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1. Introduction 
Fuzzy set theory is introduced by Zadeh in the year 1965 [1]. Later Tran and Duckstein 
gave the comparison of fuzzy numbers using a fuzzy distance measure in the year 2002 
[3]. Later Chen and Wang introduced the fuzzy distance of trapezoidal fuzzy numbers in 
the year 2008 [5]. In the year 2012, Nagoorgani [6] gave a new operation on triangular 
fuzzy number for solving fuzzy linear programming problem. Optimization of fuzzy 
production inventory model with repairable defective products under crisp or fuzzy 
production quantity is given by Chen, Wang and Chang in the year 2005 [4].  Arithmetic 
operations on generalized trapezoidal fuzzy number and its applications is given by 
Banerjee and Roy in the year 2012 [7]. In the year 2014, Pardhasaradhi and Shankar gave 
an idea on fuzzy distance measure [8]. In this paper, some simple properties and theorem 
based on fuzzy trident distance along with the help of trapezoidal fuzzy numbers are 
given. This paper consists of five sections. The preliminaries in the first section, defining 
trapezoidal, positive trapezoidal, negative trapezoidal fuzzy numbers in the second 
section, fuzzy trident distance in the third section, properties and theorem based on fuzzy 
trident distance in the fourth section and finally, the results are discussed with suitable 
numerical examples. 
2. Preliminaries 
The basic definitions are as follows: 

Definition 1. The characteristic function 
A
~µ   of a crisp set XA ⊆~

assigns a value 

either 0 or 1 to each member inX . This function can be generalized to a function 
A
~µ



A. Praveen Prakashand M.Geetha Lakshmi 

2 
 

 

such that the value assigned to the element of the universal set X  fall within a specified 

range i.e., 
A
~µ : X [ ].1,0→  The assigned value indicates the membership grade of the 

element in the set
~

A .  The function 
A
~µ is called the membership function and the set 

( ){ }XxxxA
A

∈= ;)(, ~

~

µ defined by )(~ x
A

µ for each Xx ∈ is called a fuzzy set [2]. 

Definition 2. A fuzzy set
~

A , defined on the universal set ofℜ , is said to be a fuzzy 
number if its membership function has the following characteristics: 

(i) 
~

A is convexi.e., { })(),(min)1(( 2~1~21~ xxxx
AAA

µµλλµ ≥−+

[ ]1,0,, 21 ∈∀ℜ∈∀ λxx . 

(ii)  
~

A is normal i.e., ℜ∈∃x such that 1)(~ =x
A

µ . 

(iii)  )(~ x
A

µ is piecewise continuous[2]. 

3. Representation of generalized (trapezoidal) fuzzy number 

In general, a generalized fuzzy number 
~

A  is described at any fuzzy subset of the real line 
R, whose membership function )(~ x

A
µ satisfies the following conditions: [4] 

• )(~ x
A

µ is a continuous mapping from ℜ  to [0,1] 

• cxx
A

≤≤−∞= ,0)(~µ  

• )()(~ xLx
A

=µ is strictly increasing on [c,a] 

• bxawx
A

≤≤= ,)(~µ  

• )()(~ xRx
A

=µ is strictly decreasing on [b,d] 

• ∞≤≤= xdx
A

,0)(~µ where 10 ≤w≺ and a, b, c and d real numbers. 

We denote this type of generalized fuzzy numbers as .);,,,(
~

LRwdbacA= When w=1, this 

type of generalized fuzzy number .),,,(
~

LRdbacA= When L(x) and R(x) are straight line, 

then
~

A is Trapezoidal Fuzzy Number and it is denoted by (c,a, b,d). 
 
3.1. Trapezoidal fuzzy number 

A trapezoidal fuzzy number is defined as ),,,,( 4321

~

aaaaA = where all 4321 ,,, aaaa are 

real numbers and its membership function is given below: 
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���(�) =

�	
	

		
� 0 
��			� < ��� − ���� − �� 
��	�� ≤ � ≤ ��

1 
��	�� ≤ � ≤ ���� − �		�� − �� 
��	�� ≤ � ≤ ��
0 
��	� > ��

� 

 

3.2. Positive trapezoidal fuzzy number 

A positive trapezoidal fuzzy number is denoted as ),,,( 4321

~

aaaaA= where all 

.4,3,2,10 =∀>′ isai  

Negative trapezoidal fuzzy number 

A negative trapezoidal fuzzy number is denoted as ),,,( 4321

~

aaaaA= where all 

.4,3,2,10 =∀<′ isai  
 
4. Fuzzy trident distance 
The distance between the two fuzzy numbers are calculated by using the new technique 
called the fuzzy trident distance as follows: 

Let ),,,( 4321

~

aaaaA= and ),,,( 4321

~

bbbbB= then the fuzzy trident distance is given by

[ ] .)()()()(
3

1
),(tan 3

1
3

44
3

33
3

22
3

11

~~







 −+−+−+−= babababaBAcedisFTri  

5. Properties on fuzzy trident distance 
The following are the properties based on fuzzy trident distance: 

Property 1. Let 
~~~~

,,, DCBA are trapezoidal fuzzy numbers. The fuzzy trident distance of 

~

A  and 
~

B  is given by ),(tan
~~

BAcedisFTri and the fuzzy trident distance of 
~

C  and 
~

D  is 

given by ),(tan
~~

DCcedisFTri then ),(tan),(tan
~~~~

DCcedisFBAcedisF TriTri ≤ if 
~~

CA≤ and

~~

DB≤ . 

