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1. Introduction 
Several set theories can be considered as tools for dealing with uncertainties,say theory of 
fuzzy sets [1], theory of institionistic fuzzy aets [4], theory Vague sets, theory of interval 
mathematics [2,5] and theory of rough sets [2], but all these theories have their own 
difficulties. The reason for these difficulties is possibly, the inadequaly of the 
parametrization tool of the theory as it was mentioned by Molodtsov in [9]. 
 Fuzzy soft set which is a combination of fuzzy and soft sets were first introduced by 
Maji et.al. [8] in 2001. Many researchers improved this study and gave new results ([1],[3]). 
Aygunoglu and Aygun [6] applied fuzzy soft sets on group theory. Tanay and Kandemir 
[13] defined fuzzy soft topology on a fuzzy soft set over an intial universe. They introduced 
new concepts like fuzzy soft base, fuzzy soft neighborhood system, fuzzy soft subspace 
topology and they presented basic properties. Roy and Samanta [11] defined fuzzy soft 
topology over the initial universe and they introduced base and subbase for this space also 
they gave some characterizations. 
 Int this paper, notion like fuzzy soft diagonal set, fuzzy soft continuity, suzzy soft 
homeomorphism are introduced. The concept of fuzzy soft hausdorff is coined and some 
properties of this space is established. 
 
2. Preliminaries 
In this section we present some basic definitions of fuzzy soft set. Throughout our 

discussion, U refers to an intial universe, E the set of all parameters for U and )
~

(UP  the set 
of all fuzzy sets of U. (U,E) means the universal set U and the parameter set E. 
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Definition 2.1. [6] A pair (F,E) is called a soft set (over U) if and only if F  is a mapping of 
E into the set of all subsets of the set U. 

In otherwords, the soft set is a parameterized family of subsets of the set U. Every set
 F(ε ),  ε ∈ E , from this familymay be considered as the set of ε elements of the soft set (
F, E),  or as  the set of ε - approximate elements of the soft set. 
 

Definition 2.2. [8] A pair (F, A) is called a fuzzy soft set over U where )
~

(: UPAF →  is a 

mapping from A into )
~

(UP . 
 
Definition 2.3 [8] For two fuzzy soft sets (F, A) and (G, B)   in a fuzzy soft class (U,E), we 
say that (F, A) is a fuzzy soft subset of (G, B), if 
(i) A ⊆ B 
(ii ) For all ε ∈ A , F(ε ) ⊆ G(ε ) and is written as (F , A) ⊆~  ( G, B). 
 
Definition 2.4. [8] Union of two fuzzy soft sets (F, A) and (G, B) in a soft class 
(U,E) is a fuzzy soft set  (H,C) where C = A ∪ B and ∀ε ∈  C, 

H(ε )=








∩∈∪
∈
∈

BA  if ),()(

A-B if              ),G(

B-A if             ),  F(

εεε
εε
εε

GF

      

  and is written as  (F, A)       ∪~  (G, B) = (H,C) . 
 
Definition 2.5. [8] Intersection of two fuzzy soft sets (F, A) and (G, B) in a soft class  
(U,E) is a fuzzy soft set (H, C) where 
C = A ∩ B and ∀ε ∈  C , H(ε ) = F(ε ) or G(ε )(as both are same fuzzy set) and is 
written as (F, A)       ∩~  (G, B) = (H,C) . 
 

Definition 2.6. [11] Let  A ⊆Ε then the mapping )(
~

: UPEFA → , defined by AF (e) = 

A
eFµ ( a fuzzy subset of U), is called soft set over (U,E), where A

eFµ = 0
~

 if AEe −∈  

and A
eFµ 0

~≠  if Ae∈ . The set of all fuzzy soft set over (U,E) is denoted by FS (U,E). 
 
Definition 2.7. [11] The fuzzy soft set Fϕ ∈ FS(U, E) is called null fuzzy soft set  

and it is denoted by Φ~ . Here Fφ  (e) = 0
~

 for every e∈E. 

