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Abstract. In this paper the concept of fuzzy soft normed linear space of set of all soft
points over ascalar field K isstudied in adifferent way. The notion of @ —norm on a
fuzzy soft metric space is established. Also the concepts like boundedness, Cauchy,
convergence, continuity are defined. Some theorems related to these concepts are proved.
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1. Introduction

In real life, most of the problems are uncertain or imprecise. This is due to the lack of
information required. In order to deal such situations Zadeh [7] in 1965 introduced fuzzy
sets. In fuzzy set theory thereis a lack of parameterization tools which lead Molodostov
[3] in 1999 to introduce soft set theory. Maji et al [2] in 2001 studied the combination of
fuzzy set theory and soft set theory and gave a new concept called fuzzy soft set. This
new notion widened the approach of soft set from crisp cases to fuzzy cases. Topological
study on fuzzy soft set theory was initiated by Tanay and Kandemir in [6]. In 2013 Zadeh
[1] coined fuzzy soft norm over a set and established the relationship between fuzzy soft
norm and fuzzy norm over a set.

In this paper, we first recall the definition of soft normed linear space which has been
established in [4] and the definition of fuzzy normed linear space coined by Sadaati [5] in
2005.We continue our work by coining fuzzy soft normed linear space in a different way
as a fuzzy set defined on the soft normed linear space. Fuzzy soft metric is defined using
fuzzy soft norm, also convergent, Cauchy sequence, completeness, fuzzy soft a-norm,
bounded sequence are defined with respect to fuzzy soft norm and fuzzy soft metric.
Some related theorems using these concepts are proved. Fuzzy soft open ball, closed ball
and sphere are defined.

2. Preliminaries
Definition 2.1. Let X by avector space over afield K(K =R) and the parameter set E

be thereal number set 0. Let (F,E) be asoft set over X . The soft set (F,E) issaidto
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be a soft vector and denoted by X if there is exactly one eDE, such that F(e) ={ %
for somexOX and F(€)=¢, O 0 B ¢.

The set of all soft vectors over X will be denoted by SV(X). Theset SV(X) is called
a soft vector space.

Definition 2.2. Let SV(>~() be a soft vector space. Then a mapping

|0 :sv(X) - L' (E) is said to be a soft norm on SV(X), if | .| satisfies the
following conditions:
1) |%20 foral sv(X) and
[%[=0 ~ %=0o
2) ||[F%e| =|F|||%e] foral % [ISV(X) for every soft scalar F
3) [%e+ Vel= [xd +| V| foral %, ya Osv(X)
The soft vector space SV()N() with a soft norm | .| on X is said to be a soft normed

linear space and is denoted by ()~(|| . ||) .

Definition 2.3. Let X be alinear space over the fieldF (real or complex) and [ isa
continuous t-norm. A fuzzy subset N on X xR ,R -set of all real numbersis caled a
fuzzy normon X if and only if for x, yOOX and cUJF

1) OtORwith t<0,N(xt)=0

2) OtORwitht>0,N(xt)=1 ifandonlyif x=0

3 Dtmpwithwo,N(cx,t):N[x,'tTJ if c#0
4) OstOR, x yOX;N(x+ yt+ $§=N( xJON( y ¥

5 N(X,.) isacontinuous nondecreasing functionof 2 and lim N(x,t) =1

X - 00

Thetriplet (X, N, D) will be referred to as afuzzy normed linear space.

3. Fuzzy soft normed linear space
Definition 3. Let X be an absolute soft linear space over the scalar field K . Suppose [

is a continuous t-norm, D(AD) is the set of all non negative soft real humbers and

SSP()?) denote the set of al soft points on X. A fuzzy subset I on
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SSP(X) XD(AD) is caled a fuzzy soft norm on X if and only if for
%e, Vo [1SSP(X) and k K (where k isasoft scalar) the following conditions hold
=00 tDD(AD) with £ <0

=10f DD(AD) with £ 50 if and only if % =0

4 TM(%0Y,1032M (YO (V9. DNsTJD(AD), %" wssP(X)

5 (% ) is a continuous nondecreasing function of D(AD) and |im I (%, )=

fo oo

Thetriplet ) will be referred to as afuzzy soft normed linear space.

