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1. Introduction 
It is known that mathematical logic is a discipline used in sciences and humanities with 
different point of view. Non-classical logic takes the advantage of the classical logic 
(two-valued logic) to handle information with various facts of uncertainty. The non-
classical logic has become a formal and useful tool for computer science to deal with 
fuzzy information and uncertain information. The notion of logical algebras: BCK-
algebras [11] was initiated by Imai and Iséki in 1966 as a generalization of both classical 
and non-classical positional calculus. In the same year, Iséki introduced BCI-algebras 
[12] as a super class of the class of BCK-algebras. In 1983, Hu and Li introduced BCH-
algebras [10]. They demonstrated that the class of BCI-algebras is a proper subclass of 
the class of BCH-algebras. In [15], Neggers et al. introduced Q-algebras which is a 
generalization of BCK / BCI-algebras and obtained several results. In 2002, Neggers and 
Kim [14] introduced a new notion, called a B-algebra, and obtained several results. In 
2007, Walendziak [18] introduced a new notion, called a BF-algebra, which is a 
generalization of B-algebra. In [13], Kim and Kim introduced BG-algebra as a 
generalization of B-algebra. In [16], T. Senapati, M. Bhowmik and M. Pal introduced 
Interval-valued intuitionistic fuzzy BG-subalgebras also see [6, 17] .In 2012, Bandaru [5] 
introduces a new notion, called BRK-algebra which is a generalization of BCK / BCI / 
BCH / Q / QS / BM-algebras. Interval-valued fuzzy sets were first introduced by Zadeh 
[19] as a generalization of fuzzy sets. An interval-valued fuzzy set is a fuzzy set whose 
membership function is many-valued and forms an interval in the membership scale. This 
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idea gives the simplest method to capture the imprecision of the membership grades for a 
fuzzy set. Thus, interval-valued fuzzy sets provide a more adequate description of 
uncertainty than the traditional fuzzy sets. It is therefore important to use interval-valued 
fuzzy sets in applications. One of the main applications is in fuzzy control and the most 
computationally intensive part of fuzzy control is defuzzification. Since the transition of 
interval-valued fuzzy sets usually increases the amount of computations, it is vitally 
important to design some faster algorithms for the necessarily defuzzification. On the 
other hand, Atanassov [1,2,3] introduced the notion of intuitionistic fuzzy sets as an 
extension of fuzzy set in which not only a membership degree is given, but also a non-
membership degree is involved. Considering the increasing interest in intuitionistic fuzzy 
sets, it is useful to determine the position of intuitionistic fuzzy  sets in a frame of 
different theories of imprecision. With the above background, Atanassov and Gargov [4] 
introduced the notion of interval-valued intuitionistic fuzzy sets which is a common 
generalization of intuitionistic fuzzy sets and interval-valued fuzzy sets. The fuzzy 
structure for BRK-ideal was introduced in [7]. Since then, the concepts and results of 
BRK-algebra have been broadened to the fuzzy BRK-ideals setting frames also see [8, 9]. 
In this paper we first apply the concept of interval valued intuitionistic fuzzy sets to 
BRK-algebra. Then we introduce the notion of Intuitionistic Fuzzy BRK-ideal of BRK-
algebra with Interval-valued Membership and Non Membership Functions and 
investigate some of interesting properties. We study the homomorphic image and inverse 
image of interval valued intuitionistic fuzzy BRK-ideal of BRK-algebra. 
 
2. Preliminaries 
Definition 2.1[5]. A BRK-algebra is a non-empty set X with a constant 0 and a binary 
operation “∗ ”  satisfying the following conditions: 

(BRK1)  xx =∗ 0 , 

(BRK2)  yxyx ∗=∗∗ 0)( , for all  Xyx ∈ , . 

