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1. Introduction

The concept of fuzzy random variable was introdusgdwakernaak [3] and Puri and
Ralescu [7]. A fuzzy random variable is just a @mdvariable that takes on values in
space of fuzzy sets. The outcomes of Kwakernaaklgyf random variables are fuzzy
real. Subsets and the extreme points of th&uts are classical random variables. Fuzzy
random variables are Mathematical description$upzy stochastic phenomena, but only
one time descriptions.

Fuzzy random variables generalize random varialdesl random sets.
Kwakernaak [4] introduced the concept of a fuzzyd@m variables as a function X:
Q—F(R) where @, A,P) is a probability triple and F(R) denotes #& of all canonical
fuzzy numbers. Puri and Ralescu [7] defined theéonobf fuzzy random variable as a
function X: Q — F(R") where , A,P) is a probability space and F{Rndicates all
functions U: R— [0,1].

Stochastic ordering of fuzzy random variables is ofithe most applicatble in
statistics and probability. Various concept of istat comparison between random
variables have been defined and studied in thmfitee, because of their usefulness in
modeling for reliability economics applications aasl mathematical tools for proving
important results in applied probability [8].

2. Preliminaries
Definition 2.1. Let X be a universal set. Then a fuzzy ée:t{(x I (x))/ X X} of X is

defined by its membership functiqry : X - [01] .

Definition 2.2. For eachO<a <1, the a-cut of set of A is denoted by its
A, ={x0OX:p; (Y2 a}.
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Definition 2.3. A fuzzy number is a fuzzy set of R such that tHe¥ang conditions are
satisfies:

1. Ais normal if there exists 0 X such thatu; (x) =1
2. Ais called convex ifi; (A% +(1- %)) = min(u; (%) .15 (%))

3. A is called upper semi continuous with compact stppiat is for everi> 0,
there exist$>0;|x— yl < 8= p; (x) <p; (y)+0

4. The a-cut of fuzzy number is closed interval denotedAQ,y:[ALa,AUa],
whereA", =inf {xOR; ; (X)za} and A, = sufxJ Rp, (¥ =2a}.

5. If A is closed and bounded fuzzy number with,A", and its membership
function is strictly increasing oﬁALa,AUa] and strictly decreasing on

[Aul,AUaJ thenA is called canonical fuzzy number.

Definition 2.4. A fuzzy random variable is a fuzzy set consistifgaomembership
function and a basic set of underlying variablesuzzy random variable X is a map X:
Q — F(R) satisfying the following conditions:

1. For eaclw0(0,1] bothx"', and X, defined as
X", (@)(x) =inf { xOR; X (w)(X) 2 a} and X°, (w)( ¥ = sud x0 R; Xw)( §=a}
are finite real valued random variables defined simch(Q,A,P) that the
mathematical expectatiorX", and EX’, exist.

2. ForeachwdQ anda0( 0.} , X, (w)(x)2a and X, (w)(X)=a

Definition 2.5. A fuzzy set valued mappin¥: Q - R"(R)=F(R)x..x §( R
represented bY (w) =(X (1, w)x...xX(m,w)) is called the fuzzy random vector if for

each K1< K<m, X(K,w) is a fuzzy random variable.

Definition 2.6. X (w) is a fuzzy random variable if and only if
Xa(w):[XaL (w),X " (w)} whereX ' (w) and X," (w) are both random variables
for eachy 0(0,1] and Xw) = U a X%, (w)

at(0.]

Definition 2.7. Thea cut of the distribution function F of fuzzy randovariableX is
defined by

Do = [Min {FE5F (%), q<pF (%¢)}, max {ZE5F (5), T4 (%)}
Definition 2.8. The membership function of the probability disttibn function of%,
denoted a$ (%). It is defined as
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:uF(x)(r) a€l 01]nQa1D (T)
Definition 2.9. Thea cut of probability density function&(x), wherex € [%%,%V] is
given by

o = [Min {GEBf (%5), f (5} max {551 (%), G f (%3)}]

Definition 2.10. The membership function of the probability disttiba function of%,
denoted ag (%) is given by

.uf(x) (T) OS;IFF]QO"]-A (7’)

3. Stochastic orders
Definition 3.1. If X and¥ be fuzzy random variables with fuzzy cumulativstdbution
functionF andG respectively therX <., Y & F(t) = G(t)Vt.

Definition 3.2. If X andY are two fuzzy random variables then
X< Yo {PXL=zoVvPXY =)} < {PYt =t)VPYY = o)}

Definition 3.3. If X andY are two fuzzy random variables then
X <a Yo E[f(XDIVE[fXD] < E[f(YDIVE[f(¥Y)], for all increasing functions
f.

Example 3.4. If X andY are two exponential fuzzy random variables witrameandu
respectively such thdt< uthenX <; Y.

