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fuzzy 8g"-closed and its properties are investigated. Furthew concept of fuzzy

B@g*s- closed, fuzzy § @- closed, fuzzy ts &-closed, and fuzzy"§, @- closed sets are

introduced using it.

Keywords: fuzzy generalized closed sets, fuz@g-closed sets, fuzz§ gs-closed sets,
fuzzy 89" -closed and fuzzy-closed sets

AMS Mathematics Subject Classification (2010): 54C10, 54C08, 54C05

1. Introduction
Zadeh [13] introduced the concept of fuzzy set§965 In 1968, the concept of fuzzy
topological space introduced by Chang [5] and maasgarchers have been worked in
this area. Shafei [6] introducefl generalized closed sets in fuzzy topological space
2005. Later Salleh [12] defined the conceptsésfemi-generalized closed sets in fuzzy
topological space. Recently, Othman introduce fuézgeneralized semi closed sets in
fuzzy topological space [7]

In the present paper, we introduce fuz2g”-closed sets in fuzzy topological
space and investigate certain basic propertigsesktfuzzy sets.

"

2. Basic concepts
Throughout the present pape(X,r)or simplyX mean fuzzy topological space

(abbreviated as fts) on which no separation axi@res assumed unless otherwise
mentioned. We denote and define the closure ancriont for a fuzzy

setAbyCl(A)=O{y: u= Al-pOr}andint (A)=O0f{u:u< A p0Or}. fuzzy 6 -
closure of A [6] and fuzzy sem# closure of A [12] are denoted by
Cl,(A) ={cl(u): A< pr, Ot} and

sCL(A =0{scl): A<, is semi- opelin T } respectively.
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Definition 2.1. A fuzzy setA of (X,7) is called

(i) fuzzy semi-open [1] ifA< CI(Int(A))

(i)  fuzzy a-open [3]ifA< Int(CI(Int(A)))

(i)  fuzzy@-open ifA= Int,(A)[6] and fuzzyd -closed [6] if A= Cl,(A)
(iv) fuzzy semi@-open [12] if A= sInt (A) and fuzzy semi@-closed [12]

A=sCh(A)
The semi closure [11] (respectivedy-closure [10]) of a fuzzy sef of (X,7)

is the intersection of all fs-Closed (respectivelyr -closed sets) that contaiA and is
denoted bysCI( A) ( respectivelya CI( A)).

Definition 2.2. A fuzzy setA of (X, ) is called

(i)

(ii)

(iii)

(iv)

v)

(Vi)

fuzzy generalized closed (in short, fg-closed)f4Ci A< H , wheneverA< H
and H is fuzzy open set inX

fuzzy generalized semi closed (in short, fsg-alji@ if sCI(A)< H,
wheneverA< H andH is fs-open set inX .

fuzzy generalized closed (in short, fgs—closed)if[9sCI(A)s H, whenever
A< H andH is f-open setinX.

fuzzy 8-generalized closed (in shor §-closed) [6] ifCl, (A) < H, whenever
A< H andH is f-open setinX .

fuzzy 8-semi-generalized closed (in short<g-closed) [12] if €I, (A) <H,
wheneverA< H andH is fs-open set inX .

fuzzy @generalized semi closed (in shortgds-closed) [7] if QIH(A) <H,

wheneverA< H and H is f-open set inX .

(vii) fuzzy d"- closed [8] if C| A< H, wheneverA< H and H is fuzzy gs-open
setin X

(viii)  fuzzy d's- closed [8]if Ll A< H, wheneverA< H and H is fuzzy gs-open
setin X

(ix) fuzzy d"«- closed [8]ifa Cl A< H , wheneverA< H and H is fuzzy gs- open
setin X

3. Fuzzy@g"-closed sets in fuzzy topological spaces

Definition 3.1. Let (X, 7)be a fuzzy topological space. A fuzzy set A, 1) is called

fuzzy 6g”-closed ifCl, (A) < H wheneverA< H and H is fuzzygs —open in X.

Definition 3.2. Let (X, 7)be a fuzzy topological space. A fuzzy set A(of,7) is called
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fuzzy @g*s- closed if l,(A)<H, wheneverA<H and H is fuzzyfgs-open
setin X.

