

So e? represented by (3.25) and (3.26) is a trapezostelped IFN. It can be
approximated to TrIFNe4’ = (eb1,e%1, ebz, e%2, % b3, o ebs),

Theorem 3.8. If A* = (b; ,a4,b,,a,,a3,bs ,a,,b,) is a positive TrIFN. Then

In(A) = [In(by), In(ay), In(by), In(ay), In(az), In(bs), In(ay), In(b,)] is also a TrIFN.
Proof. To calculate logarithm of the TrIFM‘ we first take the logarithm of the
(a, B) —cut of A! using interval arithmetic.

m(4',) = In[a; + a(a, —a;),  as—ala, —as)]
= [ln(a1 + a(a, — al)), ln(a4 —a(a, — a3))] (3.27)
ln(Aiﬁ) = In[b; — f(by — b1), b3 + B(by — b3)] = [ln(b2 —B(b; — b1)): ln(b3 +
B(bs — b3))] (3.28)
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x = In[a; + a(a; — ay)] andx = In[a, — ala, — a3)].

Z":Zl , In(ay) < x <In(ay)
Hln(ji)(x) =

1 ,  In(ay) < x <In(ay) (3.29)
27 In(as) < x < In(ay)
a,—as
0 , otherwise
X = ln[bz - ﬁ(bz - bl)] and X = ln[b3 + ﬁ(b4 - bg)]
( a=¢” " In(by) < x < In(by)
bz—bl
0 , Inhy)<x<Inb
Vingat () = {I 0., [t (Bs) (330)

,in(bs) < x < In(by)
t by—bs

B 1, otherwise
So in(A") represented by (3.29) and (3.30) is a trapezosttalped IFN. It can be

approximated t(bn(/i") = [In(by), In(ay), In(by), In(ay), In(as), In(bs), In(ay), In(b,)]

Theorem 3.9. If A% = (b, ay, by, ay, as, bs, ay, by) is a positive TrIFN the@®)'/n is
also a TrIFN as

(A = [(b2) (@) P, () /7, (@), (@5)m, (b3)m, (a4) Y/, () V).
Proof. To calculate the " root of the TrIFNA' we first take the 'f root of the
(a, B) —cuts ofA! using interval arithmetic.

(A1) "™ = [y + alay — a)]Y, [ag — a(ay — az)])n (3.31)

(dig) ™™ = [by — Bby = by)1¥n, [bs + B(bs — b)) (3.32)
x =[a; +a(a, — al)]l/n andx = [a, — a(a, — a3)]1/n.

(224 (a) < x < (g
1 1
mo () = 0 o (az) /nSXS(%) /n (3.33)
) L (@< x < (a)'h
\ 1 y otherwise .
x = [b = (b, = by)] /nandc = [by + (b, = b)) /n.
P ()< x < (b))
1 1
y, 1, () =4 03 , (bp)'/n < x < (by)'/n (3.34)
@ L ()< x < (b
\ 1 , otherwise

So(/Ii)l/” represented by (3.41) and (3.42) is a trapezstumbed IFN by
(1) = [ (by) (), (), (), (@), (b3) ', (a4) i, (Bg) ).

132



Operations on Intuitionistic Trapezoidal Fuzzy NwrsUsing Interval Arithmetic

4. Conclusion
In this paper we have deliberated many operatiébigIBN based orf{, ) —cut method
includingn™ root and exponentiation.
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