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Abstract. In this paper, we represent an intuitionistic fuzzy vector space as the
Cartesian product of its membership parts and its non membership parts. By using
this representation, the standard basis of intuitionistic fuzzy vector space is defined
and we have shown that any two basis for a finitely generated subspace over
intuitionistic fuzzy algebra (IF) have the same cardinality. Also we prove that any
finitely generated subspace of V, over the intuitionistic fuzzy algebra(IF) has a
unique standard basis.
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1. Introduction
Atanassov has introduced and developed the concept of intuitionistic fuzzy sets as a

generalization of fuzzy sets [1]. If A = (ay.)e (IF) then A = (<agﬂ,aifv>),

mxn >
where a;, and a;, are the membership values and non membership values of a;

in A respectively with respect to the fuzzy sets p and v, maintaining the condition 0

< a;,* a;, < 1. We deal with fuzzy matrices that is, matrices over the fuzzy algebra

ju
F™ and F" with support [0,1] and fuzzy operations {+, .} defined as a + b = max {a,
b}, a.b=min{a,b} foralla.be F* and a + b =min {a, b}, a.b =max{a, b} for all a,

be FY. Let F be the set of all mxn Fuzzy matrices over F. A matrix Ae F is

such that AXA = A, X is called a

generalized inverse (g-inverse) of A. In [3], Kim and Roush have established that
any finitely generated subspace of V, over the Fuzzy algebra {0,1} has a unique
basis. Cho [2] has discussed the consistency of fuzzy relational equations of the
form x A=b, where A is regular. If A is regular with a g-inverse X, then b.X is a
solution of x A=b. For more details on fuzzy matrices one may refer [4]. In [6], we

said to be regular if there exists X € FK

m
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have studied the structure of row space and column space of intuitionistic fuzzy
matrices. The maximum and minimum solutions of fuzzy relational equations
involving membership and non- membership matrix of the intuitionistic fuzzy
matrix are determined in [7].

In this paper, we define a standard basis and prove that any finitely generated
subspace of V, over the intuitionistic fuzzy algebra (IF) has a unique standard basis
and determine the unique standard linear combination of a vector in terms of the
standard basis vectors, as a generalization of the results on fuzzy vector space found
in [5].

2. Preliminaries
Let (IF),,,

shall represent A € (IF')

be the set of all intuitionistic fuzzy matrices of order mxn. First we
as Cartesian product of fuzzy matrices. The Cartesian

and B= (bij )mm, denoted as <A,B> is

mxn

product of any two matrices A= (aij)

mxn

defined as the matrix whose ij™ entry is the ordered pair <A,B>= (<al.j,bl.j >) For
A= (aij )m_m = (<aij#,aijv >) We define 4, = (al.jﬂ)e FZM as the membership part

mxn

of Aand 4, = (aijv)e F"  as the non membership part of A. Thus A is the

Cartesian product of 4, and 4, written as 4 = < 4,, Av> with 4, € F M A4, €

mxn 2

N
F mxn *

We shall follow the matrix operations on intuitionistic fuzzy matrices as
defined in our earlier work [6].

For A,Be(IF) _,if A :<Aﬂ,Av> and B :<B#,Bv>,then

@.1) A+B=(4,+B,.4,+B,)
2.2) AB=(4,B,. 4,B,)

M

mxn 2

A,. B, is the max min product in F

. . . N
A, .B, is the min max productinF .

Let us define the order relation on (IF)x, as,
(2.3) A<B <a;,<b;, and a, 2b,, , foralliand j

iju jv 2
Let us consider the intuitionistic fuzzy relational equation of the form xA=b,
where A is a intuitionistic fuzzy matrix of order mxn and b is the intuitionistic fuzzy
vector and Q2(A,b) be the set of all solutions of the equation xA=Db.

Lemma 2.1[4]. Let x4,= b, ,4, € FY b eFY

mxn. > T pu lxn >

if Q(A,,b))# ¢ then it

has a unique maximum solution.
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Lemma 2.2[7]. Let x4,=b,, 4, € EY b, e Ff\in ,if Q(A,,H)# @, then ithasa

mxn 2

unique minimum solution.