In a BRK-algebra X, a partially ordered relation ≤  can be defined by  yx ≤  if 

and only if .0=∗ yx  

Definition 2.2 [5]. If  0) , ;( ∗X is a BRK-algebra, the following conditions hold: 
(1) 0=∗ xx , 

(2) yxyx ∗=∗⇒=∗ 000 ,  

(3) )0()0()(0 yxyx ∗∗∗=∗∗ , for all Xyx ∈ ,  

Definition 2.3. A non empty subset S of a BRK-algebra X is said to be BRK-subalgebra 
of X, if Syx ∈, , implies Syx ∈∗ . 

Definition 2.4. (BRK-ideal of BRK-algebra). A non empty subset I of a BRK-algebra X 
is said to be a BRK-ideal of X if it satisfies:  
     (I1) ,0 I∈  

     (I2) Iyx ∈∗∗ )(0 and Iy ∈∗0  imply Ix∈∗0  for all Xyx ∈ , .  

Definition 2.5. Let X be a BRK-algebra. A fuzzy set µ  in X is called a fuzzy BRK-ideal 
of X if it satisfies:  
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     (FI1) ),()0( xµµ ≥  

     (FI2) )},0()),(0(min{)0( yyxx ∗∗∗≥∗ µµµ for all Xyx ∈, .       

Example 2.6. Let },,,0{ cbaX = . Define ∗  on X  as the following table: 

∗ 0 a b c 
0 0 b b 0 
a a 0 0 b 
B b 0 0 b 
c c a a 0 

Then ) 0;  ,( ∗X is a BRK-algebra, and A = {0, b, c} is a BRK-ideal of BRK-algebra X. 

 
3. Interval-valued intuitionistic fuzzy homomorphism of BRK-algebra interval- 
valued intuitionistic fuzzy set 
A mapping ]1,0[]1,0[:)~ , ~( DDXA ×→= νµ  is called an interval-valued intuitionistic 

fuzzy set  (i-v IF set, briefly) in X  if 10 ≤+≤ ••
AA νµ  and 10 ≤+≤ ••••

AA νµ  for all

Xx∈ . Where •
Aµ (x), •

Aν (x), ••
Aµ (x) and ••

Aν (x) are fuzzy sets of X such that •
Aµ  ≤  

••
Aµ  and •

Aν  ≤  ••
Aν . }|) ,  ,{( XxxA AA ∈= •••••• νµ  and }|) ,  ,{( XxxA AA ∈= ••• νµ   

are intuitionistic fuzzy sets. Let ]1,0[D be the family of all closed sub-interval of ]1,0[ . 
The mapping  

]1,0[ : )](),([)(~ DXxxx AAA →= ••• µµµ and ]1,0[ : )](),([)(~ DXxxx AAA →= ••• ννν  

denote the degree membership and degree of non-membership for all Xx∈  respectively. 

For simplicity we use the symbols forms ) ,  ,( ••• = AAXA νµ  and ) ,  ,( •••••• = AAXA νµ  . 

The refined minimum (briefly r min) and order “≤ ” on the subintervals ],[ 111 baD =   

and ],[ 222 baD = of ]1,0[D  is defined by, }],min{},,[min{),min( 212121 bbaaDDr =
where 2121 aaDD ≤⇔≤  and 21 bb ≤ . Similarly we can define ≥  and = . 

Definition 3.1. An interval-valued IFS )~ , ~,( νµXA = is called interval-valued 
intuitionistic fuzzy BRK-ideal of BRK-algebra X if it satisfies the following 
(IVS 1)  )(~)0(~ xAA µµ ≥   

(IVS 2)  )(~)0(~ xAA νν ≤  

(IVS 3)  )}0(~ )),(0(~min{)0(~ yyxx AAA ∗∗∗≥∗ µµµ  

(IVS 4)  )}0(~ )),(0(~max{)0(~ yyxx AAA ∗∗∗≤∗ ννν , for all ., Xyx ∈  

Example 3.2. Consider  a BRK-algebra },,,0{ cbaX =  with following table: 

