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Abstract. In this paper, we present the numerical methodtivelg new for solving
fuzzy fractional differential equations using Adamidecomposition method (ADM)
where the fractional derivative is assumed in tefRiemann-Livoullie senseThe
solutions here are expressed in terms of Mittagleefunctions. ADM method is an
interesting method to solve some fractional ordfferntial equation numerically. Our
aim in this paper is to find solution of fractiorgifferential equation numerically with
fuzzy valued initial condition by applying ADM.
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1. Introduction

A long mathematical history has been studied sanfdd1,20,22]. Fractional calculus
generalizes the differentiation and integratiommoarbitrary order. Fractional differential
equations are of great importance in real life fols, since it generalizes our concept
more precisely for better description of materiedgerties. Recently fractional calculus
has been utilized in development of models area lighonology, viscoelasticity,
electrochemistry, diffusion process etc in termdra€tional differential and fractional
integrals[12],[22]. Some theoretical aspects ofsixice and uniqueness results for
fractional differential equation have been consgdeecently by many authors [13].

A differential and integral calculus for fuzzy vatli function was developed in
some papers Hukuhara [26], Dubois and Prade [14Pufij and Ralescu [23-24]. The
significant results method of fuzzy differentialuagion and their application has been
discussed in the papers [2-3,8-9 ]. The conceptzfy fractional differential equation
was introduced by Agarwal, Lakshikantham and Nigfo Fuzzy fractional differential
equation (FFDE) has already been solved analyieaing integral transform method
like Laplace transform method [25]. But since atie} method has some limitation to
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solve a problem, numerical method is very usefutdlve the problem. Regarding this
ADM is very acceptable method to solve FFDE. The af this paper is to technique of
findings the numerical solution of some liner franal differential equation with initial
fuzzy value using ADM. Here the obtained solutioe axpressed in form of Mittag-
Leffler function, which has been discussed in [22].

The rest of the paper is organized as follows:élctien 2, we introduce some basic
concepts of fuzzy mathematics and the definitiod aotation of Riemann-Livoullie
fractional derivatives. The Adomian decompositiortimod (ADM) is discussed in
section 3. In section 4, the solution procedur&BDESs are determined using Adomian
decomposition method (ADM). Finally, conclusion afdure research are drawn in
section 5.

2. Basic concepts
Let E be the set of all upper semi-continuous néromvex fuzzy numbers with
bounded r-level intervals. We define the r-level, se U E U(r) ={x OR: u(xpr},

0<r<1 which is a closed interval and we denoted by)Fa{u(r),u(r)] and there exist a
X, OR such that ug,)=1. Two fuzzy numberd andVv are called equall =V iff
u(x)=v(x) for all XJR. it follows thatu =V iff [u(r)]=[v(r)] for all r J(0,1).
It is clear that following statements are true

1. u(r)is a bounded left continuous non decreasing of [0,1

2. u(r)is a bounded right continuous non decreasing dij [0,

3. u(r)<u(r) forall rJ[o,1]
The following arithmetic operation on fuzzy numbars well known and frequently used
bellow.

If u,vOE, then [U(r) +V(r) ]=[u(r)+v(r),a(r) +v(r)]
G(r)-v(r)1=[u(r) =v(r),u(r) -v(r)]

o [Au(r), AT(n)]ifA 20
And [Au(r) 1= Afu(r)] _{[)IU(r),)Ig(r)]if)I <0

For a real interval 1=[0,a], a mappir@:l - E is called a fuzzy function. We denote the
r-cut representation of fuzzy valued function[@ét;r)] and defined byq(t;r)] =
[q(t;r),q(t;r)] for tUI and J(0,1]. The derivative of a fuzzy functiog(t;r) is given

by [@'(t;r)]=[d'(t;r),T'(t;r)], r(0,1]. Provided thag'(t) E. the fuzzy integral

b b b b
j g(t;r)dt is defined by[J. q(t;r)dt] = [j q(t;r)dt, j q(t;r)dt] provided that the

integral on the right side exist.
We introduce our definition of Riemann-Liouvilletégrals and derivatives. Let

