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Abstract. In this paper, we present the numerical method relatively new for solving 
fuzzy fractional differential equations using Adomian decomposition method (ADM) 
where the fractional derivative is assumed in terms Riemann-Livoullie sense. The 
solutions here are expressed in terms of Mittag-Leffler functions. ADM method is an 
interesting method to solve some fractional order differential equation numerically. Our 
aim in this paper is to find solution of fractional differential equation numerically with 
fuzzy valued initial condition by applying ADM. 
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1. Introduction  
A long mathematical history has been studied so far in [11,20,22]. Fractional calculus 
generalizes the differentiation and integration to an arbitrary order. Fractional differential 
equations are of great importance in real life problems, since it generalizes our concept 
more precisely for better description of material properties. Recently fractional calculus 
has been utilized in development of models area like rehonology, viscoelasticity, 
electrochemistry, diffusion process etc in terms of fractional differential and fractional 
integrals[12],[22]. Some theoretical aspects of existence and uniqueness results for 
fractional differential equation have been considered recently by many authors [13]. 

A differential and integral calculus for fuzzy valued function was developed in 
some papers Hukuhara [26], Dubois and Prade [14-16]; Puri and Ralescu [23-24]. The 
significant results method of fuzzy differential equation and their application has been 
discussed in the papers [2-3,8-9 ]. The concept of fuzzy fractional differential equation 
was introduced by Agarwal, Lakshikantham and Nieto [4]. Fuzzy fractional differential 
equation (FFDE) has already been solved analytically using integral transform method 
like Laplace transform method [25]. But since analytical method has some limitation to 
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solve a problem, numerical method is very useful to solve the problem. Regarding this 
ADM is very acceptable method to solve FFDE. The aim of this paper is to technique of 
findings the numerical solution of some liner fractional differential equation with initial 
fuzzy value using ADM. Here the obtained solution are expressed in form of Mittag-
Leffler function, which has been discussed in [22]. 

The rest of the paper is organized as follows: In section 2, we introduce some basic 
concepts of fuzzy mathematics and the definition and notation of Riemann-Livoullie 
fractional derivatives. The Adomian decomposition method (ADM) is discussed in 
section 3. In section 4, the solution procedure of FFDEs are determined using Adomian 
decomposition method (ADM). Finally, conclusion and future research are drawn in 
section 5.     
 

2. Basic concepts  
Let E be the set of all upper semi-continuous normal convex fuzzy numbers with 
bounded r-level intervals. We define the r-level set, if Eu ∈~ )(~ ru ={x ∈R: u(x)≥r}, 

0≤r≤1 which is a closed interval and we denoted by [u(r)]= )](),([ ruru and there exist a 

∈0x R such that u( 0x )=1. Two fuzzy numbersu~ andv~ are called equal u~ = v~ iff 

u(x)=v(x) for all x∈R. it follows that u~=v~  iff [u(r)]=[v(r)] for all r ∈(0,1). 
It is clear that following statements are true 

1. )(ru is a bounded left continuous non decreasing on [0,1] 

2. )(ru is a bounded right continuous non decreasing on [0,1] 

3.  )()( ruru ≤  for all r∈ [0,1] 
The following arithmetic operation on fuzzy numbers are well known and frequently used 
bellow. 
If  u,v∈E, then [ )(~ ru + )(~ rv ]= )()([ rvru + , )]()( rvru +  

                          [ )(~ ru - )(~ rv ]= )()([ rvru − , )]()( rvru −  

And  [ )(~ ruλ ]= )](~[ ruλ =
0)](),([

0)](),([
{

<
≥

λλλ
λλλ

ifruru

ifruru
R∈λ  

For a real interval I=[0,a], a mapping q~ :I → E is called a fuzzy function. We denote the 

r-cut representation of fuzzy valued function as )];(~[ rtq and defined by )];(~[ rtq =

)];(),;([ rtqrtq ,for t∈I and r∈(0,1]. The derivative of a fuzzy function );(~ rtq is given 

by )];(~[ rtq′ = )];(),;([ rtqrtq ′′ ,  r∈ (0,1]. Provided that )(tq′ ∈ E. the fuzzy integral 