 
Definition 2.8. [11] Let ),( EUFSFE ∈  and 1

~
)( =eFE  for all e ∈ E .Then EF   is 

called absolute fuzzy soft set. It is denoted by E
~

. 
 
Definition 2.9. [11] Let AF , ),( EUFSGB ∈ . If )()( eGeF BA ⊆  for 

all   e ∈ E , i.e., if µ 
e
 AF  ⊆  µ 

e
BG for all e ∈ E  , i.e., if  



Fuzzy Soft Hausdorff Spaces 

147 
 

)()( xGxF B
e

A
e µµ ≤   for all x ∈U and for all e ∈ E ,  then AF  is said 

to be fuzzy soft subset of BG , denoted by 
BA GF ⊆~ . 

 
Definition 2.10. [11] Let AF , ),( EUFSGB ∈
Then the union of AF  and BG  is also a fuzzy soft set ,CH defined by

B
e

A
e

C
e

C GFHeH µµµ ∪==)( for all  e ∈ E where BAC ∪= . Here we write 

BAC GFH ∪= ~ . 

 
Definition 2.11. [11] Let AF   ).,( EUFSGB ∈
Then the intersection of AF  and BG  is also a fuzzy softset  

CH  defined by
B

e
A

e
C

e
C GFHeH µµµ ∩==)( for all  e ∈ E where BAC ∩= . 

Here we write  BAC GFH ∩= ~ . 

 
Definition 2.12. Let AF ),( EUFS∈ . The complement of

AF is denoted by C
AF  and is 

defined by )(
~

: UPEF C
A →  is a mapping given by C

AF (ε )=  [F(ε )] C , ∀ ε ∈ E . 

 
3. Fuzzy soft Hausdorff spaces 
Definition 3.1. Let ),( EUFS be  the set of all fuzzy soft sets over U .Let ),(~ EUFSFA ∈

Ua∈~  and EA ⊆~ . Then ∆)( AF  is a fuzzy soft set over UUI ×  for which 

UU
A IEF ×

∆ →:)(  and  
















≠

=
=∆=

×

∆
eifa

eifas
eF

aa
eF

A
0

)(
)()(

)(µ
  . Then  ∆)( AF  is the fuzzy 

soft diagonal set. 
 
Theorem 3.2. ),,( ℑEU  be a fuzzy soft hausdorff space if and only if the fuzzy soft 

diagonal set ∆)( AF  is fuzzy soft closed. 

Proof: Let ),,( ℑEU  be a fuzzy soft hausdorff space. We must show that C
AF ∆)(  is fuzzy 

soft open. Suppose that 
C

AF
Faa

e
∆∈× )(~

)21(µ  then ∆∉× )(~
)21( AF

Faa
e

µ   and for some ES∈~

))(()(~)()21( esFs AF aa
e

∆∉×µ . Denote ))(()( 21
)21( ss a

F
a
FF ee

aa
e

µµµ ×=× . Thus )21 a
F

a
F ee

µµ ≠  and 

are two fuzzy soft points say eF  and '
e

F  in the fuzzy soft topological space. Since 

),,( ℑEU  is fuzzy soft hausdorff there exists ℑ∈ ~~, AA HG  such that Ae GF ∈~ , Ae
HF ∈~'

with φ~~ =∩ AA HG . Hence for each Fe∈~ , )()(~)()21( eHeGe AAF aa
e

×∈×µ and 

Φ=∩× ∆
~

)(~))()(( AAA FeHeG . Hence  ∆)( AF  is fuzzy soft closed. 
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 Conversly, let ∆)( AF  is fuzzy soft closed. Let ),,(~, ' ℑ∈ EUFF
ee  such that 

'ee FF ≠ . Then ∆∉ )(~),( ' Aee FFF  and so C
Aee FFF ∆∈ )(~),( '  such that there exists fuzzy 

soft open sets AH  and AG such that C
AAAee FGHFF ∆⊆×∈ )(~~),( ' . Hence Ae HF ∈~  and 

Ae
GF ∈~' again Φ=∩ ~~

AA GH . 