C"[a,b] be the set of all continuous function on [a,b] diida,b] denote the space of
all Lebesque integrable function on the boundeerifal [a,b] | R. Let q[J CF[a, b] n
L"[a,b] . The Riemann-Liouville fractional integral of ftanal order & of q(t) is
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j q(r)dr
Fa)s (t-1)"

fractional derivative of fractional order o of q() is defined as

t
_ q(r)dr
Dq(t) = — [ 2
F(-a): (t-1)
We now define the r-cut representation of fuzzygticmal Riemann-Liouville integral of
fuzzy valued functiorg (t;r) based on the lower and upper function a®¥ailg:

Jq(tr) =[3q(t;r),I°q(t;r)], for O=r<1

t
1 _[ a@n) dr andJ7q(t;r) = I q(T?
F(@) (-1 Fa),{t-1)
And the r-cut representation of fuzzy fractionatiann-Liouville derivative of fuzzy
valued functiong(t;r) based on the lower and upper function is defirsefibowing:
Dq(t;r) =[Dq(t;r),Dq(t;r)], for O<r<1
t . t =/,
where DY q(t;r) = 1 .[ a(r:r) dr and Dq(t;r) = 1 a@r) dr
- M-a) (t- r)*t M-a): (t- r)"t

3. Adomian decomposition method (ADM)
We consider the differential equation of the forRu(t)=g(t), where F is a general
differential operator, F can be divided into thpeets L, R and N such that

Lu+Ru+Nu=g (3.1)
wherelL is the highest order derivative which is assumebeaaasily invertibleR is a
linear differential operator of order less tHarN represents the nonlinear terms, arid
the source term. We may write the equation (3.1) as

Lu=g-Ru-Nu. (3.2
Applying the inverse operatdr(which is the inverse operator of L) on both sidés
equation (1.2) one may obtain the following equatio
L™Lu= L 'g- L"'Ru- L™IN (3.3)

For initial value problems, we defing™! for L= Tr; as the n-fold definite integral

defined as Jq(t) = , t>a, 0w<l. And the Riemann-Liouville

where J7q(t;r) =

operator from 0 to t. for example if ELW is a second order operator thett is a

twofold integration operator.
We have L !Lu =u(t) —u(0) — tu'(t) , and therefore (3.3) becomes

u(t) =u(0) +tu'(t) +L1g- L"*Ru- L™ Nu. (3.4)
According to ADM, the solution u is assumed asnitdi sum of seriesl = Zun , (3.5
n=0
and the nonlinear term Nu is decomposed as folldMis = Z'Ah , (3.6)
n=0

whereA,, are the set of Adomian polynomialg,’s can be found from formula

85



Asim Kumar Das and Tapan Kumar Roy

an ;
Ap = = N(Z, Alu;) (3.7)
Substituting (3.5) and (3.6) into Eqgn. (1.4)
we getu=> U, =u,~L'RY u, ~L*> A (3.8)
n=0 n=0 n=0
whereu, =u(0) +tu'(0) +L™g andu,,, =-L"'Ruy, -L*> A , 0
n=0
Substituting the values af,u ,u,,...... in Eqn.(3.4), we can obtain u. The convergence

for the aforementioned series has been found j{10],[18]

4. Solution of linear FFDE by ADM
Let us consider linear fuzzy fractional differehtéquation

Dea(t;r) =ag(t;r) +(©, (4.1)
where 0«<1 , and f(t) is either constant or function of ‘t'.
‘a’ being constant. with the fuzzy initial conditio] J*™“q(t;r)],.o=Q = (4, V>, Vs) on

a-1
using the relation “D?q(t;r) = q(t) - t [J77q(t;r)],_, we have,
r(a) t=0
tal
JDq(t;r) =q(t) - 4.2
q(t;r) =a() F(a)Q (4.2)

Now[Dq(t;r)] =[D“q(t;r), Dq(t;r)] ,where[q(t;r)] =[a(t;r),q(t;r)]

With [37°G(t:1)],o =Q  then[3*“ q(t;1),q(t: )], = Q=
Wat+r(ve=1) V=1 (Vs = V2)l
U [Jl_ag(t;r)]t:o =y, +1(Y, —14), and [377°(6 )] = Vo —T (Vs — Va)

