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1. Introduction

It is known that mathematical logic is a disciplinged in sciences and humanities with
different point of view. Non-classical logic takédse advantage of the classical logic
(two-valued logic) to handle information with vau® facts of uncertainty. The non-
classical logic has become a formal and useful tookcomputer science to deal with
fuzzy information and uncertain information. Thetion of logical algebras: BCK-
algebras [11] was initiated by Imai and Iséki irb@&s a generalization of both classical
and non-classical positional calculus. In the syer, Iséki introduced BCl-algebras
[12] as a super class of the class of BCK-algera$983, Hu and Li introduced BCH-
algebras [10]. They demonstrated that the clad3Gifalgebras is a proper subclass of
the class of BCH-algebras. In [15], Neggers etirgtoduced Q-algebras which is a
generalization of BCK / BCl-algebras and obtainedesal results. In 2002, Neggers and
Kim [14] introduced a new notion, called a B-algeband obtained several results. In
2007, Walendziak [18] introduced a new notion, exlla BF-algebra, which is a
generalization of B-algebra. In [13], Kim and Kimmtioduced BG-algebra as a
generalization of B-algebra. In [16], T. Senaphti, Bhowmik and M. Pal introduced
Interval-valued intuitionistic fuzzy BG-subalgebiaso see [6, 17] .In 2012, Bandaru [5]
introduces a new notion, called BRK-algebra whilaigeneralization of BCK / BCI /
BCH / Q / QS / BM-algebras. Interval-valued fuzegsswere first introduced by Zadeh
[19] as a generalization of fuzzy sets. An intenaled fuzzy set is a fuzzy set whose
membership function is many-valued and forms aeruat in the membership scale. This
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idea gives the simplest method to capture the inigian of the membership grades for a
fuzzy set. Thus, interval-valued fuzzy sets provalanore adequate description of
uncertainty than the traditional fuzzy sets. ltherefore important to use interval-valued
fuzzy sets in applications. One of the main apgibiee is in fuzzy control and the most
computationally intensive part of fuzzy controldefuzzification. Since the transition of
interval-valued fuzzy sets usually increases thewrn of computations, it is vitally
important to design some faster algorithms for nleeessarily defuzzification. On the
other hand, Atanassov [1,2,3] introduced the notbnintuitionistic fuzzy sets as an
extension of fuzzy set in which not only a membgrstegree is given, but also a non-
membership degree is involved. Considering thesm®ing interest in intuitionistic fuzzy
sets, it is useful to determine the position oliitinistic fuzzy sets in a frame of
different theories of imprecision. With the abowackground, Atanassov and Gargov [4]
introduced the notion of interval-valued intuitistic fuzzy sets which is a common
generalization of intuitionistic fuzzy sets andeinal-valued fuzzy sets. The fuzzy
structure for BRK-ideal was introduced in [7]. Sinthen, the concepts and results of
BRK-algebra have been broadened to the fuzzy BR¥gl&setting frames also see [8, 9].
In this paper we first apply the concept of intérvalued intuitionistic fuzzy sets to
BRK-algebra. Then we introduce the notion of Intuitstic Fuzzy BRK-ideal of BRK-
algebra with Interval-valued Membership and Non Memship Functions and
investigate some of interesting properties. Weysthd homomaorphic image and inverse
image of interval valued intuitionistic fuzzy BRIdeal of BRK-algebra.

2. Preliminaries
Definition 2.1[5]. A BRK-algebra is a non-empty s¥twith a constant 0 and a binary
operation ‘C” satisfying the following conditions:

(BRK,) XLO=Xx
(BRK,) (xLy)Lx=0LYy, forall x,yox.

In a BRK-algebraX, a partially ordered relatiog can be defined byx <y if
and only if xLy =0.

Definition 2.2[5]. If (X ;C,0)is a BRK-algebra, the following conditions hold:
(1) xCx=0,
(2) xCy=0=0Cx=0LYy,
(3) OC(xLy)=(0OCLx)C(OLCYy), forall x,yd X

Definition 2.3. A non empty subse$ of a BRK-algebraX is said to be BRK-subalgebra
of X, if x,ydS, impliesxCy[OS.

