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Abstract. Linear programming (LP) is a widely used optimieatimethod for solving
real-life problems because of its efficiency. Lingamogramming is the process of
optimizing a linear function subject to a finitember of line are equality and inequality
constraints. Solving linear programming problemdicieintly has always been a
fascinating pursuit for computer scientists andatatics. In this paper, we concentrate
on solving fuzzy linear programming problems usitgee different methodsThe
algorithms of each method are given and the compioteal results are
presentednd analyzed in thipaper
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1. Introduction

The concept of fuzzy numbers and fuzzy arithmegierations were first introduced by
Zadeh [9]. Negotia [8] proposed fuzzy linear praognaing problem with fuzzy
coefficients. Malaki [4] used ranking function t@h&e fuzzy linear programming
problem. Mishmatetal [7] Solved fuzzy number lingarogramming problem by
lexicographic ranking function. Kumaretal [3] inthaced a method for finding the fuzzy
optimal solution of fully fuzzy linear programmimyoblem with equality constraints. A
type -2 fuzzy set is characterized by a fuzzy mestbp function [5]. Type -2 fuzzy set
theory gained more and more attention from reseaschn a wide range of scientific
areas[6,1]. Ebrahimnejad and Nasseri [2] develoffeal complementary slackness
theorem for solving fuzzy linear programming prablwith fuzzy parameters.

2. Preliminaries

Definition 2.1. If Xis a collection of objects denoted genericallyxbthen &uzzy setA
in X is defined as a set of ordered pdirs {(x,ua(X)) |[x &1 X}, where, |x(x) is called
themembership function(or MF for short) for the fuzzy sét
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Definition 2.2. Thesupport of a fuzzy set A is the set of all points x in Xchuhat [4(x)
> 0.Thea - level (@ —cut ) set of a fuzzy set A is a crisp subset of X andkisoted b4 ,

= {xeX/ (X)) o}

Definition 2.3. A fuzzy set A in X isconvexf
Ha(Ax+ (1=2)y ) = min{ (Ua(X ), (ka(y )}.for allx ,ye A and 1 €[0,1].

Definition 2.4. Any triangular fuzzy number A(X)=(a,as), can be written as follows:

AX)=
(X'al)/(az 'ai) , xt [31 ' 8

(a;-x)/(a; -a, ) ,xO [a ,a .
The interval lgvej oj((‘@rg{de@cg is d@flned as:
A=A A=[a 1+ a(aray), as-a(az-az)] where g,a,a, X ¢ R anda s[0,1].

Definition 2.5. If A=(ay,a,,as) and B=py,b,,bs) with a;,a,as,b,b,,b:¢eR*. The arithmetic
operations are defined as follows:

A + B=(ay+by,at0,,a5tbs) A - B=(ay-by,a-b,a85-03)

A. B=(84b1,agb2,a3b3) ,A/ B=(a1/b3,a2/b2,a3/b1).

Definition 2.6. A fuzzy eigen valuée\ is a fuzzy number which is a solution to the
equation AX22X where A is a n by n matrix containing fuzzy numtband x is a non
zero n byl vector containing fuzzy numbers .

Remark 2.7.We considerO=(0, 0, 0) as the zero triangular fuzzy number.

3. Type-2 fuzzy linear programming problem
Definition 3.1. A type -2 fuzzy linear programming problem isidefl as

MaxZ =37, &%
sub toX, ;%) < b; i=1,2,.....,m (1)
X =0 j=1,2,....n
whereA: = (5ij),c:,z,are (mxn),(1xn),(mx1) intuitionistic fuzzy matreeonsisting of
trapezoidal type-2 fuzzy number afids a (nx1) type-2 fuzzy variable matrix.