Then using (4.2) we have

a-1

apna e\ it — e\ (e _t_ 1-a . 1-a ~(4-
JD[q(t;r),a(t; )] =[q(t;r),at;r)] r(a)[J qt;r), I at;r)l, .,
039D () =a(tin) - [ g(t )] =0 =AET) = TR

M(a) r(a)

ta—l
then J7Dq(t;r) = q(t;r) -
en qe;r)=q(r) @)

Casei: When a>0 in (4.1) we ha®“ q(t;r), D q(t; )] = a[q(t;r), q(t;r)] + f (t)

{(Va—-r(ys=1u)}
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ODqt;r) =aq(t;r) + f (1) (4.3)
AndDq(t;r) =q(t;r) + f(t) (4.4)
Applying J“in both side of (4.3) & (4.4) we get,
JD7q(t;r) =ad’q(t;r) + I7f (1)

a-1

= q(kir) ~——{y, + (1, — y)} =87 q(tr) + 37K (1)

r(a)

a-1

t a a
= Akin) = o sUA* T =)} +a0 gED) +3° 1) s
In light of ADM we decompose|(k;r)into q(k;r) = igk(t; r (4.6)
k=0 '

a-1

r(a)
Then we can write by (4.6}, (t;r) = J7aq,(t;r) g,(t;r) =3 aq(t;r)...ccooervneens

With Qo (t;1) = ——{y, +r(), =y} +I7F() (4.7)

g, (tr)=37ag,(t;r)eeeenee k>1

=(J37a) g (t;r) (4.8)
0o (t;r) =a“3“q,(t;r)

a-1

_ Kk qkap & - a
=a“J [%{yl"'r(yz yl)}+‘] f ()]

ta-l

r()

Let g, (t) = Za J"”
0 r(a)
tka+a—l r a - 1+1
@Dy, o

) ;;a Fka+a) T(a)

:akaa

{y,+r(y, — )} +a“< 31 (t) (4.9)

{y1 +r(y, =W}

( Yo _yl)}

B o0 . tka+a-1 ~

—éa W{Vﬁfr(yz ¥i)}
(at”)"

={ntry, - yl)}Zr(kam)

={y, +r(y, - YO""E, . (at”) (4.10)
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And g (t) = ZakJ Kara £ (t)

0 tka+a—1 _aa (at ) Caa o~
kz;‘ r(ka+a) f(t) = Zl'(ka+a) () =t E,, (at”) * f(t) (4.11)

Thus we have q(t;r) =q,(t) +q,(t)

={n+1(y, ~¥IHTE, . (at?) +t77E, . (at?) * £ (1) (4.12)

Similarly we have

qer) ={ys —r(ys = V) 1E, . (at7) +t7E, 4 (at?) * 1 (t) (4.13)
Therefore when a>0 the solution of equation (&1)q(t;r)] = [a(t; r),a(t; r)] , where
q(t;r) & q(t;r) are given by (4.12) & (4.13).

Caseii; when a<o,
ThenD“g(t; r)=aq(t;r) + f(t) (4.14)

And DqQ(t;r) = q(t;r) + f (t) (4.15)
Adding (4.14) & (4.15) we get
D[q(t;r) +q(t;r)] = alq(t;r) +q(t;r) + 2f (t)
Letu(t;r) = q(t;r) +q(¢t; ), then D*u(t; r) = au(t;r) + 2f(t) (4.16)
With the initial condition"=*G(; 7)]s=0 = (V1, V2, ¥3)
O [J*q®m)]e=0 = (1 + r(y2—v3)
377G )]0 = Vo =1 (V2 = 12)