Definition 3.3. Let (X, 7)be a fuzzy topological space. A fuzzy set A(of,7) is called
fuzzy d" 8- closed ifClI A< H, wheneverA<H and H is fuzzy 8gs-open set in

X.
Definition 3.4. Let (X, 7)be a fuzzy topological space. A fuzzy set A(f, 1) is called

fuzzy ¢fs@- closed if I A< H, wheneverA< H and H is fuzzydgs-open set in
X.

Definition 3.5. Let (X, 7)be a fuzzy topological space. A fuzzy set A, 1) is called
fuzzy d"«@- closed ifa CI A< H, wheneverA< H and H is fuzzydgs-open set
in X.

Theorem 3.1.Every fuzzy 8-closed set is fuzz@g"-
spacd X, 7).
Proof: Let A be fuzzy @ closed set in X. LetH be a fdgs - open set in X such

thatA< H . Since A is fuzzy 8- closed,Cl,(A)=A. ThereforeCIg(A) < H whenever

"

closed set in a fuzzy topological

A< H and H is fuzzy@gs-open set inX . HenceA is fuzzy 8g"- closed set inX .

Remark 3.1. The converse of the above theorem need not beasushown in the
following example.

Example 3.1.Let X ={3 . Fuzzy sets A and B are defined By(a) = 0.€;B(a)=0.5
Let 7 ={0, A,1}. Then B is a fuzzydg"”- closed set but it is not a fuzfy closed set
in (X,7).

Theorem 3.2. Every fuzzy semi@-closed set is fuzzydg*s- closed set in a fuzzy
topological spac€X, 7).

Proof: Let A be fuzzy semié closed set in X. LeH be a ffgs - open set in X such
thatA< H . Since A is fuzzy semié- closed,sCl,( A = A. Therefore €l,(A)<H

wheneverA< H and H is fuzzyfgs-open set inX . HenceA is fuzzy &g*s- closed
setin X.

Theorem 3.3.Every fuzzya -closed set is fuzzy'ty €- closed set in a fuzzy topological
spacd X, 7).
Proof: Obvious from Definition 3.5 and Definition 3.1 (ii)

Theorem 3.4. Every fuzzy closed set is fuzzy” - closed set in a fuzzy
topological spaceX,7).
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Proof: Obvious from Definition 3.3.

Theorem 3.5. Every fuzzy semi-closed set is fuzzys@- closed set in a fuzzy
topological spac€X, 7).
Proof: Obvious from Definition 3.4

Remark 3.2. The converse of the theorems 3.2, 3.3, 3.4 anch&esl not be true as
shown in the following example.

Example 3.2.Let X ={g . Fuzzy sets A ,B and D are defined by
A (a) = 0.E;B(a)=0.4;D(a)=0.7.
Let 7={0, AB,1}. ThenDis
(i) fuzzy @g*s- closed set but it is not a fuzzy seéhielosed set in( X,7).
(ii) fuzzy g"« 8- closed set but it is not a fuzzy-closed set in( X, 7).
(iii) fuzzy g" 8- closed set but it is not a fuzzy closed sefX¥ 7).
(iv) fuzzy g*s@- closed set but it is not a fuzzy semi -closedrs¢ X, 7).

Theorem 3.6. Every fuzzy 8g"”-closed set is fuzzyfg*s- closed set in a fuzz
topological spac€X,7).

Proof: Let A be a fuzzyfdg"-closed set in X. LeH be a #gs- open set in X such that
A< H .Since, sClL(A)< CL(A< H.Therefore €I,(A)<H, whenever A< H

and H is fuzzyfgs-open set inX . HenceA is fuzzy &g*s-closed set inX .

Remark 3.3. The converse of the above theorem need not beasushown in the
following example.

Example 3.3.Let X ={g } and the fuzzy setsA and Bbe defined as follows
A(a)=0.1, A(b)=0.;B(@)=0.5 , B(b) =0.. Let 7 ={0, B,1}. Then A is fuzzy
8g s-closed butitis notdg”-closed.

Theorem 3.7. Every fuzzy €g”-closed set is fuzzy "gf- closed set in a fuzzy
topological spac€X,7).

Proof: Let A be a fuzzyfdg"-closed set in X. LeH be a #gs- open set in X such that
A< H .Since, CI(A)) < Cl,(A) < H.ThereforeCl A< H, wheneverA< H and H

is fuzzy@gs-open set inX . HenceA is fuzzy ¢’ @-closed set inX .