Property 2. If the trapezoidal fuzzy numbers are positive, then the fuzzy trident distance

),(tan
~~

BAcedisFTri is positive. 
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Property 3. If the trapezoidal fuzzy numbers are negative, then the fuzzy trident distance

),(tan
~~

BAcedisFTri is positive. 

6. Theorem on fuzzy trident distance 
The theorem based on fuzzy trident distance is as follows: 

Theorem 1. The fuzzy trident distance ),(
~~

BAdisFTri where 
~~

,BA are trapezoidal fuzzy 

number then the following conditions hold: 
 

.,,

),,(),(),()(

.0),()(

).,(),()(

.0,,0),()(

~~~~~~

~~~~

~~~~

~~~~

numbersfuzzyltrapezoidaareCBAwhere

CBdisFBAdisFCAdisFiv

BABAdisFiii

ABdisFBAdisFii

BAforBAdisFi

TriTriTri

Tri

TriTri

Tri

+≤

=⇔=

=

>≥

 

Proof. )(i To prove .0),(
~~

≥BAdisFTri  

Let us consider ),,,(),,,,( 4321

~

4321

~

bbbbBaaaaA == are trapezoidal fuzzy numbers. 

The proof is obvious from the definition of fuzzy trident distance is given by 

Thus for all values of .0),(,0,
~~~~

≥> BAdisFBA Tri  

Hence the proof. 

)(ii To prove ),(),(
~~~~

ABdisFBAdisF TriTri =  

Let us consider ),,,(),,,,( 4321

~

4321

~

bbbbBaaaaA == are trapezoidal fuzzy numbers.

[ ]

[ ]

).,(

.)()()()(
3

1

.)()()()(
3

1
),(

~~

3
1

3
44

3
33

3
22

3
11

3
1

3
44

3
33

3
22

3
11

~~

ABdisF

abababab

babababaBAdisF

Tri

Tri

=







 −+−+−+−=







 −+−+−+−=

 

Thus ),(),(
~~~~

ABdisFBAdisF TriTri =  

Hence the proof. 

)(iii To prove
~~~~

0),( BABAdisFTri =⇔=  

Let us consider ),,,(),,,,( 4321

~

4321

~

bbbbBaaaaA == are trapezoidal fuzzy numbers. 
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[ ]

~~

44332211

44332211

3
44

3
33

3
22

3
11

3
44

3
33

3
22

3
11

3
1

3
44

3
33

3
22

3
11

~~

.,,,

.0,0,0,0

0)(,0)(,0)(,0)(

0)()()()(

0)()()()(
3

1

0),(tan

BA

babababa

babababa

babababa

babababa

babababa

BAcedisFTri

=⇔

====⇔
=−=−=−=−⇔

=−=−=−=−⇔

=−+−+−+−⇔

=






 −+−+−+−⇔

=

 

Thus 
~~~~

0),( BABAdisFTri =⇔=  

Hence the proof. 

)(iv To prove ).,(),(),(
~~~~~~

CBdisFBAdisFCAdisF TriTriTri +≤  

Let us consider ),,,(),,,,(),,,,( 4321

~

4321

~

4321

~

ccccCbbbbBaaaaA === are trapezoidal 

fuzzy numbers. 

[ ]

[ ]

[ ]

).,(),(

)()()()(
3

1

)()()()(
3

1

)()()()(

)()()()(

3

1

.
)()(

)()(

3

1

.)()()()(
3

1
),(tan

~~~~

3
1

3
44

3
33

3
22

3
11

3
1

3
44

3
33

3
22

3
11

3
1

3
44

3
44

3
33

3
33

3
22

3
22

3
11

3
11

3
1

3
4444

3
3333

3
2222

3
1111

3
1

3
44

3
33

3
22

3
11

~~

CBdisFBAdisF

cbcbcbcb

babababa

cbbacbba

cbbacbba

cbbacbba

cbbacbba

cacacacaCAcedisF

TriTri

Tri

+≤







 −+−+−+−+







 −+−+−+−≤



























−+−+−+−

+−+−+−+−
≤



























−+−+−+−

+−+−+−+−
≤







 −+−+−+−=

 

Thus ).,(),(),(
~~~~~~

CBdisFBAdisFCAdisF TriTriTri +≤  

Hence the proof. 
 