 
Definition 3.3. Let ',UU  be universe sets ', EE  be the corresponding parameter sets. 

The map )()(: ''
EEup UFSUFSh →  is a fuzzy soft map from 'UtoU  which maps the 

fuzzy soft subset UofFA  to fuzzy soft subset ')( UofFhup A  where ': UUu →  

and ': EEp →  is defined as  
 

[ ]








Φ≠Φ≠









=
−−

∈∈ −−

otherwise

SuandepifSeF
SFh ePe

A
SUS

eAup

0

~
)(

~
)()()(supsup

)()(

'11

)'()'('

'

11
'  

Also the universe [ ]eAup Fh )( '

1−
 is defined as   

[ ]






 ∈
=−

otherwise

EepforSuepF

SFh
A

eAup 0

~)(),()((

)()(

'

1

'

'  

Definition 3.4. Let ),,( 1ℑEU  and ),,( 2ℑEU  be two fuzzy soft topological spaces. A 

fuzzy soft mapping )()(: '
'
EEup UFSUFSh →  is said to be fuzzy soft continuous if 

21
1 ~,~)( ℑ∈∀ℑ∈−

AAup FFh . 

Theorem 3.5. If ),,( ℑEU  is fuzzy soft hausdorff and )()(: '
'
EEup UFSUFSh →  is a 

fuzzy soft map which is injective, surjective and fuzzy soft open then ),,( ''' ℑEU  is 
fuzzy soft hausdorff . 
Proof: Let '

2
'

1
,

ee
FF  be fuzzy soft sets in )( 'E

UFS  such that '
2

'
1 ee

FF ≠ . Since hup is 

surjective there exists 
21

, ee FF in )( EUFS such that '
11

)(
eeup FFh = and  

12
~,~)( ℑ∈∀ℑ∈ AAup FFh and

21 ee FF ≠ . As  ),,( ℑEU  is fuzzy soft hausdorff there 

exists ℑ∈~, AA GF  such that Ae FF ∈~
1

 and Ae GF ∈~
2

 and Φ=∩ ~~~
AA GF . 
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 Hence for each Ee∈~ , )(~
1

eFF Ae ∈  and )(~
2

eGF Ae ∈  and Φ=∩ ~
)(~)( eGeF AA . 

Thus ))((~)( 1
11

eFhFFh Aupeeup ∈=  and ))((~)( 1
22

eGhFFh Aupeeup ∈= . Since uph  is fuzzy 

soft open )( Aup Fh  and  )( Aup Gh  belongs to 'ℑ .since uph  is injective , 

)~()(~)( AAupAupAup GFhGhFh ∩=∩   = Φ~ . 

 Thus ),,( ''' ℑEU  is fuzzy soft hausdorff. 
 
Definition 3.6. Fuzzy soft mapping )()(: 21

'
EEup UFSUFSh →  is called fuzzy soft open 

if  12
~,~)( ℑ∈ℑ∈ AAup FforeveryFh . 

Definition 3.7.  )()(: ''
EEup UFSUFSh → is said to be injective if u and p are injective. 

 It is said to be surjective if u and p aresurjective. 
 
Definition 3.8. Let ),,( ℑEU  and ),,( ''' ℑEU  be two fuzzy soft topological spaces. A 

fuzzy soft function )()(: '
'
EEup UFSUFSh →  is called homeomorphism if uph  is one to 

one, onto, continuous and open. 
 
Theorem 3.9. In fuzzy soft hausdorff space, a sequence converges to a unique point. 
Proof: Suppose that { }

neF  is a sequence in ),,( ℑEU  converging to 'e
F  and let 'ee FF

n
≠ . 