Definition 3.2. Consider the systevsz = B'~.with)7 >0, whereA is an m x n matrix
andb is a m vector. Suppose that raﬁk@ m. Arranging the column & as ﬁ ﬁ] that
Bis an m x m matrix. The vectsr = (XB X5 N whereXB = B is called a basic
feasible solution (BFS) of system. H@eis called the basic matrix arl is called the
non basic matrix. The componentsBafre called the basic varlablesXIf§>0 , therX is

called a non degenerate basic feasible squticﬁﬁ# 0, therX is called a degenerate
basic feasible solution.
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Definition 3.3. Any vectorXe(F(R))™ which satisfies the constraints and -negative
restrictions of problem(1) is said to be a t-2 fuzzy feasible solution.

Definition 3.4. Let X be the set of all ty|-2 fuzzy feasible solutions of Problem A
type2 fuzzy feasible solutioX,eX is said to be a typ2- fuzzy optimal solution to(1) i
%, = X for all ¥eX ,where

E= (8,68, E)aNET = EFy + 6y + Ealy + oo 4+ E T

4. Successive over relaxation (SOR) meth
Successive Over Relaxation (SOR) method idterative scheme that uses a relaxa

parameterw and is a generalization of the Ge-Seidel method in the special cw=1
. Here the coefficient matrix should be diagonaibminated. Consider a square sys

X
&1 A2 X2
. . . a
of nlinear equations with unkno\x.AX=b whereA=| "% X =
anl ann
Xn
b,
b2
and b=
bn

Thecoefficient matrix A is decomposed into three nuasi viz. be
a diagonal componef, andstrictly lower and upper triangular components
L andU: where

a, 0 0 0 0 O 0a, a

D= %2 .L= % U= azn
0

0 0 a3, 3 a9 O 0 0

Therefore the system of linear equations is resmits

(D+al)X =ab-[aJ + (w-1)D] X for a constantw > 1.

The method of successive over relaxation iterative techniquéhat solves thieft
hand side of this expression x, using previous value foron the right hand side
Analytically, this may be written

X &Y = (D +al) ™ (ab-[al + (w-1)D]X*). However, by taking advantage of t
triangular form of D+wL), the elements of Y can be computecsequentially
usingforward substitutio

=t +2 T -Ean” 1 <1

j -1 j<1
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4.1. Algorithm for solving fuzzy linear programming Problem using SOR method
Step 1.Convert the type-2 fuzzy linear programming probleno typel fuzzy linear
programming problem using ranking function.

Step 2.1f the number of inequalities is equal to the nundifevariables, go to step 5.

Step 3. If the number of inequalities is less than the nambf variables, add the
inequalities in the system till the number of inalifies equals the number of variables.
Go to step 5.

Step 4.If the number of inequalities is greater than tlhwnber of variables, add the
number of slack variables in the appropriateindtjgaland add +1 on RHS of each of
those inequalities.Go tostep 5.

Step 5. Write each of the constraint as

1= 1-w)x +a_[b Za\] ]—Zq] kﬂ]' =12,...n

i -1 j<1

Step 6.Take the initial values as zero. Find the values.dfhe elements ok*? can be
computed sequentially usifigrward substitution.

4.2. Numerical example
Consider the fuzzy linear programming problem whsxsation is to be found

Max Z = 0.3%, + 0.4X,

st 0.4%, +0.3%,<0.2
0.6%, + 0.8%, < 0.6
with %,20,%,20.

1 2

Max Z = ((0.01,0.10.2),(0.2,0.3,04),(0.4,0.5,02,0.6))x, +
((0.1,0.20.3),(0.2,0.4,06),(0.5,0.6,07))X,
st ( ((0.1,0.30.5),(0.2,0.4,06),(0.3,0.5,07)) X, +
(o.1,0.2,03),(0.2,0.3,04),(0.3,0.4,05))§2)s
((0.01,0.10.2),(0.1,0.2,08),( 0.2,0.3,04))
(((0.4,0.50.6),(0.5,0.6,07),(0.6,0.7,08)&1 +
((0.6,0.70.8),(0.7,0.8,09),(0.8,0.9,099))§2)s
((0.1,0.20.3),(0.3,0.4,05),(0.5,0.6,07))

with X, 20, X, 0.