Remark 3.4. The converse of the above theorem need not beasushown in the
following example

Example 3.4.Let X ={g B and the fuzzy setsA, B and D be defined as
followsA (a) = 0.4, A(b)=0.;B(a)=0.5 , B(b) =0.; D(a) =0.5,D (b)= 0.€.
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Let 7 ={0, A,B,1}. Then A is fuzzy §@-closed but itis notfg”-closed.

Theorem 3.8. Every fuzzy 8g”-closed set is fuzzy " &- closed set in a fuzzy
topological spac€X,7).

Proof: Let A be a fuzzyfdg"-closed set in X. LeH be a #gs- open set in X such that
A< H. Since,aCI(A)) < Cl,(A) < H. Thereforea Cl A< H , wheneverA< H and

H is fuzzyfgs-open set inX . HenceA is fuzzy '« @-closed set inX .

Remark 3.5. The converse of the above theorem need not beasushown in the
following example.

Example 3.5.Let X ={g B} and the fuzzy setsA andB be defined as follows
A(a) =0.3, A(b)=0.; B(a)=0.7 , B(b) =0.
Let 7 ={0, A,1}. Then B is fuzzy §.68-closed but it is notdg”-closed.

Theorem 3.9.Every fuzzy @ g*s -closed set is fuzzy*g@- closed set in a fuzzy
topological spac€X,7).

Proof: Let A be a fuzzyd g*s -closed set in X. LeH be a #9gs- open set in X such
that A< H. Since, SCI(A < sC}( A< H. Therefore €1 A<H , wheneverA< H

and H is fuzzyfgs-open set inX . HenceA is fuzzy g*sf-closed set inX .

Remark 3.6. The converse of the above theorem need not beasushown in the
following example.

Example 3.6. Let X={a} and the fuzzy setsA , B and D be defined as follows
A(a)=0.6 B(a)=0.5 ;D(a)=0.1. Let r ={0, A,B,1}. Then D is fuzzy g*# -
closed but it is not#g s -closed.

Theorem 3.11.Every fuzzy 8g” -closed set is fuzzy*g@- closed set in a fuzzy
topological spacéX, ).
Proof: It is clear from Theorem 3.6 and Theorem 3.10

Remark 3.7. The converse of the above theorem need not beasushown in the
following example.

Example 3.7. X ={a B . Consider the fuzzy topology as in Example 3.3 where A is
defined byA (a) = 0.1, A(b)=0... Clearly A is fuzzy §s - closed set but not fuzzy
89" -closed set.

Theorem 3.8. Every fuzzy § @-closed set is fuzzy“g &- closed set in a fuzzy
topological spac€X, 7).
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Proof: Let A be a fuzzy § 8-closed set in X. LeH be a #/gs- open set in X such that
A< H. Since,aCI(A)) < CI(A) < H. Thereforead CI A< H, wheneverA< H and
H is fuzzyfgs-open set inX . HenceA is fuzzy d'« @-closed set inX .

Remark 3.8. The converse of the above theorem need not beasushown in the
following example.

Example 3.8.Let X ={3 and the fuzzy set&, B and D be defined as follows
A(a)=0.5 B(a)=0.3 ;D(a)=0.6. Let 7 ={0, A,B,1}. Then D is fuzzy §. G-
closed but it is not f'g@ closed.

n

Remark 3.9. The following examples shows that the fuz#)g"”-closed set is
independent of fuzzy g”-closed, fuzzy ts-closed, fuzzy g”. — closed, fuzzy closed,
fuzzy semif-closed, fuzzy-g-closed, fuzzyd-gs closed, fuzzysg —closed.

Example 3.9.Let X ={a B and the fuzzy setsA andB be defined as follows
A(a)=0.6, A(b)=0.; B(a)=0.6 , B(b)=0..
Let 7 ={0, A,1}. Then B is fuzzydg"”--closed but it is not fuzzy'gclosed.

Example 3.10.Let X ={g B Consider the Fuzzy topology as in Example 3.4
where D is defined b (a) = 0.5, D(b)=0..Clearly D is both fuzzy closed and fuzzy
g”--closed but it is not fuzz§g"”-closed.

Example 3.11.Let X ={a [} and the fuzzy setsA andB be defined as follows
A(a) =0.6, A(b)=0.; B(a)=0.7 , B(b) =0..

Let 7 ={0, A,1}. Then B is fuzzydg"”--closed but it is neither"g —closed
nor fuzzy ¢s-closed.

