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Abstract. In this paper we compute the number of distinczfusubgroups of elementary
abelian groups of the forid ) xZ ; and quaternion groups of the foi@) , with respect

to an equivalence relation existing in literature. The group algorithm pragraing
(GAP) was applied in our computation.
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1. Introduction

The theory of fuzzy set is very important and hamynimportant applications, one of
which is group theory [1]. Counting fuzzy subgrougsfinite groups is a fundamental
problem of fuzzy group theory. Research had focusadcounting distinct fuzzy
subgroups of finite groups with respect to an ealeice relatior=[3], however the
number of fuzzy subgroups of elementary abeliaoug(elementary abelian p-group) of

the formZ ,xZ, and quaternion groups of the for@,, had not been computed
( p=prime) with respect to equivalence relatien This paper was therefore designed
to compute the number of distinct fuzzy subgroups®, xZ , andQ,,, .

The equivalence relatior is preferred to other equivalence as its definitio
involves more group theoretical properties companeather equivalence relation known
in literature. For other equivalence relations $4¢,6]. As explained in [3], the
equivalence relatior= was used to obtain a formula for computing the lneimof
distinct fuzzy subgroups of any finite groupshaligh this formula is not explicit as it
contains computations of order of automorphism gspautomorphism groups structure,
group actions, subgroup lattices and applicatioBwhside’s lemma. It is also our aim to
make this computation easier and less cumbersoemgehthe introduction and use of
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GAP, since it is efficient and reliable. The algom we have introduced reduces our
computation to counting the chains of subgroupthefgroup say G that ends in G and
applying our result in the corresponding formulaivded in [3]. The paper is organized
as follows. In section 2, we give a brief prelimiynpan fuzzy subgroups of a group and
overview of the equivalence relation as defined3h In section 3, we compute the

number of fuzzy subgroups dZ, XZ , and Q4p. In section 4, we give conclusion.

2. Preiminaries

Let G be a group andF(G) be the collection of all fuzzy subset Gf. An element &

of F(G) is said to be fuzzy subgroup & if satisfies the following conditions.
(1)8(xy) 2 min(@(x),8(y)) forall x,ylIG

(i)B(x ™) = 8(x) for any x OG. In this situation we havéd(x™") =6(X) for any
x O0Gand &(e) =supd (G)wheree is the identity inG .

In mathematics, it is more convenient to study ridationship between objects
rather than studying individual objects as membés set. This leads to the formulation
of the concept of relations sometimes called cpoedences.

To classify the elements of a given set is bagidalldivide the set into disjoint
subsets usually called classes. This concept leatle concept of equivalence relation.
This notion generalizes equality in the sense thigiects or elements that are related or
equal in some sense are classified in the same. CldBs means that an equivalence
relation on a set leads to the grouping of thergetliterally disjoint subsets whose union
gives back the set. Without any equivalence refatibe number of fuzzy subgroups of
any finite group is infinite. The equivalence raatemployed in [3] gave rise to the
formula which has been used to calculate the nurgi¥eof distinct fuzzy subgroups of
some finite group and is given below;

1 .
N=—F— | Fix=(f) |
| Aut(G) | fD;t(G) ¢

where C is the set consisting of all chains of subgroupsGo terminated in G,
Fix.(f )={C<C| f(Q = G . For details see [3].

3. The number of distinct fuzzy subgroupsof Z xZ , and Q,,

3.1. Distinct fuzzy subgroupsof Z,xZ

An elementary abelian group is an abelian growphiich every non-identity element is
of order p. Our interest is to count the number didtinct fuzzy subgroups of

Z,* Z ,with respect to the equivalence relatienusing GAP [2] as a tool, we give the
algorithms that were used in our computations.
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Theorem 3.1. The number of distinct fuzzy subgroups @f; xZ ; with respect to= is

4

P.roof: For case p=2; which has already been proved]iny8 give the algorithm that
we have adopted,;

GroupHomomorphismBylmages( Group( [ (1,83,4)] ),
Group([(1,2), 3:4) 1), [(1.2), (34.[(1,2), (1.2)3.4) ])
[ Group( () ), Group([(1,2) ]), Grod (3.4), (1,2) ])]

gap>Z, := CyclicGroup(IsPermGroup,2);

Group([ (1,2) ])

gap>%Z,x 7, := DirectProdudt(, Z,, );

Group([ (1,2), (3:4) )

gap> U:=AllSubgroup#, XZ, );

[ Group(()), Group([ (3,4) 1), Group([ (1,2) ]), Gup([ (1,2)3,4) ]),
Group([ (3:4), (1,2) ]) |

gap> f :=AutomorphismGroufd(, xZ, );;Size(f );