∗ 0 a b c 
0 0 a 0 a 
a a 0 a 0 
B b a 0 a 
c c b c 0 
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Let A be an interval-valued intuitionistic fuzzy set in X by  









=

[0.5,0.6][0.2,0.4]

cb
    

[0.8,0.9][0.8,0.9]

a0
   ~

Aµ
 









=

[0.5,0.7][0.6,0.8]

cb
    

[0.1,0.2][0.1,0.2]

a0
   Aλ

 
Then routine calculations give that A is an interval-valued intuitionistic fuzzy BRK-ideal 
of X. 
 
Definition 3.3. (Homomorphism of BRK-algebra). Let )0,,( ∗X  and )0,,( ′∗′Y  be 
BRK-algebras. A mapping YXf →:  is said to be a homomorphism if 

)()()( yfxfyxf ∗′=∗ , for all Xyx ∈, . For any interval-valued intuitionistic fuzzy 

set )~ , ~,( BBYB νµ= in Y  we define a new interval-valued )~,~,( BB ffXfB νµ= in X, by 

))((~~ xff BB µµ =  and ))((~~ xff BB νν =  for all  Xx ∈ . 
 
Proposition 3.4. [3] Let )0,,( ∗X  and )0,,( ′∗′Y  be BRK-algebras, and a mapping 

YXf →:  be a homomorphism of BRK-algebras, then the kernel of f  denoted by(

)ker( f ) is a BRK-ideal.        
 
Theorem 3.5. Let )0,,( ∗X  and )0,,( ′∗′Y  be BRK-algebras. An onto homomorphic 
image of an  i-v intuitionistic fuzzy BRK-ideal of X  is also an i-v intuitionistic fuzzy 
BRK-ideal of Y. 
Proof: Let YXf →:  be an onto homomorphism of BRK-algebras. Suppose

)~,~,( AAYA νµ= is the image of an i-v intuitionistic fuzzy BRK-ideal 

)~,~,( AA ffXfA νµ=  of X. We have to prove that )~,~,( AAYA νµ= is an i-v intuitionistic 
fuzzy BRK-ideal of Y. 
Since YXf →:  is onto, then for any Yyx ∈′′, there exist Xyx ∈,  such that 

yyfxxf ′=′= )( and  )(  also we consider 0)0( ′=f . Then we have 

)(~))((~)(~)0(~))0((~)0(~ xxfxfff AAAAAA ′==≥==′ µµµµµµ   
And 

)(~))((~)(~)0(~))0((~)0(~ xxfxfff AAAAAA ′==≤==′ νννννν  
Also  

)}0(~)),(0(~min{

))}()0((~))),()(()0((~min{

))}()0((~)),()0((~min{

 ))}0((~))),(0((~min{

 )}0(~)),(0(~min{)0(~
))0((~))()0((~)0(~

yyx

yffyfxff

yffyxff

yfyxf

yfyxfxf

xfxffx

AA

AA

AA

AA

AAA

AAA

′∗′′′∗′′∗′′=
∗′∗′∗′=

∗′∗∗′=
∗∗∗=

∗∗∗≥∗=
∗=∗′=′∗′′

µµ
µµ

µµ
µµ

µµµ
µµµ

 

and 
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)}0(~)),(0(~max{

))}0((~))),()(()0((~max{

))}()0((~)),()0((~max{

))}0((~))),(0((~max{

)}0(~)),(0(~max{)0(~
))0((~))()0((~)0(~

yyx

yfyfxff

yffyxff

yfyxf

yfyxfxf

xfxffx

AA

AA

AA

AA

AAA

AAA

′∗′′′∗′′∗′′=
∗∗′∗′=

∗′∗∗′=
∗∗∗=

∗∗∗≤∗=
∗=∗′=′∗′′

νν
νν

νν
νν

ννν
ννν

 

Hence, )~,~,( AAYA νµ=  is an i-v intuitionistic fuzzy BRK-ideal of Y. 
 