Defuzzifying type -2 linear programming problemanypel fuzzy linear problem
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Max Z =(0.1,0.3,05)%, +(0.2,0.4,06)X,
s.t (0.3,0.4,05)x, +(0.2,0.3,04)%, <((0.1,0.20.3)
(0.5,0.6,07)x, +(0.7,0.8,09)%, < (0.2,0.4,06))

with X, =20,X, >0
The given fuzzy linear programming problem can lodten as

1 Maxz = 0.1x,+02x, 2 Maxz = 0.3x,+04x,

st 03x, +0.2x, <01 st 04x, +03x,<02
05x, +0.7x, < 02 06x, +08x, <04
with  x,20,x, 2 0. with  x, 2 0,x, =2 0.

3. Maxz = 0.5x,+ 06X,
st 05x +04x, <03
0.7x, +09x, < 06

with  x, =20,x, 20.

The above coefficient matrix is diagonally domimat&o we can apply SOR method.
Now we can solve 1 by using SOR Method

Maxz = 0.1x,+0.2x,

st 0.3x, +02x, < 0.1

05x, +0.7x, < 02

with. x,=20,x, =0
The above constraints can be writtenxas 0'1;?3'2)(2 , Xp = 0'2; (7)'5)(1
Using SOR method, the above equations may' be wiite '

kel _ gq K 01- 0.2x2k e ‘ 0.2—0.5x1k
X = l-wx +a)(—0.3 , X5 L-w)xk; +w —0.7

Let the initial values be zero. Assunie=1.25. Using iteration procedure, we get the
solution is X, = 0.2727 and x= 0.0909. Similarly if we solve 2 and 3 set ofelan
programming problem theBolution of 2is = 0.2857 and »= 0.2857 Solution of 3

x;= 0.1765 and x= 0.5294. Hence the solution is of given type-2zfu linear
programming problem is;x 0.2857 and x= 0.2857 and Max z = 2.

5. Comparison of successive over relaxation (SOR)ethod with breaking point
technigue and semi infinite programming method

5.1. Breaking point technique

The breaking points of constraints at satisfactevel y is defined as
a, =c—y(c—b. The points in intersection &; = c—y/(c— b lines are called the
breaking points.
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5.2. Algorithm for breaking point method
Step 1.Convert the type-2 fuzzy linear programming prablmto typel fuzzy linear
programming problem.
Step 2 Find the breaking points @fwhich are intersection points of lines; A\; (v).
Step 3 Using breaking points, rearrange the coefficadonstraints as

a =c-y(c-b

Step 4.Solve the problem using Simplex method.

5.3. Semi infinite linear programming problem methal

In optimization theorysemi-infinite programming (SIP) is aptimization problenwith

a finite number of variables and an infinite numb&rconstraints, or an infinite number
of variables and a finite number of constraints.

5.4. Algorithm for semi infinite linear programming problem method

Step 1 Convert the type-2 fuzzy linear programming peoblinto typel fuzzy linear
programming Problem.

Step 2 Split this fuzzy problem into two problems by satering the left and right
extremum of confidence interval. It takes the form

Min ) LC;X,

i
i=1

]
with X, = 0, j=12,....., n

st R3 (MY 2 RE(t),i =12,.,m,0t0[a 1]

J
with X, 2 0, i =12, n

Let fy (1) =Lg (O).b; (1) =Ly, (1) andYi (t) = Raj (t).b (1) = Rq (t)
fori=1,2,....m,j=1,2,...,n.

T =[a,1]a U [01 Then the two problems are semi infinite lineargpamming problem.

Step 3.Fix k=1. Choose; 0T ,sefl, ={t;}}

Step 4 Solve (LP) and obtain an optimal solutiox’ (both left space and right space)
and obtain an optimal solutiox" using simplex method.
Step 5.Set the constraint violation function as

n
v ) =3 fi)xd —b(t) DOtOT,i=12,.,m (for left)

j=1

v () = gy (xS = b (t) D0tOT,i=12,.,m (for right )
=1
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Step 6.Find minimizerst-kJrl vk
po. I of i over T for i=1,2,..m.