Lemma 2.3[7]. If xA=b, 4 €e(IF)ux ,be(F)x is consistent, then it has a unique
maximum solution of the form X =<xX ,x, >, where X, is the unique maximum

solution of x4, = b ,, and X, is the unique minimum solution of x4, = b, .

Definition 2.1[4]. A basis C over the max min fuzzy algebra F is a standard basis
iff whenever ¢; =) ajic; for c¢;, ¢; € C and a;e FM then ajic; = ¢;. In the same manner,
A basis C over the minmax fuzzy algebra F" is a standard basis iff whenever ¢; =Y
ajic; for ¢, ¢; e C and aje F" then ajic; = c;..

Lemma 2.4[3]. Any two basis for a finitely generated subspace of the maxmin fuzzy
algebra F™ =[0,1], have the same cardinality and any finitely generated subspace
over F has a unique standard basis.

3. Standard basis

In this section, we define a standard basis and prove that any finitely generated
subspace of V,, over the intuitionistic fuzzy algebra(IF) has a unique standard basis.

Let us take any finite subspace W over an intuitionistic fuzzy vector

space(V,). W can be expressed as W=<WM W"> where WM and W" are finite
subspaces over the max min fuzzy algebra F™ and the min max fuzzy algebra F*
respectively. By lemma (2.4), W™ has a unique standard basis. In the same manner,
it can be proved that W has a unique standard basis over F" .

Definition 3.1. A basis C over the intuitionistic fuzzy algebra (IF) is a standard
basis iff whenever ¢; =) ajic; for c;, ¢; € C then ajci = ci. If a;= <ajj, , a, > €( IF)
and c¢;= <cj, cj,> ,for cj e FM ¢, € FN ,then ajc; = ¢; This implies that ajici, = ¢y
and ajicyy = Cjy .

Theorem 3.1. Any two basis for a finitely generated subspace of the intuitionistic
fuzzy algebra (IF) = < F¥, FN > have the same cardinality and any finitely generated
subspace over (IF) has a unique standard basis.

Proof. We first show that for any finite basis C of an intuitionistic fuzzy vector
space W of (IF), there exist a standard basis having the same cardinality.

Let C = < C,, C, > be the representation of C and S be the set of all
intuitionistic fuzzy vectors each of whose entries equals some entry of a vector of C.
Then S is a finite set. Suppose C is a not a standard basis, then ¢; =) ajic; for ¢, ¢j e
C and a;;= < ajj, , ajjy ><( IF) with ajc; # ¢; ,then we have the following:

(1) ajciy #ciy and ajiciy #Ciy, (ii) ajiciy # ¢y and ajicyy = ¢;, and
(iii) ajiciy = iy and ajiCiy #Ciy .
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Here let us take more general case(i), ¢, # min{a;c} and c;, # max{ajic }.Therefore
ajiciy <ciy  and ajiciy > Cjy .

Let C,f be the set obtained from C, by replacing c;, by ajici, and C, be the set
obtained from C, by replacing c;, by ajici,. Then | Cu’| =| C,| and < Cu,> =<C,>and
| CV’| = C,| and < C,> =< C,> and it can be verified that C“’ and C, are independent
set and all the vectors of C, and C, are all in S.

Let us define an order relation on finite subsets of S as follows:

Let the weight of a finite subset be the sum of all entries of members of the
subset regarded as real numbers. We define that F\< F, for finite subsets F; and F,
of S then by(2.3) we get, F;,< F,, and F,, > F,, for finite subsets F,,, F,, F;, and
F,, of S if weight of F,, < weight of F,, and weight of F,, > weight of F,, .
Clearly this is a partial order relation on finite subsets of S. Since ajici, < ¢, and
aiiciy > ¢y Cy <C,
and C, > C, .This implies that C' < C. Hence | C|=| C|is finite.

If C is a standard basis, then C is the required standard basis with the same
cardinality as C. If not then repeat the process of replacing C by a basis C and
proceed. Therefore after replacing basis of the form C by a basis of the form C the
process must terminate after a finite number of steps.

This can happen only if we have obtained a standard basis with the same
cardinality as C. This proves that for finite basis, there exists a standard basis with
the same cardinality. Further corresponding to the standard basis c={c,,c,,....,c,} for
the subspace W=<W",W"> we have the standard basis c,={Ci.,Cop.....Cou} for W"
and ¢,={C1y,Cav,.....Cny} for WM. The uniqueness of C follows from the uniqueness
of the standard basis ¢, and ¢, for W™ and W" respectively[Refer
lemma(2.4)].Hence the proof.