Definition 2.4. (BRK-ideal of BRK-algebra)A non empty subsdtof a BRK-algebraX
is said to be a BRK-ideal of if it satisfies:

() oot,

(b) OC(xCy)dlandOCydl imply OCLxO 1 forall x,yd X.

Definition 2.5. Let X be a BRK-algebra. A fuzzy set in X is called a fuzzy BRK-ideal
of X if it satisfies:
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(Fb) 1(0) 2 u(x),
(Fb) u(OCxX)=2min{ u(OC(xLCy)),u(QLCy)} forall x,yO X .

Example 2.6. Let X ={0,a,b,c} . Definel on X as the following table:
0 b|c

oO|o|T|®

0
a
b

oMo | O

O OO|T
oO|T|T| O

c|la
Then (X ,C;0)is a BRK-algebra, and = {0, b, c} is a BRK-ideal of BRK-algebra.

3. Interval-valued intuitionistic fuzzy homomorphism of BRK-algebra interval-
valued intuitionistic fuzzy set

A mapping A= (,V): X - D[01]xD[0]] is called an interval-valued intuitionistic
fuzzy set (i-v IF set, briefly) iX if O0< u, +v, <l and0< y, +v, <1 for all
XU X. Where 1, (X),V,(X), U, (X) andV; (x) are fuzzy sets oK such thaty, <
Uy and v, < v, . A" ={(x,u, vy )| xOX} andA” ={(x, i, ,v,)|xOX}
are intuitionistic fuzzy sets. L&[0]1] be the family of aliclosed sub-interval of01].
The mapping

Fi5(9) = [, (), 13 (9]: X~ D[0A]and7, () = [V (X),Vx (x)]: X — D[0]]
denote the degree membership and degree of non-enshifp for alix [1 X respectively.
For simplicity we use the symbols forn&s = (X, i, ,v,) and A™ = (X, uy ,vy) .
The refined minimum (briefly r min) and ordeg” on the subintervalsD, =[a,,0 ]
andD, =[a,,b,] of D[0]] is defined by,r min(D,,D,) =[min{a,,a,}, min{b,,b,}]
whereD, <D, < a <a, andb <b,. Similarly we can define and =.

Definition 3.1. An interval-valued IFS A= (X, ,V)is called interval-valued
intuitionistic fuzzy BRK-ideal of BRK-algebrA if it satisfies the following

(VS 1) f,(0) 2 fi,(X)

(VS 2) 17, (0) <V, (X)

(VS 3) £, (00x) = min{z, OC(xOy)), 12, (00y)}

(IVS 4) 1V, (00x) < max{, (00(x0Oy)),V, (00y)}, for all x,y O X.

Example 3.2. Consider a BRK-algebrX ={0,a,b,c} with following table:

C10lal|b

0|0|a|0]a
ala|0|al0
B|lbla|0]|a
clc|b|c]|O
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Let A be an interval-valued intuitionistic fuzzy set{rby

~ _ 0 a b c
Ha = [0.8,0.9] [0.8,0.9] [0.2,0.4] [0.5,0.6

1= 0 a b c
*~1[0.1,0.2] [0.1,0.2] [0.6,0.8] [0.5,0.7

Then routine calculations give thatis an interval-valued intuitionistic fuzzy BRK-ide
of X.

Definition 3.3. (Homomorphism of BRK-algebra). Let (X ,[,0) and (Y,[',0') be
BRK-algebras. A mapping f : X - Y is said to be a homomorphism if
f(xCy)=f(X)C f(y), for all x,yd X . For any interval-valued intuitionistic fuzzy
setB= (Y, ,V;)in Y we define a new interval-valuetB = (X, i, fV;)in X, by
fly = g (f (X)) and fU, =v,(f(X) forall xOX.

Proposition 3.4. [3] Let (X [,0) and (Y,[',0") be BRK-algebras, and a mapping
f: X - Y be a homomorphism of BRK-algebras, then the keohél denoted by(
ker(f)) is a BRK-ideal.