∫
b

a

dtrtq );(~  is defined by ]);(~[∫
b

a

dtrtq = ]);(,);([ ∫∫
b

a

b

a

dtrtqdtrtq  provided that the 

integral on the right side exist. 
We introduce our definition of Riemann-Liouville integrals and derivatives. Let 

],[ baCF  be the set of all continuous function on [a,b] and ],[ baLF  denote the space of 

all Lebesque integrable function on the bounded interval [a,b]⊂ R. Let ∈q ],[ baCF  ∩
],[ baLF . The Riemann-Liouville fractional integral of fractional order ‘α’ of q(t) is 
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defined as  ∫ −−Γ
=

t

a t

dq
tqJ α

α

τ
ττ

α 1)(

)(

)(

1
)(  , t>a, 0<α≤1. And the Riemann-Liouville 

fractional derivative of fractional order ‘α’ of q(t) is defined as  

∫ +−−Γ
=

t

a t

dq
tqD

1)(

)(

)(

1
)( α

α

τ
ττ

α
 

We now define the r-cut representation of fuzzy fractional Riemann-Liouville integral of 
fuzzy valued function q~ (t;r) based on the lower and upper function as following: 

  )];(),;([);(~ rtqJrtqJrtqJ ααα = , for 0≤r≤1 

where ∫ −−Γ
=

t

a

d
t

rq
rtqJ τ

τ
τ

α α
α

1)(

);(

)(

1
);(  and ∫ −−Γ

=
t

a

d
t

rq
rtqJ τ

τ
τ

α α
α

1)(

);(

)(

1
);(

 
And the r-cut representation of fuzzy fractional Riemann-Liouville derivative of fuzzy 
valued function );(~ rtq  based on the lower and upper function is defined as following: 

  )];(),;([);(~ rtqDrtqDrtqD ααα = , for 0≤r≤1 

where ∫ +−−Γ
=

t

a

d
t

rq
rtqD τ

τ
τ

α α
α

1)(

);(

)(

1
);(  and ∫ +−−Γ

=
t

a

d
t

rq
rtqD τ

τ
τ

α α
α

1)(

);(

)(

1
);(

 
3. Adomian decomposition method (ADM) 
We consider the differential equation of the form: Fu(t)=g(t), where F is a general 
differential operator, F can be divided into three parts L, R and N such that 
                      Lu+Ru+Nu=g                                                                                           (3.1) 
where L is the highest order derivative which is assumed to be easily invertible, R is a 
linear differential operator of order less than L, N represents the nonlinear terms, and g is 
the source term. We may write the equation (3.1) as 
                       Lu=g-Ru-Nu.                                                                                           (3.2)                                                   
Applying the inverse operator ���(which is the inverse operator of L) on both sides of 
equation (1.2) one may obtain the following equation: 
                                         ���Lu =  ���g-  ���Ru-  ���N                                           (3.3)                                              

For initial value problems, we define  ��� for L≡ ��

���  as the n-fold definite integral 

operator from 0 to t. for example if   L≡ ��

��� is a second order operator then ��� is a 

twofold integration operator. 
We have  ���Lu = )()0()( tututu ′−− , and therefore (3.3) becomes  

          )()0()( tututu ′+= +���g-  ���Ru-  ���Nu.                                                    (3.4) 

According to ADM, the solution u is assumed as infinite sum of series ∑
∞

=

=
0n

nuu ,   (3.5)                            

and the nonlinear term Nu is decomposed as follows: ∑
∞

=

=
0n

nANu ,                            (3.6)                                   

where 
� are the set of Adomian polynomials. 
�’s can be found from formula 
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� = �
�!

��

��� ��∑ ����
�
��� �                                                               (3.7)                                  

 Substituting (3.5) and (3.6) into Eqn. (1.4)  

                    we get    ∑
∞

=

=
0n

nuu = ∑ ∑
∞

=

∞

=

−− −−
0 0

11
0

n n
nn ALuRLu                                     (3.8) 

where gLutuu 1
0 )0()0( −+′+=  and ∑

∞

=

−−
+ −−=

0

11
1

n
nnn ALRuLu  , n≥0 

Substituting the values of0u , 1u , 2u ,……in Eqn.(3.4), we can obtain u. The convergence 

for the aforementioned series has been found in [1], [10],[18] 
 
4. Solution of linear FFDE by ADM 
Let us consider linear fuzzy  fractional differential equation  

);(~ rtqDα
= );(~ rtqa +f(t) ,                                                                                                     (4.1)    

where 0<α≤1 , and f(t) is either constant or function of ‘t’.                        