Definition 3.2. The dimension of the finitely generated subspace S of a intuitionistic
fuzzy vector space V, over the intuitionistic fuzzy algebra(IF) denoted by dim(S) is
defined to be the cardinality of the standard basis of S.

Example 3.1. The set { ( <1,0><0,1><0,1>), (<0,1><1,0>,<0,1>),
(<0,1>,<0,1>,<1,0>) } forms the standard basis of Vs.

Theorem 3.2. Let S be a finitely generated subspace of V, and let ¢ = {c;,c,....,.Ca}

be the standard basis for S. Then any vector x € S can be expressed uniquely as a

linear combination of the standard basis.

Proof. Since {cico,.....co} i1s the standard basis for S = <S, ,S,> ,then by

theorem(3.1), ¢ , = {Ciu,Cops--.-,Cnu} and €y ={C1y,Cay,....,.Cny} are the standard basis

for S, and S, respectively. x is a linear combination of the standard basis vectors.
Let x=) Bicj, where x=<x,, X,>, ¢j = <Cj,, Cjy > . Then

(3.1) X.= Y Bicy B FY and
H
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(3.2) Xy = ) 0c, oy FY .
A

In this expression the coefficients f; s and ¢; s are not unique. If we write
(3.1) in the matrix form as x, = (B1, Ba,...., Bn).Cy .-Where C, is the matrix whose rows
are the basis vectors {ciy,Cay,.....Con} then x, = p.C, has a solution(B;, B2, Bn).
Hence Q(C, x,) # ® and by lemma(2.1), it follows that this equation has a unique
maximal solution (p; pa......,.pn) (say).

In the same manner, if (3.2) is written in the matrix form as x, =(oy, 002, O
1).C, . Where C, is the matrix whose rows are the basis vectors{ciy,Cay,....,Cnv} then
xy = q.C, has a solution (0, a5, a,). Hence Q(C, x,) # @ and by lemma(2.2), it
follows that this equation has a unique minimal solution(q; qs......, g )(say). Thus x
= <X, , Xy> ,where

n n

Xy = ij c; with pje F¥ and x, = qu ¢; with g € F' is the unique
H H

representation of the intuitionistic fuzzy vector x. Hence the proof.

Theorem 3.3. Let {c,c,,....,c,} be the standard basis of the subspace W in V. In

the standard fuzzy linear combination of the basis vector c; , the i coefficient of ¢;

1s <1,0>.

Proof. Let us compute the standard fuzzy linear combination of the basis vector ¢;=

< ¢y, Civ> 1n terms of the standard basis {c;,Cs,....,ca} . Since c;e V, let ¢;= <c;j, Civ

> = (<Ciiy, Citv> », < Cizy, Ciov™, , < Cinu » Cinv > ) ,foreachi=1,2, .....,n.

Ci=<Ciy, Cy>= X, <Cpy, C1v> + X, <Cyp €+ ... + X, <Cpy, Cny > . This implies
Cip= X, Cipt X, Cop + ...t X, ¢y and ¢y = X C1y+ X, Coy+ ... + X, Cpy are the
standard fuzzy linear combination. This can be expressed as intutitionistic fuzzy
relational equation XA =b, where b =<b, ,b, > = ( <ci, ciiv>, <Cipy, Ci>, ... , <
Cin}i > Cinv > )7
x=(X;, X, ,...., X, )and

<Ci1p,C11v> < Ci2y, C12v> .- < Ciny, Clny =~

A=<A, A, >= <Caip, Co1v> < Ca2y, €22v> ... < Conp , Cony >
<Cnlu, Cnlv> < Cn2p, Cn2v> < Cnns Cnnv >

o _/

Let us find the maximum solution of the intuitionistic fuzzy relational equation
XA = b by using lemma (2.3).The maximum solution x = (%, , X, ,...., X, ) is
determined by