Theorem 3.6. Let )0,,( ∗X  and )0,,( ′∗′Y  be BRK-algebras. An onto homomorphic 
inverse image of an i-v intuitionistic fuzzy BRK-ideal of Y  is also an i-v intuitionistic 
fuzzy BRK-ideal of X. 
Proof: Let YXf →:  be an onto homomorphism of BRK-algebras. Suppose

)
~

,~,( AA ffXfA λµ= is the inverse image of an i-v intuitionistic fuzzy BRK-ideal 

),~,( AAYA λµ= of Y. We have to prove that )
~

,~,( AA ffXfA λµ=  is an i-v intuitionistic 
fuzzy BRK-ideal of X. For any Yyx ∈′′, there exist Xyx ∈,  such that 

yyfxxf ′=′= )( and  )( , also we consider 0)0( ′=f . Then we have  

)(~))((~)(~)0(~))0((~)0(~ xfxfxff AAAAAA µµµµµµ ==′≥′==  
and 

)(
~

))((
~

)(
~

)0(
~

))0((
~

)0(
~

xfxfxff AAAAAA λλλλλλ ==′≤′==  
also 

)}0(~)),(0(~min{

))}0((~))),(0((~min{

))}()0((~)),()0((~min{

))}()0((~))),()(()0((~min{

)}0(~)),(0(~min{)0(~
))()0((~))0((~)0(~

yfyxf

yfyxf

yffyxff

yffyfxff

yyxx

xffxfxf

AA

AA

AA

AA

AAA

AAA

∗∗∗=
∗∗∗=

∗′∗∗′=
∗′∗′∗′=

′∗′′∗′′∗′′≥′∗′′=
∗′=∗=∗

µµ
µµ

µµ
µµ

µµµ
µµµ

 

and 

)}0(
~

)),(0(
~

max{

))}0((
~

))),(0((
~

max{

 ))}0((
~

)),()0((
~

{

))}()0((
~

))),()(()0((
~

max{

)}0(
~

)),(0(
~

max{)0(
~

))()0((
~

))0((
~

)0(
~

yfyxf

yfyxf

yfyxff

yffyfxff

yyxx

xffxfxf

AA

AA

AA

AA

AAA

AAA

∗∗∗=

∗∗∗=

∗∗∗′=

∗′∗′∗′=

′∗′′∗′′∗′′≤′∗′′=

∗′=∗=∗

λλ
λλ

λλ
λλ

λλλ
λλλ
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Hence, )
~

,~,( AA ffXfA λµ=  is an i-v intuitionistic fuzzy BRK-ideal of X. 
 
Definition 3.7. An interval-valued intuitionistic subset )~ , ~,( νµXA = of X has “sup” and 

“inf ” properties if for any subset K of X, there exist Knm ∈, such that 

)(~sup)(~ mm A
Km

A µµ
∈

= and )(~inf)(~ nn
Kn
νν

∈
= . 

Definition 3.8. Let  f  be a mapping from a set X to a set Y. If )~ , ~,( AAXA νµ=  is an 
interval-valued intuitionistic fuzzy subset  X , then the interval-valued intuitionistic fuzzy 

subset )
~

,~,( BBYB λµ=  of Y is define by  





 ≠=∈=

==
−

∈
− − ,

otherwise                                              0

})(,{)( if  ),(~sup
)(~)( ~

1

)(
1 1

φµ
µµ

yxfXxyfx
yyf

A
yfxBA  





 ≠=∈=

==
−

∈− − ,
otherwise                                              1

})(,{)( if  ),(~inf
)(

~
)( ~

1

)(1 1
φν

λν
yxfXxyfx

yyf A
yfx

BA  

for all Yy ∈ is called the image of )~ , ~,( AAXA νµ=  under f. 