Theorem 3.5. Let (X ,[,0) and (Y,[',0") be BRK-algebras. An onto homomorphic

image of an i-v intuitionistic fuzzy BRK-ideal of is also an i-v intuitionistic fuzzy
BRK-ideal ofY.

Proof: Let f : X - Y be an onto homomorphism of BRK-algebras. Suppose
A=(Y,H,,V,)is the image of an i-v intuitionistic fuzzy BRK-ide

fA= (X, fi,, fv,) of X. We have to prove thé&= (Y, /,,V,)is an i-v intuitionistic
fuzzy BRK-ideal ofY.

Since f : X - Y is onto, then for any’, y' O there existx, y 0 X such that

f(x) =x andf(y) =y alsowe consideff (0) =0'. Then we have

Hp0) =l (T(0) = T4, (0) 2 T2, (X) = A (T (X)) = A (X)
And

Va0) =V,(f(0) = fr,(0) < fU,(x) =V, (f (X)) =V,(X)
Also

HaO' T X)=[,(fO L f(X) =L, (f(OLX)

= f11,(00x) 2 min{ fzZ, (00(x Oy)), f1Z, (00y)}

= min{,(f (00(x0y))), 4, (f (00y))}
=min{,(f () O f(xOy)), 4. (f O T f(y)}
=min{fZ,(f Q) O (f(x) O f(y))). 4, (F©) O f(y)}
=min{fZ, (0’0 (X' 0y")), 7,0 By}

and
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7,(0CX)=7,(fOC f(x)=7,(f(OCx)
= fv,(00x) < max{fv, (00(xOy)), fv, (00y)}
= max{V,(f (00(xDy))),V,(f (00Y))}
=max{v,(f (0) O f(xOy)),v,(f OO f(y))}
=max{v,,(f Q) O (f(x) O f(y)).V,(f OOy)}
=max{y, (0'0(x'0y),V, (0 0y}
Hence A= (Y, ,,V,) is an i-v intuitionistic fuzzy BRK-ideal .

Theorem 3.6. Let (X ,[,0) and (Y,[',0") be BRK-algebras. An onto homomorphic
inverse image of an i-v intuitionistic fuzzy BRKddl of Y is also an i-v intuitionistic
fuzzy BRK-ideal ofX.

Proof: Let f : X — Y be an onto homomorphism of BRK-algebras. Suppose

fA=(X, fu,, f/TA) is the inverse image of an i-v intuitionistic fuzZBRK-ideal
A=(Y,H,,A,)of Y. We have to prove thatA = (X, f,, f/TA) is an i-v intuitionistic
fuzzy BRK-ideal ofX. For anyx', y' OY there existx, y 0 X such that

f(x)=x" andf(y) =y, also we considef (0) =0'. Then we have

f/?;A (0) = Fa(f 0)) = (0) 2 FAn(X) = Fn(F (X)) = f7,(X)
an

4, (0) = A, (f () =1, (0) S A, (X) = A, (f (X)) = £A,(X)
also

T, (0CX) = 1, (f (OLX) = F,(F O T ()

= [1,(0' 0 X) 2 min{fZ, (0' 0 (X Oy)), , (0’ O y")}
=min{Z,(f O O (f ()0 F(y)), Fa(F OO f(y)}

= min{ZZ,(f (0) O f(xOy)), Z(f ©) O f (y)}

= min{Z,(f OT(xOy))), Zx(f QDY)

= min{ fZZ, 0 0(x D)), fZ, (0 0y)}

and

fA,(00x) = A,(f(00X) = A,(f (0) O f (X))

= 1,(0 0x) <max{, (0'0(x Dy)), 1,0 0 y)}

= max{A,(f (0) 1 (F () O f(y)), A (f ©) O f ()}
={A,(f O T f(xOy)),A,(f O0y))}

= max{,(f (00(xOy))), A4 (f O 0y))}

= max{fA, (00(xDOy)), 1, (00y)}
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Hence,fA= (X, fi,, f/TA) is an i-v intuitionistic fuzzy BRK-ideal of.