Definition 3.2. Let ()~( I, D) be afuzzy soft normed linear spaceand > 0 be asoft real
number. We define an open ball, a closed ball and a sphere with centre at )?el and radius

a asfollows

a
open ball, a fuzzy soft closed ball and

o)

fuzzy soft sphere respectively with centre )?el a
and radiusa .

Definition 3.3. A mapping A:SSP(X)XSSP(X)XD(AD) ~[01] is said to be a fuzzy
soft metric on the soft set X if A satisfies the following conditions

1) A()?el,yez,f):o,forallféﬁ

2) A(>~<el,yez,f) 1, forall {50 ifandonly if % = ¥

3 8(% e T) =8(vg. %e
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4) A(YQ,Z%,EDT)EA(X%,~y§,~%m(~y§,”z§~)forall £,550
5) A(x%,y%,.):(o,oo) = [0,1] is continuous

The soft set X with afuzzy soft metric A is called a fuzzy soft metric space and denoted
by (X.4.0.

Definition 3.4. Let be a sequence {ng} of soft vectors in a fuzzy soft normed linear

space()?,l',D) . Then the sequence converges to )”(gj with respect to fuzzy soft norm

if F(f(gj —5(% ,f)él—a’ for every n2ry and a0(0,1] where ng is a positive

integer and £ 50.
Or
lim r(xg_ —~%,f)=1,asf S
Nn—- oo ]
Similarly if lim A(ng Q ,T):l,asf - © then{f(gj} is aconvergent sequence in

n—- oo

Definition 3.5. A sequence { igj} in afuzzy soft normed linear space ()?I'D) issadto

8
fuzzy soft metric space (X,A,

be a Cauchy sequence with respect to the fuzzy soft norm I if (ng - 5(%1 : f) >1-a

for every n,m= ) and aD(O,l] where ng isapositiveinteger and t 50.
Or

im (% -%2,1) =1, a5 -
n,m-» o !

imilarly if lim A{sQ & f]=1asf - o SOt -
Similarly if 0 SRRACE then | e, [ is a Cauchy sequence in

— 00

fuzzy soft metric space (XAD) .
Definition 3.6. Let (XFD) be a fuzzy soft normed linear space. Then ()?FD) issaidto
be complete if every Cauchy sequencein SSP()?) converges to a soft vector of SSP()?)
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Definition 3.7. Let {f(g]} a sequence in a fuzzy soft metric space ()N(Aq Then the
seguence { )?gj } is said to be a bounded sequence with respect to the fuzzy soft metric A

if

xgj-xg”asm.

By definition

no_omll _iefroa [ on am 2\

er - %g H —|nf{t.A( x?,%?a,t)za,aﬂ(o,l]}

{ng} is said to be bounded if there exists a positive integer N depending on M such
that A 5 ,%0,1)3 @,0n m>N(M).

4. Theorems
Theorem 4.1. Every convergent sequence is Cauchy sequence.

Proof: Let {)?gj} be a sequence in a fuzzy soft normed linear space ()~(FD) Consider

{)?gj } converges to )?gj :

Then we have I'()”(gj —7(% ,f)él—a for every n= ny and a0(0,1] where ng ON

and £30.
Therefore,

\Y
=
2
~
2

=min{1-a,1-a}

=l-a
r(f({;j —xg‘,f)él—a for every n,mz yand a J(0,1].
Thus{f(gj} is aCauchy sequence.

Theorem 4.2. If ()~(I’D) is afuzzy soft normed linear space then
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a) Thefunction (X, ¥a) — %O Vg iscontinuous.
b) The function (¢,
where %, Y (1SSP(X) and ¢[IK .
Proof:
8 If X — X and ye;] — Vg thenasn -

(5 5¢)- 52058 (355 -5 0]
:r((xen—xe)m(yg—yé)ﬁ)~
= (xqj-xe,zjmr(yq Yo j

Thus the function ()?e yé) — Xgl Y g is continuous.