      Similarly, if )
~

,~,( BBYB λµ=
 
is an interval-valued intuitionistic fuzzy subset of Y, 

then the interval-valued intuitionistic fuzzy subset )~ , ~,( AAXA νµ=  of X defined by 

)(~))((~ xxf AB µµ = and )(
~

))((~ xxf BA λν = for all Xx∈ ,  is said to be the inverse 

image of )
~

,~,( BBYB λµ=  under f. 
       In what follows, let X denote a BRK-algebra unless otherwise specified, we begin 
with the following theorem. 
 
Theorem 3.9. An onto homomorphic image of an interval-valued intuitionistic fuzzy 
BRK-ideal of X with sup and inf property is also an interval-valued intuitionistic fuzzy 
BRK-ideal. 
Proof: Let YXf →:  be an onto homomorphism of BRK-algebras 0) , ;( ∗X and

)0 , ;( ′∗Y , )~ , ~,( AAXA νµ=  be an interval-valued intuitionistic fuzzy BRK-ideal of X 

with sup and inf properties and )
~

,~,( BBXB λµ′= is the image of )~ , ~,( AAXA νµ=  

under f. By definition 3.8 we get )(~sup)( ~)(~
)(

1

1

xxfx A
yfx

AB µµµ
−∈

− =′=′  ( φ≠ ) and 

)(~inf)( ~)(
~

)(

1

1
xxfx A

yfx
AB ννλ

−∈

− =′=′  ( φ≠ ) for all Yx ∈′ , with 0 sup =φ and 

1 inf =φ .  

       Since )~ , ~,( AAXA νµ=  is an interval-valued intuitionistic fuzzy BRK-ideal of X, 

we have and  )(~)0(~ xAA µµ ≥ )(~)0(~ xAA νν ≤ for all Xx∈  . Consider that )0(0 1 ′∈ −f .  

Therefore, Xxxtf AAA
ft

AB ∈≥==′=′
′∈

−

−
 allfor    )(~)0(~)(~sup)0(~)0(~

)0(

1

1

µµµµµ  
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. any for   )(
~

)(~inf)0(
~

 that implieswhich 

 allfor    )(~)0(~)(~inf)0(~)0(
~

 and

,any for   )(~)(~sup)0(~ that implieswhich 

)(

)0(

1

)(

1

1

1

Yxxt

Xxxtf

Yxxt

BA
yft

B

AAA
ft

AB

BA
yft

B

∈′′=≤′

∈≤==′=′

∈′′=≥′

−

−

−

∈

′∈

−

∈

λνλ

ννννλ

µµµ

 