Definition 3.7. An interval-valued intuitionistic subse& = (X, zZ,V) of X has “sup” and
“inf ” properties if for any subsé{ of X, there exisin, n[JK such that

Ha(m) = supfz, (m) andv (n) =inf v/ (n).

Definition 3.8. Let f be a mapping from a s¥tto a set. If A=(X,/,,V,) isan
interval-valued intuitionistic fuzzy subset, then the interval-valued intuitionistic fuzzy

subsetB = (Y, [I;, 1) of Yis define by
sup [, (), if £7H(y)={xOX,f(x)=y}#¢

Ha £ (y) = B () =10t o
0 otherwise

7 1y = () = {xuifnf(y)ﬂ(x), W) =x0X =y} 29
1 otherwise
for all yOY is called the image oA = (X, /4, ,V,) underf.

Similarly, if B = (Y, 1, ,/TB) is an interval-valued intuitionistic fuzzy subséto
then the interval-valued intuitionistic fuzzy subse= (X, 1, ,V,) of X defined by
e (F(X) =, (x)and v, (f (X)) = /TB (X)for all xOO X, is said to be the inverse

image of B = (Y,[/B,/TB) underf.
In what follows, leK denote a BRK-algebra unless otherwise specifiedhegin
with the following theorem.

Theorem 3.9. An onto homomorphic image of an interval-valuetlitionistic fuzzy
BRK-ideal of X with sup and inf property is also an interval-wauntuitionistic fuzzy
BRK-ideal.

Proof: Let f : X — Y be an onto homomorphism of BRK-algeh{&s;C,0) and

(Y;L,0), A=(X,H,,V,) be an interval-valued intuitionistic fuzzy BRK-aleof X
with sup and inf properties arld = (X',[IB,/TB) is the image ofA= (X, i, ,V,)
underf. By definition 3.8 we gefiig (X) = i1, f (X) = sup f,(X) (#¢)and

X (y)
)TB(X') =y, f(X)= Difr]f( )|7A(x) (#¢) forall X' OY, withsupg =0and
X y
inf ¢ =1.
SinceA= (X, , ,V,) is an interval-valued intuitionistic fuzzy BRK-idleof X,
we have/i, (0) = f7,(x) and, (0) <V, (x) for allxd X . Consider th®[1 f ™ (0').
Thereforefiy (0) = 7, f (0) = sup f,(t) = 1,(0) = i, (x) forall xOX

tof (o)
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whichimpliesthatzz; (0') = sup z,(t) = gz (X') foranyx' 0O0Y,

tof Y(y)
and

INOE ‘1(0)— |nf A(t) V,(0) <V, (x) forallxOX
Whichimpllesthat/]B(O)s |fnf( )|7A(t) =/TB(X') foranyx'OY.
tof (y

For anyx',y',Z 0Y,letx, O f *(x'),y, 0 f *(y'),and0, O f *(0") be such that
Ha(0y Ox)= sup f,(t) , a0, 0y,)= sup f,(t) and

tof 1(0'x) tof 1(0'Dy")
Ha 0o C(X CYp)) = He{ f (0y C(X, L))} =l (O'C(X'CY"))
= sup Ha(0o 0%, Oyg)) = sup [, (t).
(0o L% Dy))DF (X' TY) {0f L OO XYY
Then
Hg (0'CX) = fSl(JIO )ﬁA(t) = Hp 0y CX) 21 min{i, (0 T (X, CYp))s Ha (0 C o)}
tof o'
=rmin{ sup ,(t), sup u,(D)}
toO'aQxoy) ooy
= r min{f, O’ O(x' 0y")), s (O’ DY)
Also
7,00 0%) = _inf 7,0 . 7,0,0,) = inf  7,() and
Va 0y O(% 0y,)) = Ag{ (0 (X, Oy,))} = A (0" (X' Oy"))
- (oouxowo);gff‘l(onx'w»VA(00 H06 Do) = th‘lg']g(x'W))VA(t)'
Then
Ag (0'0OX) = thi_p(}‘y[k’)ﬁA(t) =V, (0, Ox,) < max{V, (0, (%, Oy,)),V, (0, Oy,)}

=max{m((;91;w)vA(t) m'(QEy)VA(t)}

= max{J, (0' 0(x 0y), A, (O Oy)}.
HenceB = (X', lig,Ag)is an interval-valued intuitionistic fuzzy BRK-ideaf Y.