‘a’ being constant. with the fuzzy initial condition; 0
1 )];(~[ =
−

trtqJ α
=Q

~
= ),,( 321 γγγ

, 
on 

using the relation )];([
)(

)();( 1
1

rtqJ
t

tqrtqDJ α
α

αα

α
−

−

Γ
−=

t=0  we have, 

                

);( rtqDJ αα
  

Q
t

tq
~

)(
)(

1

α

α

Γ
−=

−

                                                                         (4.2)                                                                    

Now )];(),;([)];(~[ rtqDrtqDrtqD ααα =
 
,where )];(),;([)];(~[ rtqrtqrtq =

 

  With 0
1 )];(~[ =
−

trtqJ α
 =Q

~
    

then 0
1 )];(),;([ =
−

trtqrtqJ α Q
~= =

)](),([ 233121 γγγγγγ −−−+ rr  

=∴ =
−

0
1 )];([ trtqJ α ),( 121 γγγ −+ r  and  ==

−
0

1 )];([ trtqJ α )( 233 γγγ −− r  

Then using (4.2) we have 

)];(),;([
)(

)];(),;([)];(),;([ 11
1

rtqJrtqJ
t

rtqrtqrtqrtqDJ αα
α

αα

α
−−

−

Γ
−=

t=0 

)];([
)(

);();( 1
1

rtqJ
t

rtqrtqDJ α
α

αα

α
−

−

Γ
−=∴

t=0 
= );( rtq )}({

)( 121

1

γγγ
α

α

−+
Γ

−
−

r
t

 

then
 )(

);();(
1

α

α
αα

Γ
−=

−t
rtqrtqDJ )}({ 233 γγγ −− r

 

Case i: When a>0 in (4.1) we have =)];(),;([ rtqDrtqD αα )()];(),;([ tfrtqrtqa +
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                           )();();( tfrtqartqD +=∴ α
                                                                 (4.3) 

                         And )();();( tfrtqrtqD +=α
                                                              (4.4) 

Applying αJ in both side of (4.3) & (4.4) we get, 

)();();( tfJrtqaJrtqDJ αααα +=
 

⇒ )();()}({
)(

);( 121

1

tfJrtqaJr
t

rkq αα
α

γγγ
α

+=−+
Γ

−
−

 

⇒ )();()}({
)(

);( 121

1

tfJrtqaJr
t

rkq αα
α

γγγ
α

++−+
Γ

=
−

                                        (4.5) 

 In light of ADM we decompose );( rkq into  ∑
∞

=

=
0

);();(
k

k
rtqrkq

                              (4.6) 

With =);(0 rtq )}({
)( 121

1

γγγ
α

α

−+
Γ

−

r
t

)(tfJα+
                                                          (4.7) 

 Then we can write by (4.6)
 

=);(1 rtq );(0 rtaqJ α
, 

=);(2 rtq ..........).........;(1 rtaqJα
                                     

=);( rtqk 1............).........;(1 ≥− krtaqJ k
α

 

                                   
);()( 0 rtqaJ kα=

                                                                                  (4.8) 

);( rtqk∴ );(0 rtqJa kk α=
 

                     )]()}({
)(

[ 121

1

tfJr
t

Ja kk α
α

α γγγ
α

+−+
Γ

=
−

 

                     
αkk Ja= )}({

)( 121

1

γγγ
α

α

−+
Γ

−

r
t

)(tfJa kk αα ++
                                        (4.9) 

Let 
 ∑

∞

=

−

−+
Γ

=
0

121

1

)}({
)(

)(
k

kk
h r

t
Jatq γγγ

α

α
α

  

                  

∑
∞

=

−+

−+
Γ

+−Γ
+Γ

=
0

121

1

)}({
)(

)11(

)(k

k
k r

k

t
a γγγ

α
α

αα

αα

 