Example 1. Consider the following example: 
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Let )4.0,3.0,2.0,1.0()9.0,7.0,5.0,3.0(),8.0,6.0,4.0,2.0(
~~~

=== CandBA  
 

( ) ( ) ( ) ( )[ ]

.005291.0)1587.0(
3

1

9.08.07.06.05.04.03.02.0
3
1

),(

:

.0),(  prove To)(

3
1

3333
~~

~~

≥=−=







 −+−+−+−=

≥

BAdisF

Solution

BAdisFi

Tri

Tri

 

Hence proved. 

( ) ( ) ( ) ( )[ ]

)1.........(................................................................................05291.0)1587.0(
3
1

9.08.07.06.05.04.03.02.0
3
1

),(

:..

:

),( ),(  prove To)(

3
1

3333
~~

~~~~

=−=







 −+−+−+−=

=

BAdisF

SHL

Solution

ABdisFBAdisFii

Tri

TriTri

( ) ( ) ( ) ( )[ ]

)2..(..........................................................................................05291.0)1587.0(
3

1

8.09.06.07.04.05.02.03.0
3

1
),(

:..

3
1

3333
~~

==







 −+−+−+−=ABdisF

SHR

Tri

From equations (1) and (2) 
 
L.H.S = R.H.S. 

Thus ).,(),(
~~~~

ABdisFBAdisF TriTri =  

Hence proved. 

:

.0),(  prove To)(

Solution

BABAdisFiii Tri =⇔=
 

Let us consider )8.0,6.0,4.0,2.0(),8.0,6.0,4.0,2.0(
~~

== BA be two trapezoidal fuzzy 

numbers. If 
~~

BA= then, 
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( ) ( ) ( ) ( )[ ]
.0

8.08.06.06.04.04.02.02.0
3

1
),( 3

1
3333

~~

=






 −+−+−+−=BAdisFTri

.0),( Thus
~~~~

=⇒= BAdisFBA Tri  

Conversely, if 0),(
~~

=BAdisFTri then, 

( ) ( ) ( ) ( )[ ] 08.08.06.06.04.04.02.02.0
3

1

0),(

3
1

3333

~~

=






 −+−+−+−⇒

=BAdisFTri

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

.

.8.08.0,6.06.0,4.04.0,2.02.0

08.08.0,06.06.0,04.04.0,02.02.0

08.08.06.06.04.04.02.02.0
3333

3333

BA =⇒

====⇒

=−=−=−=−⇒

=−+−+−+−⇒

 

.0),( Thus
~~~~

BABAdisFTri =⇒=  

Hence proved. 

)(iv To prove ).,(),(),(
~~~~~~

CBdisFBAdisFCAdisF TriTriTri +≤  
Solution 

 

( ) ( ) ( )[ ]

( ) ( ) ( )[ ]

)4(..............................................................................................................25534.0

2024.005291.0

)4.09.0(3.07.02.05.01.03.0
3

1

)9.08.0(7.06.05.04.03.02.0
3

1

),(),(

:R.H.S

3
1

3333

3
1

3333

~~~~

=
+=







 −+−+−+−

+






 −+−+−+−=

+ CBdisFBAdisF TriTri

 

 

( ) ( ) ( )[ ]
( ) )3..(......................................................................15472.0

3
4642.0

1.0
3
1

)4.08.0(3.06.02.04.01.02.0
3
1

),(

:L.H.S

3
1

3
1

3333
~~

===







 −+−+−+−=CAdisFTri
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From equations (3) and (4) 
L.H.S ≤  R.H.S. 

Thus ).,(),(),(
~~~~~~

CBdisFBAdisFCAdisF TriTriTri +≤   

Hence proved. 
 
7. Conclusion 
The main aim of this paper is to introduce new properties and the theorem based on fuzzy 
trident distance. The advantage of this paper is simple and easy to apply and to solve 
transportation problems. 

REFERENCES 

1. L.A.Zadeh, Fuzzy sets, Information and Control, 8 (1965) 338-353. 
2. A.Kaufmann and M.M.Gupta, Introduction to Fuzzy Arithmetics: Theory and 

Applications, Van Nostrand Reinhold, New York, (1985). 
3. L.Tran and L.Duckstein, Comparison of fuzzy numbers using a fuzzy distance 

measure, Fuzzy Sets and System, 130 (2002) 331–341. 
4. S.H.Chen, S.T.Wang and S.M.Chang, Optimization of fuzzy production inventory 

model with repairable defective products under crisp or fuzzy production quantity, 
International Journal of Operations Research, 2 (2005) 31-37. 

5. S.Chen and C.Wang, Fuzzy distance of trapezoidal fuzzy numbers and application, 
International Journal of Innovative Computing, 4(6) (2008) 1445-1454. 

6. A.Nagoorgani, A new operation on triangular fuzzy number for solving fuzzy linear 
programming problem, Applied Mathematical Sciences, 6 (2012) 525-532. 

7. S.Banerjee and T.K.Roy, Arithmetic operations on generalized trapezoidal fuzzy 
number and its applications, Turkish Journal of Fuzzy Systems, 3 (2012) 16-44. 

8. B.Pardhasaradhi and N.Ravi Shankar, Fuzzy distance measure, Sch. J. Eng. Tech., 2 
(2014) 908-912. 

9. A.P.Prakash and M.G.Lakshmi, Sub-trident form using fuzzy aggregation, 
International Journal of Engineering Sciences & Research Technology, 5 (2016) 
679-685. 

 
 
 
 
 