Definition 3.10. Let A= (X, 2, ,V,) be an interval-valued intuitionistic fuzzy BRK-
ideal ofX and let(cq, c0,) 0 D[0]1] be such thai), + @, < [1,1] . A non empty set

L(A@,@,) ={XxOX |F,(X) =&, , V,(X) < @} is called an interval-valued
intuitionistic level subset oA.
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Theorem 3.11. Let A= (X, [, ,V,) be an interval-valued intuitionistic fuzzy setdn
ThenA is an interval-valued intuitionistic fuzzy BRK-ideof X if and only if the non
empty setl (A [@, @,]) is a BRK-ideal ofX , for every(3, &) 0 D[0]] .
Proof: Assume thatA = (X, 1, ,V,) is an interval-valued intuitionistic fuzzy BRK-
ideal ofX and let(&, @,) 0 D[0]] be such thak [ L (A; @, @,) . Then
[, 0) 2 [1,(X) 2 @, andV, (0) <V, (X) < @,. Therefore0 O L (A @, @,) .

Let x,y O X be such tha{oC (xCy)),(0Cy) OL(A @, @,). Then
71, 00(x0y)) 2 &, /1, (00) = &7, 00(x Oy)) < @, and7, (00y) < &
therefore

H,(00X) = r min{ i, (00(x0y)), Z, 0 0y)} 2 rmin{@, &3} = &,

v, (00x) < max{v, (00(x0y)),7, (00y)} £ max{@,@,} = @,
and so0 Ox O L (A @, @,) .

Thus L(A &, @,) is a BRK-ideal ofX.
Conversely, assume thEt(A; @, @,) (% ¢)is a BRK-ideal ofX for every
(a1, a,) OD[O]].
That is i1, (X) = & and 7V, (X) = @, for all X X , since00 L (A; @, @,), therefore
1,02 @ = [,(X), and i, (0) S @, =7,(%).
Suppose that there exigt, Y, , z, U X such that
11, (00 %,) <t min{fZ, (0L (X, L Y,)). . OC yo)}
and i, (0L x,) > maxfF, (OC (X, CYo)). 7, (OL ,)}
Let /]A(O[(XO [yo)) =F1’ ﬂA(O[yo) = Vz andﬂA(O[Xo) =a:l' Then
& <rming7, 7.}
Taking 7, =4[, (0L %,) + F min{fZ, (0L (%, C¥,)), , (OC y,)}

=3 (@ +r min{}, 1,}).
It follows that
rmin{7,, 7.} > 7, = 1(@ +rmin{7,.7,3) > @ = fI,(00x,).
Also
Let v, (OC(X, CY,))=Vs, Vo(0LY,) =y, andv, (0L X,) =&,. Then
@, > max{y,, y,}-
Taking 71, =1[V, (0L x,) + max{, (OC (X, CY,)). VA OLC Y )}

=3 (@, + max{y;, y,}).
It follows that
max{y,,y,} < 1, = 1(w, + max{y,,y,}) <@, =v,(00x,).
Therefored Ox, O L(A [, @,]) , on the other hand
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:D-A(O[(XO [yo)) =i;l 2 r mln{;l’i;Z} >6—Zl andl[]A(O[yO) =V2 2 r mln{;l’i;Z} >(:l'
Also

I'-/‘-A(O[(XO [yo)) = j;3 S max{j;?.’j;4} <(:2 andl—;A(O[yO) =i;4 S max{i;3’j;4} <(—'22’ and
SO

(OC(%Cy,)),0Cy, 0 L(A @, ). It contradicts thal (A; @, @,)is a BRK-ideal ofX.
Hence

71, (00x) = 1 min{ZZ, (00(x 0y)), ZZ, (00y)} , and

V,(00x) < max{y, (00(x0y)), v, (00y)}, for allx, y O X.