For any ,,, Yzyx ∈′′′ let )0(0 and , )( , )( 1
0

1
0

1
0 ′∈′∈′∈ −−− fyfyxfx  be such that  

)(~sup)0(~
)0(

00
1

tx A
xft

A µµ
′∗′∈ −

=∗  ,   )(~sup)0(~
)0(

00
1

ty A
yft

A µµ
′∗′∈ −

=∗  and 

. )(~sup))(0(~sup                              

))(0(~))}(0({~))(0(~

))(0(
000

))(0())(0(

000000

11
000

tyx

yxyxfyx

A
yxft

A
yxfyx

BBA

µµ

µµµ

′∗′∗′∈′∗′∗′∈∗∗ −−
=∗∗=

′∗′∗′=∗∗=∗∗
  

Then  

)}.0(~)),(0(~min{                                                                    

)}(~sup , )(~sup{min                                                                     

)}0(~)),(0(~min{)0(~)(~sup)0(~

)0()(0(

0000000
)0(1

yyxr

tµtµr

yyxrxtx

BB

A
yt

A
yxt

AAAA
xft

B

′∗′′∗′∗′=

=

∗∗∗≥∗==′∗′

′∗′∈′∗′∗′∈

′∗′∈ −

µµ

µµµµµ

 
Also 

)(~inf)0(~
)0(

00 1
tx A

xft
A νν

′∗′∈ −
=∗  ,   )(~inf)0(~

)0(
00 1

ty A
yft

A νν
′∗′∈ −

=∗  and 

. )(~inf))(0(~inf                            

))(0(
~

))}(0({
~

))(0(~

))(0(
000

))(0())(0(

000000

11
000

tyx

yxyxfyx

A
yxft

A
yxfyx

BBA

νν
λλν

′∗′∗′∈′∗′∗′∈∗∗ −−
=∗∗=

′∗′∗′=∗∗=∗∗
  

Then  

)}.0( 
~

 )),(0( 
~

 max{                                                         

)}(~inf , )(~infmax{                                                          

)}0(~)),(0(~max{)0(~)(~inf)0(
~

)0()(0(

0000000
)0(1

yyx

tt

yyxxtx

BB

A
yt

A
yxt

AAAA
xft

B

′∗′′∗′∗′=

=

∗∗∗≤∗==′∗′

′∗′∈′∗′∗′∈

′∗′∈ −

λλ

νν

ννννλ

 

Hence )
~

,~,( BBXB λµ′= is an interval-valued intuitionistic fuzzy BRK-ideal of Y.  
 
Definition 3.10. Let )~ , ~,( AAXA νµ=  be an interval-valued intuitionistic fuzzy BRK-

ideal of X and let ]1,0[)~,~( 21 D∈ωω  be such that ]1 ,1[~~
21 ≤+ ωω . A non empty set 

}~)(~  , ~)(~|{:)~,~;(
~

2A121 ωνωµωω ≤≥∈= xxXxAL A  is called an interval-valued 
intuitionistic level subset of A.  
 



Osama Rashad El-Gendy 

18 

 

Theorem 3.11. Let )~ , ~,( AAXA νµ= be an interval-valued intuitionistic fuzzy set in X. 
Then A is an interval-valued intuitionistic fuzzy BRK-ideal of X if and only if the non 

empty set ])~,~[;(
~

21 ωωAL  is a BRK-ideal of X , for every ]1,0[)~,~( 21 D∈ωω . 

Proof: Assume that )~ , ~,( AAXA νµ=  is an interval-valued intuitionistic fuzzy BRK-

ideal of X and let ]1,0[)~,~( 21 D∈ωω  be such that )~,~;(
~

21 ωωALx∈ . Then  

1
~)(~)0(~ ωµµ ≥≥ xAA , and 2

~)(~)0(~ ωνν ≤≤ xAA . Therefore )~,~;(
~

0 21 ωωAL∈ . 

Let Xyx ∈,  be such that )(0 , ))(0( yyx ∗∗∗ )~,~;(
~

21 ωωAL∈ . Then 

1
~))(0(~ ωµ ≥∗∗ yxA , 1

~)0(~ ωµ ≥∗ yA , 2
~))(0(~ ων ≤∗∗ yxA  and 2

~)0(~ ων ≤∗ yA

therefore 

)}0(~)),(0(~min{)0(~ yyxrx AAA ∗∗∗≥∗ µµµ ≥  111
~}~ ,~min{ ωωω =r  

)}0(~)),(0(~max{)0(~ yyxx AAA ∗∗∗≤∗ ννν ≤  221
~}~,~max{ ωωω =  

and so )~,~;(
~

0 21 ωωALx∈∗ . 

Thus )~,~;(
~

21 ωωAL is a BRK-ideal of X. 

Conversely, assume that )~,~;(
~

21 ωωAL )( φ≠ is a BRK-ideal of X for every 

]1,0[)~,~( 21 D∈ωω .  

That is 2A1
~)(~  and ~)(~ ωνωµ == xxA , for all Xx∈ , since )~,~;(

~
0 21 ωωAL∈ , therefore 

)(~~)0(~
1 xAA µωµ =≥ , and )(~~)0(~

2 xAA νων =≤ . 