                     ∑
∞

=

−+

−+
+Γ

=
0

121

1

)}({
)(k

k
k r

k

t
a γγγ

αα

αα

                                                                             

                  

∑
∞

= +Γ
−+=

0
121 )(

)(
)}({

k

k

k

at
r

αα
γγγ

α

 
                   )()}({ ,

1
121

α
αα

αγγγ atEtr −−+=                                                                  (4.10) 
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And ∑
∞

=

+=
0

)()(
k

kk
p tfJatq αα

 

 ∑
∞

=

−+

+Γ
=

0

1

)(*
)(k

k
k tf

k

t
a

αα

αα

∑
∞

=

−

+Γ
=

0

1 )(*
)(

)(

k

k

tf
k

at
t

αα

α
α

 
)(*)(,

1 tfatEt α
αα

α −=
 
 (4.11)

                                                   

Thus we have    )()();( tqtqrtq ph +=
 

                                  
)()}({ ,

1
121

α
αα

αγγγ atEtr −−+= )(*)(,
1 tfatEt α

αα
α −+

        (4.12) 

Similarly we have 
  

)()}({);( ,
1

233
α

αα
αγγγ atEtrrtq −−−= )(*)(,

1 tfatEt α
αα

α −+
 
                            (4.13)

                                    

 
Therefore when a>0 the solution of equation (4.1) is 

 
)];(),;([)];(~[ rtqrtqrtq =  , where 

&);( rtq );( rtq are given by (4.12) & (4.13). 
Case ii: when a<0,  
Then �����; �� = ����; �� + ����                                                                                      (4.14)  

   And )();();( tfrtqrtqD +=α
                                                                                       (4.15) 

Adding (4.14) & (4.15) we get 

)(2);();([)];();([ tfrtqrtqartqrtqD ++=+α

   
Let ���; �� = ���; �� + ���; ��, then �����; �� = ����; �� + 2����                            (4.16) 

With the initial condition ["����#��; ��]��% = �&�, &(, &)� 

       ∴     ["���q��; ��]��% = �&� + r�&(−&)�  

               
==

−
0

1 )];([ trtqJ α )( 233 γγγ −− r
 

0
1

0
1

0
1 )];([)];([)];([ =

−
=

−
=

− +=∴ ttt rtqJrtqJrtuJ ααα )2( 13231 γγγγγ −−++= r
 

0
1

1

)];([
)(

);();( =
−

−

Γ
−= trtuJ

t
rturtuDJ α

α
αα

α
 

)}2({
)(

);( 13231

1

γγγγγ
α

α

−−++
Γ

−=
−

r
t

rtu

 Therefore from (4.16) we get  

)}2({
)(

);( 13231

1

γγγγγ
α

α

−−++
Γ

−
−

r
t

rtu )(2);( tfJrtuaJ αα +=
 

   
)}2({

)(
);( 13231

1

γγγγγ
α

α

−−++
Γ

=∴
−

r
t

rtu
 

)(2);( tfJrtuaJ αα ++
    

In light of ADM we decompose  );( rtu  into ∑
∞

=

=
0

);();(
k

k rturtu
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 With 
  

)(2)}2({
)(

);( 13231

1

0 tfJr
t

rtu α
α

γγγγγ
α

+−−++
Γ

=
−

                                                 

=);(1 rtu ),;(0 rtauJ α
  

=);(2 rtu );(1 rtauJα == );(0 rtauaJJ αα );()( 0
2 rtuaJα

 

………….
=);( rtuk 1.........).........;()( 0 ≥krtuaJ kα

 

    
=∴ );( rtuk )}2({

)(
[ 13231

1

γγγγγ
α

α
α −−++

Γ

−

r
t

Ja kk )](2 tfJα+  

                    )}2({
)( 13231

1

γγγγγ
α

α
α −−++

Γ
=

−

r
t

Ja kk )](2 tfJak α+
                         

Let  ∑
∞

=

−

−−++
Γ

=
0

31231

1

)}2({
)(

)(
k

kk
h r

t
Jatu γγγγγ

α

α
α

  

                  ∑
∞

=

−+

−−++
+Γ

=
0

31231

1

)}2({
)(k

k
k r

k

t
a γγγγγ

αα

αα

 