ThereforeL (A @, &) is an interval-valued intuitionistic fuzzy BRK-ialeof X,

Theorem 3.12. Let Y be a subset of and letA= (X, 1, ,V,) be an interval-valued
intuitionistic fuzzy set oiX defined by

ﬂA(x) = {5 =[alaaz] if xOOY VA(X) _ {IB :[Igl’ﬂz] if xOY

a. =[00] otherwise’ B. =[00] otherwise’
Wherea,,a,, B, 3,0(0]1] with a,<a,, B, <B,anda, + [ <1lfori=1,2.
If Yis a BRK-ideal oiX, then A is an interval-valued intuitionistic fuzzy BRK-igkeof X.
Proof: By theorem (3.11) we consider thét= L (A a, 8) . We show tha# is an

interval-valued intuitionistic fuzzy BRK-ideal &f.
SinceY is a BRK-ideal therD[JY,

Ha ) 2[a,,a,] = [, (X)), andV, (0) <[ B, Bo] = VA(X) -
Let x,yO X.If (OC(xCy)),(0Cy)OY,then(0Cx)Y, and so
A, 00x) =[ay,a,]1zrmin{[ay,a,], [a,,a,]} = r min{fi, (OC(%, L Y,)), 4, OLY)},
VaOOX) =[B,, Bl max{[ B, 5], [ By, B, 1} = max{, (OL(%, LY,)), VA (0L Y)} -
If (OC(xCy)),(0Cy)lY,then(0OCx)Y, and so
H,(00(x0y)) =4. = i, (00y)} and v, (0(xOy)) = 5. =7, (00y)}
4,(00x)=a. =zrmin{a.,a.} =rmin{g, (00(x0Qy)), Z, 00Oy},
7,(00x) = 8. < max{f., 5.} = max{i7, (00(x0y)), 7, (00y)} -
If OC(xCy))dY and(OCy)OY,then(0CLX)Y, and so
a,(00x)=a, zrmin{a ,a.}= rmin{, (00(x0y)), 7, 00y)},
V,00X) =B <max{B,B.}= max{7,00(x0y)),7, 00y}
Similarly for the casg0 L (xC y))OY and (0L y) OY we get
11, (00x) 2 1 min{ &, (0 O(x D)), fZ, (00y)} , and
Vv, (00x) <max{V, (00(xOy)),v, (00y)}

ThereforeA is an interval-valued intuitionistic fuzzy BRK-idkeof X.
This completes the proof.
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Theorem 3.13. Let Y be a subset of and letA= (X, i, ,V,) be an interval-valued
intuitionistic fuzzy set oX defined by
~ a=[a,,a,] if xOY -
Ha(X) =y = : Va(¥) = 1"~ -
a, =[00] otherwise B. =[00] otherwise
wherea,,a,,B,,3,0(01] with a,<a,, B, <pB,anda, + 5 <1fori=1,2.

If Alis an interval-valued intuitionistic fuzzy BRK-ideof X, thenY is a BRK-ideal oiX.
Proof: Assume tha# is an interval-valued intuitionistic fuzzy BRK-ideof X, let

XOY i, (0)2 fi,(¥) =[ay,a,]and U, (0) < 7, (x) =[8,, 3,] then0DIY .

If OC(xCy)),(0Cy)DOY,theng, (00O(x0y))=[a,,a,]=1,(00y), and so
H,a0Ox)2r min{z, (00(x0y)), 4, OQOy)} = rmin{[a,,a,],[a,,a,]} =[a,,a,],
also

VA (00x) < max{v, (00(x0y)),v, (00y)} =max{[5,, 8,1, [ 8., B.1} =[5, B.]-

This implies thatOL x 1Y
Hence)Y is BRK-ideal ofX.

{ﬁ=[ﬂ1,ﬁ2] if xOY

4. Conclusions
In this paper, we have introduced the concept wfitionistic Fuzzy BRK-ideal of BRK-

algebra with Interval-valued Membership and Non Mership Functions and studied

their properties. In our future work, we introdube concept of (J,[] Cq) -Fuzzy BRK -

ideal of BRK-algebra . | hope this work would seasa foundation for further studies

on the structure of BRK-algebras.
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