Properties of stochastic orders

Preposition 3.5. (Ordering of mean values)

If X <, Y andE(Y) is well defined thert (X) < E(Y)

Proof: Assume first thak andY are non negative value fuzzy random variablesnThe

E[f(XDIVE[fF(XD)] = foop(xg > q) danOOP(Xg > a)da
0 0

< fooP(YaL > q) danOOP(YaU > a)da
0 0
=E[f (Y)IVE[f (Y)]

Generally one can express any fuzzy random vasabés the difference of two non
negative fuzzy random variables.
LetZ =Z* —Z~ For eachx € R,
+ Z(w)(x); Z(w)(x) =2 0
2" (@)(x) { Z(@)(x) < 0
Z(w)(x) <0
2@ {005 20)) = 0
X <, YimpliesP{X% > a}VP{XY] > a} < P{Y} > a}VP{YV > a}
Let X(w)(x) = 0 and Y (w)(x) = 0 then
P{X")G > a}VP{(X")g > a} < P{(Y+)L > a} VP{(Y*)g > a}
This implies X* <., Y Similary we can prove X~ <, Y~

There fore E[(X)IVE[(Xs)]= EIXN&IVEI(X gl EIX DEIVE[X Del}
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< E[(YDGIVE[(Y D] HE[(Y )IVE[Y )]}
= E[(Y)IVE[(YS)]
The above inequality true for all & € [0,1]_

EUaXéVE UanSE UaYOfVE UocY[f
a€l0,1] a€lo,1] ] | 2€[0,1] a€l0,1]
This shows that,
E U a XL XUl < E alYy, Y]
ael0,1] a€lo,1]

Thatis E(X) < E(Y).

Preposition 3.6. (Closed under transformations by increasing fumdti
If X andY are two fuzzy random variables andXf<; Ythenf(X) <, f(Y), for any
increasing functiorf
Proof: Suppose first thaK <, Y, and letf be an increasing function
Let f~1(a) =inf{x; f(x) = a} Then fora € [0,1],
P{f(Xz) > a} vV P{f(X7) > a} = P{Xg > fH(@}IVP{Xy > f1(a)}
< P{v}t > fH@IVPYY > f(a)}
=P{f(Yy) > a} v P{f(Y{) > a}
This shows thaf (X) =, f(Y)
Conversely suppose thgf(X)) < (f(Y)) for all increasing functiofi
For any a Lef, denote the increasing functigi(x) = {é J;iz
Then fora € [0,1], [fo(XDIVIf(XD)] =P{XL > a}VP{XY > a}
< P{Yt > a}vP{Y! > a}
This shows that <; Y.

4. Hazard rate order
Definition 4.1. Let X be a non negative fuzzy random variables wiittzy distribution
function F and fuzzy Probability density functibnThen thex —level fuzzy Hazard rate
of X at &= 0 is defined as
_ [min {ocpfir (%) acplt £(2f)) max{odpir(2h) wpir(5))

min{(BAF(%h) o aspss F(75)} max{op2iF (%)) o2p2iF (75}

The fuzzy hazard rate dfdenoted a$(X¥) the membership function &{(%) is
defined ad'{) = | P alH, (r).

(%) ~ 0=as1

Definition 4.2. Let X and Y be two non negative fuzzy random vdgakith continuous
distribution functions and with fuzzy hazard ratmdtionsi (%) andg(x¥) respectively.
X is smaller than Y in the hazard rate order

Denoted asX >, Y

¢ i LasBr () ocph () i lacto(5h) ot ols)

X
i BPER) 8 PE)) BB el S0

aspBs<1
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max {o<pif (%) s asperf ()} | max {apsia (%) s agpeig (%))
max { FEF (%) , o HGF (%)} max{, JEG(%5) . (HEG (%)}
For eachr, 8 € (0,1]N Q whereF, f are the survival and density functions of X
respectively and:, gare the survival and density functions of Y respety.

Property 4.3. If X andY are fuzzy random variables with continuous disitiim
functions and ifX >, Y thenF(t) < G for all t , whereF(t) is fuzzy probability
distribution function of{ andG (t) is fuzzy probability distribution function of.

Preposition 4.4. If X andY are two fuzzy random variables such tKat,, Y then
X > Y.

Proof: If X =, Y then the survival function df is smaller than that af

for eacha < p <1 anda, B € (0,1]NQ. This Shows that

min {FAF (%) , acpes F(EF)} <

min {<F4G (%), acpss  G(%)) and max {pe1F (%5) , aepaiF (%5)} <
max {aJE?fG(fé) , asrﬁ?fg (’zﬁl?])}

This shows that

min  {(FiP(%5 > t) L aeper P(XF > )} <min{(FAP(Tf > t), acpss P(FF >
t)},maX {asn[}:)lcp(’?é > t) ’ asrggglcp(’?ll?] > t)} S max {asrggglcp(yﬁL > t) ’ asnégglcp(fll?] >

1)}

The above establishes that,; Y and The proof is complete.

Property 4.5. (Closed under increasing function)
If X and Y be two non negative fuzzy random varggblith have the survival functions
Fg~'andGg.
If X >, Ythen Fg=1(t) < Gg~1(t), whereGg~1(t) > 0 andGg~1(t) < Fg~1(t)
whereFg=1(t) > 0
Proof: GivenX =, Y
= min {minFg~! (%5) ,minFg~* (%§)} <
min {minGg~* (y5) ,minFg~* (%§)}and
= max {maxFg~* (%) ,maxFg~* (%)}
< max {maxGg~" (y5) ,maxFg~" (%)}
= min {minP (3?[% > g_l(t)),minP (fg) > g_l(t)}
< min {minP (yl% > g‘l(t)),minP (Eg > g‘l(t))}
= max {maxP (ié > g‘l(t)) ,max P ()?g) > g‘l(t)}
< max {MaxP(y5 > g7*(t)) ,maxP (% > g~*(1))}
= min {minP (g(a?é) > t) ,min P (g(a?};’)) > (t)}
< min {MinP(§5 > g~*(¢)) ,minP (X5 > g~ (1))}
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= max{maxP (g(fﬁL) > t) ,max P (g(a?};’)) > (t)}
< max {maxP(y§ > g~*(t)) ,maxP (ig > g71(0)}
= gX) =g{@).
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