Example 3.12.Let X ={g B and the fuzzy setsA andB be defined as follows
A(a)=0.6, A()=0.; B(a)=0.3 , B(b)=0..

Let 7 ={0, A,1}. Then B is both fuzzy't) -closed and fuzzy*g-closed but it is not
fuzzy 8g"--closed.

Example 3.13.Let X ={a [} Consider the Fuzzy topology as in Example 3.4
where E is defined b¥ (a) = 0.6, E(b)=0.. Clearly E is fuzzy sem&- closed but
it is not fuzzydg"-closed and D is defined bfp(a) =0.5,D (b)= 0.€ is fuzzy closed
but it is not fuzzydg"--closed.

Example 3.14.Let X ={g B and the fuzzy setsA andB be defined as follows
A(@) =1, A()=0.; B(a)=0.5, B(b)=0..
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Let 7 ={0, A/1}. Then B is fuzzydg"”--closed but it is neither fuzzy closed nor fuzzy
semi-@- closed.

Example 3.15Let X ={g and the fuzzy seté\ , B and D be defined as follows
A(a)=0.7 B(a)=0.8 ;D(a)=0.4. Let r ={0, A,B,1}. Then D is fuzzgg"”-
closed but it is not fuzz@g -closed.

Example 3.16.Let X ={a [} and the fuzzy setsA andB be defined as follows
A(@)=0.5, A(b)=0.}; B(a)=0.2 , B(b)=0..
Let 7 ={0, A,1}. Then B is fuzzyfg -closed but it is not fuzzgg"--closed.

Example 3.17.Let X ={3d and the fuzzy se&, B be defined as followa (a) = 0.4
B(a) =0.3. Let r ={0, A,1}. Then B is both fuzzydsg —closed and fuzz§gs —
closed, but it is not fuzzg™-closed.

Example 3.18.Let X ={g§ and the fuzzy setsA , B be defined as follows
A(a)=0.7 B(a)=0.9. Let 7 ={0, A,1}.Then B is fuzz@g”-closed but it is not
fuzzy @sg -closed.

Example 3.19.Let X ={3 and the fuzzy se#&, B be defined as follows
A(a)=0.6 B(a)=0.5. Let 7 ={0, A,1}. Then B is fuzz@g"-closed but it is not
fuzzy @gs -closed.

Remark 3.10. From the above results and examples we have thiewfob
diagram of implications.
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"'e closed fosg closed

fa-closed J
fg o closed / fo gs closed

f closed fog" closed fa"-closed

fo closed / \\

f'semi o closed , feg*s closed fo*s closed
fa"s closed

fsemiclosed — fg*s e closed

Figure 3.1:
4. Properties of fuzzydg"™ —closed sets
Theorem 4.1Let X be a fts, then the union of two fuz2g” - closed sets is fuzzjg” -
closed set.

Proof: Suppose that A and B are fuzgg” - closed sets in X and let H be a fuz@gs
open set in X such thafOB <H | Since A and B are fuzz§g”-closed sets, we
haveCl,(A)CCl,(B)< H.

SinceCl,(AOB) < ClL,( A O CL( B ,thereforeCl ,(ALB) < H,
whenevelA[DB < H and H is fuzzydgs open set in X.

m

Theorem 4.2.If A is a fuzzy6g"'- closed set i X,7)and A<B<ClI,(A), then B is
fuzzy 6g”- closed seti(X, 7).

Proof: Let A be a fuzzypg"'- closed set in( X, 7). Let B< H where H is a fuzzydgs -
open set in X. ThenA< H. Since A is fuzzydg”- closed set in, it follows that
Cl,(A)<H.

Now B<Cl,(A) implies Cl,(B)< Cl,(Cl,(A)=ClL(A. We get, Cl,(B)<H.
Hence, B is fuzzyg"”- closed set (X, 7).

Theorem 4.3. If a fuzzy set A of a fuzzy topological spaceiX both fuzzy&gs-open
and fuzzydg"'- closed then it is fuzzf- closed.
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"

Proof: Suppose that a fuzzy set A of X is both fu#zs -open and fuzz§g”- closed.
Now A= Cl,(A) wheneveA2= Aand A is fuzzydgs -open .SincéA < Cl,(A). We get

A=Cl,(A) . Hence Ais fuzzg- closed in X.
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