Ve
Xe) €1 % iscontinuous.

b) If ¢ — Xg.Ch - C

M (ent %~ %o 1)= (T X0 e % ey Xg C %o}
L CHCEALCUIES

(o (e =5 5| { (e 9 e

_ r((g%—xe) chjmr( m]

Thus the function (C‘., S(e) — €O % iscontinuous.

and(:nif) thenas N - o

IV

r—I-Z

Theorem 4.3. Limit of a sequence in afuzzy soft normed linear space, if existsis unique.
Pr oof: Let{f(gj} be a sequence in a fuzzy soft normed linear space ()~(FD)

Such that

lim I'(xe S(e,f):i

Nn—- oo

nImeF(xe Xé,f)=~

aretwo limits of the sequence { )?gj } :

Then by definition there exists positive integers n,, n, such that

86



Thangarg) Beaulaand M.Merlin Priyanga
F(f(gj - %o t|21-a forevery nzn and a0(0,]
r(>~<gj —xé,f)él—a for every n2 n, and @0(0,1]
Choose n= 1, n, =min{ n, n}
r(xe—xé,f)=r(5<e— X O N)FF—NXrGNt)
r((xgj SARIE -yé):t)
> r()?gj - )N(e,%] Dr(S(nq - Xé,gj
2(1-a)01-a)

=min{l-a,1-a}

=1-a

M(%-%g,T)21-a
That implies,
lim T (% - %g,T) =1
n - oo

M(%-%.t) =1
By the definition of F.S normed linear space
[ (e = %¢,T) =1 with T S0 if and only if %~ %g =0
Hence X; = Xg
Theorem 4.4. Every fuzzy soft normed linear space is afuzzy soft metric space.
Proof: Let ()~(FD) be a fuzzy soft normed space.
Define the fuzzy soft metric by A(f(el, e, t) =T ( %~ Ve t) (4.4.1)
for every )?el V% EISSP()?).
Then it is clear to show that the fuzzy soft metric axioms are satisfied.
1) A(xel,y%,f) :r(x?—yg,”t):mf 120
2 (5 0,1) =T (5o-
9 A% Ve 1) =(%e- Ve )

\<l
ND
.
~——
1]
[
=
2
3
(@}
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2) A(f(el,z%,éDT)=r Yo - 2@@)

A% 76,372 (5. % 406 77
5) By the definition (4.4.1) of A we get A is continuous and
A(%, g +-):(0.%2) — [0.]
Theorem 4.5. Let ()N(,A, D) be a fuzzy soft metric space.
Define H)”(el - y%ua :inf{f:A(X@, ”ygft) > a,aD(O,l]}.
Then {|| |, :a'D(O,l]} is an ascending family of norms of fuzzy soft real numbers in
0 (AD) on X .
Proof: Let (X,A,D) be a fuzzy soft metric space and

a—sal, a5 0 2 0000
Then
1) A(f(el,?%,f):O foral £<0

:>{t~:A(>~<e, ye,f)éa,aD(O,l]} =0
int{£:4(%, Ve, f) 3@.a0(01} =0
Thus % - yeHa =0

2) A(xel,yez,f):lform [0 ifandonly if %, = Ve,
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={:8(%. Ve, 1) 2 a.a0(01]} =1
int{t:8(%,, Vg, f)S@a0(01} =1
Ths |5 = |, =1
9 8% V.1 =0(Vg % 1
|7, - 56, =inf{t: (% ve. Y2 aan (0]
= inf{f:A(yez,S(q,f)éa,aD(O,l]}
= [ve, -5 ,
%~ Vo, =[50 =%,

4) Consider
H>”<el—y%ua+H$<@—~2§Ha=inf{~t:A(~xle ”yfft)éa,aD(O,l]}
+inf{::::A(x91 % 930, aD(Ol]}
=inf{f0s:a (%, ¥, 1) 20.0(%g 7. 92 4]
Hf(el—S/%HH+HS<@—”Z§Hasmf{tD SA( Xe y§D Ze o )sz }
=inf{r”'A(~QL y%DZ%,T)éa},F:fDZ%
[ ~(v, 97,
[%, (% 57%)“ > %= v, H e 7,
Hence, {|| ”a :aD(O,l]} isan & —norm induced by the fuzzy soft metricon X .
Let O< <as.
Then
ST

H” - a2=inf{f:A($<@,§/§,~t)éaz}

Asa<as,
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(F:8(5. 96,1) 202} O{t:8 5. 9. Y 2o
mf{t A(xel Ve, - )>a1}<|nf{t A( Ve t) 0'2}

Therefore, Hf(el - S/% Hal < H X@ - S/QHO/Z

Hence {|| ||a:aD(O,1]} is an ascending family of norms of a —fuzzy soft real

IV

numbers X ininduced by fuzzy soft metric on X
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