Since ),,( ℑEU  is fuzzy soft hausdorff space there exist fuzzy soft open sets ℑ∈~, AA GF  

such that AeAe GFFF ∈∈ ~,~
21

 and Φ=∩ ~~
AA GF . This implies that for all ,~ Ee∈

)(~),(~
21

eGFeFF AeAe ∈∈  and Φ=∩ ~
)(~)( eGeF AA . As  { }

neF  converges to 'e
F  and AF  

is fuzzy soft open set containing 'e
F  there exist Nn ∈~1  such that Ae FF

n
∈~  for  all inn ≥ . 

Since 
neF converges to 'e

F  and AG  is fuzzy soft neighbourhood of 'e
F  then there exists 

Nn ∈~2  such that Ae GF
n

∈~  for  all 2nn ≥ . Let ),max( 210 nnn =  then for all 

Ae FFnn
n

∈≥ ~,0 and Ae GF
n

∈~ . This implies that )(~)(~ eGFandeFF AeAe nn
∈∈  for all 

Ee∈~ . Then Φ≠∩ ~
)(~)( eGeF AA . Hence Φ≠∩ ~~

AA GF . This is contradiction. 
 
Definition 3.10. Let ),,(~ ℑ∈ EUFA  and ),,(~ ''' ℑ∈ EUGB . The Cartesian product 

BA GF ×  is defined by )()( BAGF ××  as 

 )()( BAGF ××  (e)= 
'

'e
G

e
F BA

µµ ×  where 
'

'e
G

e
F BA

and µµ  are fuzzy subset of U

and 'U  where 0
~=e

FA
µ  if AEe −∈~  and 0

~≠e
FA

µ  if Ae∈~  also 0
~

' ' =e
GB

µ  if 

BEe −∈ '' ~  and 0
~

' ' ≠e
GB

µ  if Be∈~ . 
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Definition 3.11. Let UUUp →× ': , ''' : UUUp →× and EEEq →× ': ,

''' : EEEq →×  be the projections on first and second factors. Then ),( qp  and ),( '' qp  

are homeomorphisms defined from 'UU × to U  and 'UU × to 'U  as follows. 

 BeAewhereGFqp eeq
GFpBA BA

∈∈=× ×
×

')(
)( ,))(,(

'

µ     = e
FA

µ  

 BeAewhereGFqp eeq

GFpBA
BA

∈∈=× ×

×

')(

)(

'' ,'))(,(
''

'µ     =
'

'eGB
µ  

Lemma 3.12. Let Let ),,( ℑEU  and ),,( ''' ℑEU  be two fuzzy soft topological spaces. 

Then ',UU  are homeomorphic to the subspace of 'UU × . 

Proof: Let '~),( ' UUFF
ee ×∈ and '' ~),( EEee ×∈ . Our aim is to show that 

{ } '~: ' UUFUUh
eup ×⊆×→  is a homeomorphism where { }':

e
FUUu ×→ and 

{ }': eEEp ×→ . u and p are one to one and onto, so uph  is one to one and onto. 

 Now, let us show that uph is continuous. Let AF  be the fuzzy soft set in the 

subspace { }'e
FU × . Then there exists open set CB HG ×  in the subspace 

),( '' EEUUS ××  such that { }'

~~)(
e

FUCBA EHGF ×∩×= for ),()( 'eeep = . 

 [ ] { } )()
~~))((()())((

),(

1

),(

1
'

'
' SEHGhSFh

eeFUCBeeAup
e

up ×
−− ∩×=  

       = { } )(
)(

1 )
~~)((

'

S
epFUCBup

e

EHGh ×
− ∩×  

       = { } )(
)(

'1 )~))()((( '
S

epeCBup FUeHeGh ×∩×−
  

     =

{ }








Φ

∈×−

otherwise

eHFifFeGh Ce

s
epeBup

~

)(~))(( ')(
)(

1
''

 

    =










Φ

∈

otherwise

eHFforSuepG CeB

~

)()())(( '
'

 