                     )()}2({ ,
1

31231
α

αα
αγγγγγ atEtr −−−++=                                                                              

And ∑
∞

=

+=
0

)(2)(
k
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p tfJatu αα

 

                 
 
 

∑
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=

−+

+Γ
=

0

1

)(*
)(

2
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k
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k

t
a

αα

αα

 

                  

∑
∞

=

−

+Γ
=

0

1 )(*
)(

)(
2

k

k
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k

at
t

αα

α
α

 

                 
)(*)(2 ,

1 tfatEt α
αα

α −=
  

Thus we have    )()();( tuturtu ph +=
 

             

)()}2({ ,
1

31231
α

αα
αγγγγγ atEtr −−−++= )(*)(2 ,

1 tfatEt α
αα

α −+
    (4.17)                   

Again from (4.14) & (4.15) we get 

);();([)];();([ rtqrtqartqrtqD −=−α
   

Let  );();();( rtqrtqrtv −= , then );();( rtavrtvD −=α

                                      (4.18) 
With the initial condition  

0
1 )];(~[ =
−

trtqJ α
= ),,( 321 γγγ ),([ 121 γγγ −+= r )]( 233 γγγ −− r
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                     0
1 )];([ =
−∴ trtvJ α
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)( 1331 γγγγ −+− r

 

           
0

1
1

)];([
)(

);();( =
−

−

Γ
−= trtvJ

t
rtvrtvDJ α

α
αα

α
 

                                 

)}(){(
)(

);( 1331
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γγγγ
α

α

−+−
Γ

−=
−

r
t
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 Therefore from (4.18) we get  

   
)}(){(

)(
);( 1331

1

γγγγ
α

α

−+−
Γ

=
−

r
t

rtv
 

);( rtvaJα−
    

In light of ADM we decompose );( rtv into  ∑
∞

=

=
0

);();(
k

k rtvrtv
      

With   )}(){(
)(

);( 1331

1

0 γγγγ
α

α

−+−
Γ

=
−

r
t

rtv
                                                 

=);(1 rtv );(0 rtvaJα−
 

),;()( 0 rtvaJ −= α
     

=);(2 rtv )};(){( 1 rtvaJ −α =−−= )};()(){( 0 rtvaJaJ αα );(}){( 0
2 rtvJa α−

 

…………. 1...).........;(}){();( 0 ≥−= krtvJartv k
k

α
  

Now ∑
∞

=

=
0

);();(
k

k rtvrtv
 

         
)()}(){();( ,

1
1331

α
αα

αγγγγ atEtrrtv −−+−=∴ −

                                       (4.19) 

Hence  )];();([
2

1
);( rtvrturtq +=  

)()}2()[{(
2

1
,31231

1 α
αα

α γγγγγ atErt −−++= −

)]()}(){( ,
1

1331
α

αα
αγγγγ atEtr −−+−+ − )(*)(,

1 tfatEt α
αα

α −+
                      (4.20)                                                                                                    

And  )];();([
2

1
);( rtvrturtq −=  

)()}2()[{(
2

1
,31231

1 α
αα

α γγγγγ atErt −−++= −

)]()}(){( ,
1

1331
α

αα
αγγγγ atEtr −−+−− − )(*)(,

1 tfatEt α
αα

α −+
                    (4.21)                                                                                                     

Therefore when a<0 the solution of equation (4.1) is 
 

)];(),;([)];(~[ rtqrtqrtq =  where
 

)];(&);( rtqrtq  are given by (4.20) & (4.21)                                                 
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5. Conclusion 
Adomian decomposition method (ADM) is a powerful tool which enables us to find 
solutions in case of linear as well as non-linear equations. The method has been 
successfully applied to a system of fractional differential equation as well as fuzzy 
differential equation. It is shown that the applicability of Adomian decomposition method 
to solve the system of fuzzy fractional differential equations of fractional order α (0 < α 
≤1). The Adomian decomposition method is straightforward and applicable for broader 
problems. It can avoid the difficulty of finding the inverse of Laplace transform for 
solving the fuzzy fractional differential equation by Laplace transform method. 
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