Suppose that there exist Xzyx ∈000 ,, such that  

)}0(~)),(0(~min{)0(~
0000 yyxrx AAA ∗∗∗<∗ µµµ ,  

and )}0(~)),(0(~max{)0(~
0000 yyxx AAA ∗∗∗>∗ ννν . 

Let 100
~))(0(~ γµ =∗∗ yxA , 20

~)0(~ γµ =∗ yA  and 10
~)0(~ ωµ =∗ xA . Then 

}~,~min{~
211 γγω r< . 

Taking )}]0(~)),(0(~min{)0(~[ 00002
1

1 yyxrx AAA ∗∗∗+∗= µµµπ  

                 = }).~,~min{~( 2112
1 γγω r+  

It follows that  
>}~,~min{ 21 γγr )0(~~})~,~min{~( 012112

1
1 xr A ∗=>+= µωγγωπ .  

Also 
Let 300

~))(0(~ γν =∗∗ yxA , 40
~)0(~ γν =∗ yA  and 20

~)0(~ ων =∗ xA . Then 

}~,~max{~
432 γγω > . 

Taking )}]0(~)),(0(~max{)0(~[ 00002
1

2 yyxx AAA ∗∗∗+∗= νννπ  

                 = }).~,~max{~( 4322
1 γγω +  

It follows that  
<}~,~max{ 43 γγ )0(~~})~,~max{~( 024322

1
2 xA ∗=<+= νωγγωπ . 

Therefore ])~,~[;(
~

0 210 ωωALx ∉∗ , on the other hand  
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121100
~}~,~min{~))(0(~ ωγγγµ >≥=∗∗ ryxA  and 12120

~}~,~min{~)0(~ ωγγγµ >≥=∗ ryA .  

Also 

243300
~}~,~max{~))(0(~ ωγγγν <≤=∗∗ yxA  and 24340

~}~,~max{~)0(~ ωγγγν <≤=∗ yA , and 

so  

000 0 , ))(0( yyx ∗∗∗ ∈ )~,~;(
~

21 ωωAL . It contradicts that )~,~;(
~

21 ωωAL is a BRK-ideal of X.  

Hence  
)}0(~)),(0(~min{)0(~ yyxrx AAA ∗∗∗≥∗ µµµ , and  

)}0(~ )),(0(~max{)0(~ yyxx AAA ∗∗∗≤∗ ννν , for all ., Xyx ∈  

Therefore )~,~;(
~

21 ωωAL  is an interval-valued intuitionistic fuzzy BRK-ideal of X. 
 
Theorem 3.12. Let Y be a subset of X and let )~ , ~,( AAXA νµ=  be an interval-valued 
intuitionistic fuzzy set on X defined by  





=
∈=

=
•

,  
otherwise          ]0,0[~

 if          ],[~
  )(~ 21

α
ααα

µ
Yx

xA      




=
∈==

•

.  
otherwise          ]0,0[

~
 if          ],[

~
  )(~ 21

β
βββν Yx

xA  

Where ]1,0(,,, 2121 ∈ββαα  with  21 αα < ,  21 ββ <  and 2 , 1for   1 =≤+ iii βα . 

If Y is a BRK-ideal of X, then  A is an interval-valued intuitionistic fuzzy BRK-ideal of X. 

Proof: By theorem (3.11) we consider that )
~

,~;(
~ βαALY = . We show that A is an 

interval-valued intuitionistic fuzzy BRK-ideal of X. 
Since Y is a BRK-ideal then Y∈0 ,  

)(~],[)0(~
21 xAA µααµ =≥ , and )(~],[)0(~

21 xAA νββν =≤ . 