O[3 U Mo = [ AN +[I7Q(G Y] ~ 12 Y5 T2 7 Va7
a a t o —a .
JD U(t;r)ZU(t;r)-r(a)[J1 u(t; Nl o
ta—l
=u(t;r) - r(a){yl Vs +r(2y2 —Vs _yl)}
Therefore from (4.16) we get
ta—l " "
u(t;r) - I_(a){yl Tyt r(2y2 —Vs _yl)} =aJ U(t;r) +2J f(t)
ta—l " .
Ou(t;r) :m{yl Y 12y, — Y~ Y} tadiu(tr) +2371(t)
In light of ADM we decomposeu(t;r) into u(t;r) = iuk(t; r

k=0
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a-1

With Up(ti1) =y + 1, +1 (20, = Vo =y} +23° 1 1)
M(a)
u,(t;r) = J%u, (t;r), u,(t;r) =J%u(t;r) =J%d%u,(t;r) = (37a)%u,(t;r)
............. UelBT) = (390) Uy (6 ) k 21
Du(tr) = akaka[%{yl YT Vo= W)} + 237 F ()]
ok +2a37 f ()]
a“J r() +Ya+1(2), — Vs~ W)}
Let U ()= Y a3 rt( AR
o ‘ tka+a—1 ~
;a M(ka + ) +Ya+12Y, =1~ Va)}

:{yl 2 +r(2y2 ' _ys)}ta_lEg,a (ata)
And U (t) = 223 £ (1)

k=0

0 tka+a 1
=323k ———* (1)
k=0 M(ka +a)

o (at”)"
Z o M(ka + a) o
‘1E L@ty * ()

Thus we have u(t;r) = u, (t) +u,(t)

=V + Vs +1 @2V, — Vi V)t E, ,(at?) + 24 'E, , (at”) * f (1)

(4.17)
Again from (4.14) & (4.15) we get
D[q(t;r) —q(t;r)] =aa(t;r) —qt;r)
Let v(t;r) =q(t;r) —q(t;r), then Dv(t;r) = —aU(t;r) (4.18)

With the initial condition

[Jl_aa(t;r)]t:o=(y1,yz,V3) =[y1 + r(yz _y1)1 Vs _r(ys _yz)]
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O[3V o _ Vi — Vo +T (Vs — 1)

ama . — . _ ta_l l-a .
J7DV(t;r) = v(t;r) F(a)[J V()] i<
=v(t;r) - I_(a){(yl-yg)ﬂ(ys A
Therefore from (4.18) we get
VEN) =4 1) 10 ~ 1)} —adu(en)
(a)
In light of ADM we decompose(t;r)into v(t;r) = in t;r)
With Vo(61) == (i =1) +1 (s = W)}
(a)

vi(tir) = —ad?v (1) =J7(=a)v,(t;r),

Vo (1) = I9(—a)vy (6 1)} = 37{(-a) 37 (-a)v, (t: 1)} ={(-a) I}V, (t;r)
............. Vv (1) ={(-a) I}V, (t;r)nn k21

Now v(t;r) = ivk(t;r)

Ov(t;r) ={()s —ya) +1(¥s — IHT'E, . (-at”)

(4.19)
Hence (tir) = [u(tr) +v(tir)]
- %ta'l[{( Vit Va) +1 2y, =y~ Va)}E, . (at”)
Hn = ya) +1(rs - HTE, , (-at™)] +t7E, , (at?) * £ (1) (4.20)
And G(t:r) =%[u(t;r)—v(t;r)]
- %t“l{( Vit Va) +1 2y, =y~ Va)}Eq . (at”)
=y + 1y~ yITE,  (-at?)] +t77E, , (at?) * f (1) (4.21)

Therefore when a<0 the solution of equation (41)q(t;r)] = [a(t;r),q(t;r)] where
q(t;r) & q(t;r)] are given by (4.20) & (4.21)
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5. Conclusion

Adomian decomposition method (ADM) is a powerfubltavhich enables us to find
solutions in case of linear as well as non-lineguations. The method has been
successfully applied to a system of fractional edightial equation as well as fuzzy
differential equation. It is shown that the appiidity of Adomian decomposition method
to solve the system of fuzzy fractional differehguations of fractional order (0 <a
<1). The Adomian decomposition method is straightod and applicable for broader

problems. It can avoid the difficulty of finding éhinverse of Laplace transform for

solving the fuzzy fractional differential equatibp Laplace transform method.
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