 Then  )()( 1
Aup Fh −    =










Φ

∈

otherwise

eHFifG CeB

~

)(~ '
'
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 Hence Aup Fh 1−
 is fuzzy soft open. So uph  is fuzzy soft continuous. Now we show 

that uph  is open. Let AF  be a fuzzy soft open set on U . For .' Ee ∈  

 [ ]
[ ]











 Φ≠Φ≠

=

−−

∈∈ −−

otherwise

suandepifSeF

sFh
epe

A
sus

eAup

0

~
)(

~
)()()(supsup

)())((

'111

)()( 11'1

'  

   = 
{ }






 Φ≠∩× −

otherwise

AepFeF eA

0

~~)(,)( '1
'

 

Hence { }')(
eAAup FFFh ×= . Which is open and hence the mapping uph  is open. 

 
Theorem 3.13. U and 'U are fuzzy soft hausdorff spaces then 'UU ×  is fuzzy soft 
hausdorff space. 

Proof: Let U  and 'U be fuzzy soft hausdorff spaces. Let 
'

2211
~)(),( UUbaba

ee FF ×∈×× µµ and )()( 2211 baba
ee FF ×≠× µµ . So we have 

21 aa
ee FF µµ ≠ or 21 bb

ee FF µµ ≠ . Assume that  21 aa
ee FF µµ ≠  since U  is fuzzy soft 

hausdorff space there exist fuzzy soft open set BAandGF such that AF Fa
e

∈~1µ ,

BF Ga
e

∈~2µ and Φ=∩ ~~
BA GF . Then '~

EFA ×  and '~
EGB ×  are fuzzy soft open set on 

'UU × . Hence '
11

~~))(( EFba AFe
×∈×µ , '

22

~~))(( EGba BFe
×∈×µ  and 

Φ=×∩× ~
)

~
(~)

~
( '' EGEF BA . 
 
Definition 3.14. Let ),,( ℑEU be a fuzzy soft topological spaces. A collection of fuzzy 

soft open subsets of { }ℑ∈α
α

/AF , ),,( ℑEU  is said to form an open cover if 

αα AFE
ℑ∈

∪= ~~
. If the finite subcollection of { }ℑ∈α

α
/AF  covers E

~
 then E

~
 is said to be 

fuzzy soft compact  ie, 
i

A

n

i
FE

α1

~~
=
∪= . 

Theorem 3.15. Let ),,( ℑEU be a fuzzy soft hausdorff space. If AF  is fuzzy soft compact 

on U , then  AF  is fuzzy soft closed . 

Proof: We must show that C
AF  is fuzzy soft open. Let 

C
Ae FF ∈~ . Then Ae FF ∉~  choose 

Ae
FF ∈~'  clearly 'e

FF
e

≠ for Eee
~~, ' ∈ . As E

~
 is fuzzy soft hausdorff there exist disjoint 

fuzzy soft open subsets BG  and 'c
G for eF  and 'e

F respectively such that Φ=∩ ~~
'CB GG  

, (ie) 
'

)(~
e

FBe GF ∈ and ''' )(~
ece

FGF ∈ . Then )((~)(
)' eGeF

cA ⊆ . The collection 
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{ }AeFc
FFeGE

e

∈= ~:)()( '
'

'  is a fuzzy soft open covering of AF . As AF  is fuzzy soft 

compact there exist has a finite sub cover, so )()(~
'

'
1

eGF
e

Fc

n

i
A =

∪⊆ . It is clear that 

)()(
'

'
1

eG
e

Fc

n

i =
∪  and )()(

'1
eG

e
FB

n

i =
∩ are disjoint. Then C

Fc

n

i
FBe

ieie
GGF ))((~)(~

'' 1=
∪⊆∈ C

AF⊆~ . 

Hence C
AF  is fuzzy soft open. 

 
4. Conclusion 
Fuzzy soft set are very popular subject researchers. This hybrid model which is more 
general than fuzzy and fuzzy soft sets can be applied several directions easily. In this 
paper we construct fuzzy soft hausdorff spaces and proved some theorems. 
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