Let ., Xyx ∈ If )(0 , ))(0( yyx ∗∗∗ ,Y∈ then Yx ∈∗ )0( , and so 

=≥=∗ ]},[],,min{[],[)0(~
212121 ααααααµ rxA )}0(~)),(0(~min{ 00 yyxr AA ∗∗∗ µµ ,  

=≤=∗ ]},[],,max{[],[)0(~
212121 ββββββν xA )}0(~)),(0(~max{ 00 yyx AA ∗∗∗ νν . 

If )(0 , ))(0( yyx ∗∗∗ Y∉ , then Yx ∉∗ )0( , and so 

)}0(~~))(0(~ yyx AA ∗==∗∗ • µαµ and )}0(~~
))(0(~ yyx AA ∗==∗∗ • νβν  

}~,~min{~)0(~
••• ≥=∗ αααµ rxA = )}0(~)),(0(~min{ yyxr AA ∗∗∗ µµ , 

}
~

,
~

max{
~

)0(~
••• ≤=∗ βββν xA = )}0(~)),(0(~max{ yyx AA ∗∗∗ νν . 

If Yyx ∈∗∗ ))(0(  and Yy ∉∗ )0( , then Yx ∉∗ )0( , and so  

}~ , ~min{~)0(~
•• ≥=∗ αααµ rxA =  )}0(~)),(0(~min{ yyxr AA ∗∗∗ µµ , 

}
~

 , 
~

max{
~

)0(~
•• ≤=∗ βββν xA =  )}0(~)),(0(~max{ yyx AA ∗∗∗ νν  

Similarly for the case Yyx ∉∗∗  ))(0( and Yy ∈∗ )(0 we get  

)}0(~)),(0(~min{)0(~ yyxrx AAA ∗∗∗≥∗ µµµ , and 

)}0(~)),(0(~max{)0(~ yyxx AAA ∗∗∗≤∗ ννν  
Therefore A is an interval-valued intuitionistic fuzzy BRK-ideal of X.  
This completes the proof. 
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Theorem 3.13. Let Y be a subset of X and let )~ , ~,( AAXA νµ=  be an interval-valued 
intuitionistic fuzzy set on X defined by  





=
∈=

=
•

  
otherwise          ]0,0[~

 if          ],[~
  )(~ 21

α
ααα

µ
Yx

xA      




=
∈==

•

.  
otherwise          ]0,0[

~
 if          ],[

~
  )(~ 21

β
βββν Yx

xA  

where ]1,0(,,, 2121 ∈ββαα  with  21 αα < ,  21 ββ <  and 2 , 1for   1 =≤+ iii βα . 

If A is an interval-valued intuitionistic fuzzy BRK-ideal of X, then Y is a BRK-ideal of X.  
 Proof: Assume that A is an interval-valued intuitionistic fuzzy BRK-ideal of X, let 

Yx∈  ],[)(~)0(~
21 ααµµ =≥ xAA and ],[)(~)0(~

21 ββνν =≤ xAA  then Y∈0 .  

If )(0 , ))(0( yyx ∗∗∗ Y∈ , then ))(0(~ yxA ∗∗µ = ],[ 21 αα = )0(~ yA ∗µ , and so

)}0(~)),(0(~min{)0(~ yyxrx AAA ∗∗∗≥∗ µµµ = ],[]},[],,min{[ 212121 αααααα =r , 
also 

)}0(~)),(0(~max{)0(~ yyxx AAA ∗∗∗≤∗ ννν ].,[]},[],,max{[ 212121 ββββββ ==  

This implies that Yx∈∗0  
Hence, Y is BRK-ideal of X. 
 
4. Conclusions 
In this paper, we have introduced the concept of Intuitionistic Fuzzy BRK-ideal of BRK-
algebra with Interval-valued Membership and Non Membership Functions and studied 
their properties. In our future work, we introduce the concept of ),( q∨∈∈ -Fuzzy BRK - 
ideal of BRK-algebra . I hope this work would serve as a foundation for further studies 
on the structure of BRK-algebras. 
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