20



Standard basis of Intuitionistic Fuzzy Vector Spaces

x = <mino(a,,,b,,), maxo(a,,,b,)>

Jku
keK keK
ifa,,>b b,, if ay, <b,

ku ku

where o(a,,b,,)=1 gtherwise and o(a,,,b,)= 0 otherwise

-)%j =< min{c( iy ,blp. )> G( iy ,b2p. ) L) 6( QAiny ,bnp ) } B
max { o( aj1y ,b1y ), 6( apy ,bay ), ..., 6( Ay ,byy ) >
= <min{o( Ciiy , Citp )> 6( Cizp » Cizw) » -++ » O Cinp » Ciny) § »
max{o( Ciiy , Citv ), 6( Cizy» Cizy ) » -++ » O( Ciny » Ciny ) | >
= <min {1,1, .... ,1} ,max {0,0, ... ,0} >
X, = <1,0>. Hence the proof.

Hlustration 3.2. Let us compute the standard fuzzy linear combination of the basis
vector C; =(<0.5,0.0>,<0.5,0.5> ,<0.5,0.0>) in terms of the standard basis vector
B = {(<0.5,0.0> ,<0.5,0.5> ,<0.5,0.0>) ,(<0.0,1.0> ,<1.0,0.0> ,<0.5,0.5>),
(<0.0,1.0> ,<0.5,0.5>, <1.0,0.0>) } of the subspace W of V3 generated by B.

Let (<0.5,0.0>,<0.5,0.5>,<0.5,0.0>) = X,(<0.5,0.0>,<0.5,0.5> ,<0.5,0.0>) +
X, (<0.0,1.0> ,<1.0,0.0> ,<0.5,0.5>) + X,(<0.0,1.0>,<0.5,0.5>, <1.0,0.0>) .

<05,0.0> <0.5,0.5> <0.5,0.0>
0.0,1.0> <1.0,0.0> <0.5,0.5>
<(.0,1.0> <0.5,0.5> <1.0,0.0>
The above expression is of the form xA =|b. Where b= (<0.5,0.0> ,<0.5,0.5>
,<0.5,0.0>),
x=(X, ,X, ,X; )and A= (0.5,0.0> <0.5,0.5> <0.5,0.0>
0.0,1.0> <1.0,0.0> <0.5,0.5>
0.0,1.0> <0.5,0.5> <1.0,0.0>
Here blu = bzu = b3“ =0.5 , Div= b3\, =0.0 , b2v =0.5 and A1 = Appp =3 TaA23, T3 =
0.5, DIy = B =0.0, Aoy = A33y =1.0, aj;y = a3y = axny = a3, =0.07 a5, = a3y = an,y
:0.5, dy1y — A3zl y =1.0.
Let us find the maximum solution x = (X, , X, , X; ) of XA =b,by using
lemma(2.3).
X = <mino(a

= (X, %, ,%3)

jky’bk,u) 5 maxc(ajkv’bkv)>

keK keK ,
forj=1,2,3 and keK ={1,2,3}.
Forj=1, X, = <mino(a,,.b,,), maxo(a,,,b,)>
keK keK
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= < min{1.0, 1.0, 1.0}, max{0.0, 0.0, 0.0}>
=<1.0,0.0 >

Forj=2, X, = <min c(az,w,bk#) , maxo(a,,,b,)>

keK kekK
=< min{1.0, 0.5, 1.0}, max{0.0, 0.5, 0.0}>
=<0.5,0.5>

Forj=3, %, = <mino(ay,,,b,,), maxo(ay,,b,)>

keK keK
=< min{1.0, 1.0, 0.5}, max{0.0, 0.0, 0.0}>
=<0.5,0.0>.

Thus x=(X,, X, , X; ) =(<1.0,0.0>,<0.5,0.5> ,<0.5,0.0> ).

Hence ( <0.5,0.0> ,<0.5,0.5> ,<0.5,0.0> ) = (<1.0, 0.0 > (<0.5,0.0> ,<0.5,0.5>
,<0.5,0.0>) +<0.5, 0.5 >(<0.0,1.0>,<1.0,0.0> ,<0.5,0.5>)+<0.5, 0.0
>(<0.0,1.0>,<0.5,0.5>,<1.0,0.0>)

Thus is the standard fuzzy linear combination of the basis vector

C, =(<0.5,0.0> ,<0.5,0.5> ,<0.5,0.0> ). Similarly it can be verified for other basis
vectors.
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