Step 7.1If Vi(k+l) (tik+1)20for i:1,2,..,m,thenxk being an optimal solution. Otherwise go

to step 8.

Step 8 Sef** =T, O{t*""} and k — k+1.

until an optimal solution is obtained.

Go to step (1) and repeat the procedure

6. Examples
Numerical example 4.2 is solved using breaking f@ichnique and semi infinite
programming methad

6.1. Breaking point technique
Max Z =(0.1,0.3,05)x, +(0.2,0.4,06)X,
s.t (0.3,0.4,05)x, +(0.2,0.3,04)X, <((0.1,0.20.3)
(0.5,0.6,07)x, +(0.7,0.8,09)%, < (0.2,0.4,06))
with X, =0,%X,=0
Standardize the linear programming problem by dhimng slack variable§3 X, = 0.

1y =

The breaking points of are intersection points oflines

aj- g (y). Breaking values of in (0, 1) interval are 0, %2, l.Intervals amongsthe
iterative values are [0, 1/2], [1/2, 1].

Co Xg VX, %, 3, o 3,
0 X, | 0.3-0.3 05- 0.1y 04-01y 2-y 0
0 % | %79 o7-0y 09-01y 5 |27V
Max Z 0
%76 (-0.5,-0.30.1) | (0604-02) 5 | 7

Table 1: Initial table

Using the Simplex procedure, we get the solution as
%, =0, %, = 06-02y

09-01y
If we substitutey =1, MaxZ = (0.1, 0.2, 0.3) x 0, X2 =0.5.
If we allow x to enter into the basis, we get an alternate optisw@ution
x;=0.2857,%=0.2857.

6.2. Semi-infinite linear programming problem

23



Thangaraj Beaula and S.Rajalakshmi
Method
Maxz =(0.1,0.3,05)X, +(0.2,0.4,06)%,
s.t (0.3,0.4,05)x, +(0.2,0.3,04)X, <((0.1,0.20.3)
(0.5,0.6,07)x, +(0.7,0.8,09)%, <(0.2,0.4,06))
with % =20,%,20
MinZ = -Max(-Z) = (-0.5,-0.4-0.3)x, + (-0.6,-04,-02)X,
st (-0.5,-0.4-0.3)x, +(-0.4,-0.3 0.2)x, = (-0.3-0.2,-0.1)
(-0,7,-06,-05)x, +(-09,-08-0.7)x, = (-0.6,-04,—-0.2)
with X, 20X,20
Separating left and right space, we have the faligwtwo linear semi -infinite
programming problem.
min (-02t-01x, +(-02-02)x,
1 st [-01t, +03]x, +[-01, —02]x, =[-01t, —01] (left space)
[-01t, —05]x, +(-01t, — 0.7)x,2[-02, —02]
with x,x, =20 [t O[a]]
and
min (02t - 05)x, + (02t — 06)x,
st [0 -05/]x +[01-04t]x, 2, [01; —03]
[01t, —07]x +[01t, —09]x, =, [02, — 06]
with  x,x, 20 [ Ola]]
Using thealgorithmwe get the solution as follows:
Left space solution ix; =0, X, =0=0.421
Right space solution i, =0 X,=0.5 or %=0.2857,% = 0.2857
Hence the solution isx, = 0, % = [0.421,5].Since the problem deals with

maximization, the solution i& =0,X,=0.5 andX,=0.2857X,=0.2857

(right space)

7. Conclusion
Type- 2 fuzzy linear programming problem has besnesl using SOR Method and

it is compared with breaking point technique andhiggrogramming methods and
their results are summarized as

Method Nam X, X Maxz
Semi infinite Programmin 0.285° 0.285" 2
Problem

Breaking Point Methc 0.285° 0.285] 2
SOR metho 0.285° 0.285" 2

In all these three methods, it is to be noted tth@bptimal solutions are equal.
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