6

gap> for x in f do Print(x, " ", Filte{U,i->Images(x,i)=i), "\n"); od
GroupHomomaorphismBylmages( Group( [ (1,2)4§3,),
Group([(1,2), (3,4)]),

[(1,2), (3,4) ], [(1,2), (3,4) 1)[ Group( () )rGup([(3:4) 1),
Group([(1,2)]), Group([(1,2)(3,4)]),

Group([(3,4), (1,2)]) ]
GroupHomomaorphismBylmages( Group( [ (1,2), (3,4)])
Group([(1,2), (3,4) 1), [(1,2), (3,4) ],

[(3,4), (1,2)(3,4) ]) [ Group( () ), Group([ €8, (1,.2)]) ]
GroupHomomaorphismBylmages( Group( [ (1,2), (3,%) ]
Group([(1,2), (3,4) 1), [(1,2), (3,4) ],

[(1,2)3,4), (1,2)]) [ Group( () ), Group([ €8, (1,.2)]) ]
GroupHomomaorphismBylmages( Group( [ (1,2), (3,%) ]
Group([(1,2), (3,4)]1),[(1,2), 3:4) L[ (1.B4), B4 1)

[ Group( () ),Group([(3,4)]), Group([ (3,4),,& ])]
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GroupHomomaorphismBylmages( Group( [ (1,&8,4)] ), Group([ (1,2), (3,4)])

[1.2).B4].[G@4). 12)])
[ Group( () ), Group([(1,2)(3,4) ]), Group([.63.(1,2)])]

Notice that there are 6 elements of the automonphigyroup
i.e.Aut(D)={ f f, f, f, f; f} and the subgroups that are fixed for each autohnigmp

are displayed above. For example the automorpliisfixes all the subgroups of
Z.,%7, . Our computation is now reduced to counting thairs of subgroups of
Z.,%x 7 ,that ends iz, X 7Z.,.

| fixs (f,) E 8,Ifixs () Ifix €)% 2.fixe G H fixg T ¥ fixe f6 3

Now the number(N) of distinct fuzzy subgroupsbfx Z, with respect to= is
given by
+ +
N :8 (3x 4)+ (2% 2):4.
6
For case p=3, we havé&, X Z,, the same algorithm was applied and we have the

number(N) of distinct fuzzy subgroups 8t x Z,,with respect to= is given by
N = (10x 2)+ (18x 2 (1& 4y (1R 6):4.
48
For case p=5, that isZ.xZ,, we also have that the number(N) of distinct fuzzy

subgroups of Z, x Z with respect to = is 4. Continuing in this manneopserve that
there exists an automorphisffp UAuUt(Z,%Z,) such that f, fixes a similar pattern

of subgroups for anyp which in turn yields four(4) chains of subgrowfszZ,, X7 ,
that ends inZ , XZ ,, thatis | fix_ (f,)E 4-

Showing that for any p there is a one-to-one correspondence between the
number of distinct fuzzy subgroups @&, xZ ;, and the number of chains of subgroups
of Z,xZ that ends inZ xZ, fixed for a particular element, OAU(Z , %X Z ).
Hence the result.

3.2. Digtinct fuzzy subgroupsof Q,,

Quaternion groups (generalized quaternion) are statlied in literature. The group can
be given by the presentatid@,, =(a,b|d' = If, &"=1b"ab=a™) wherea,bare

its generators. In this case aus- 2= p= prime. The subgroup structure are also well
known. Every subgroup ofQ,, is either cyclic or quaternion. We study carefuliiye
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patterns of subgroups and chains that are fixeddojh element oAut(Qp)and then
generalize from our observation.

Theorem 3.2. The number of distinct fuzzy subgroups @, for p>-2 with respect
to = is 16.

Proof: We use the same algorithm that we have adopted;

We begin with the casp =3, i.e. Q,, from GAP we have thafQ,, have8
subgroups namely

S =(@’),S=(a, $=( b $=(a° b S(ab, S(@, ,S()8,=(ab and
| Aut(Q,) F 12. Also for eachf, JAUt(Q,,) i=1...12 let

fix(f)={S < Qp| f(9 = 3 .From GAP we have

fix(f)=fix(f))={S}, X N =N F S 3 % APl
fix(f;)=fix(f)={$, S § § % »

fix(fs) = fix(fy) = fix(fy) = fix(f)={S, S, § S $

fix(f)) = fix(fe) ={$, S § § % »

In what follows we have
| fixs (fy) Flfixg (f3) F 24,[fixg €, )7 Fixg {4 A fixg € |
=] ﬁXE (fe) El ﬁXE (f,)E |ﬁX5 (f, )+ 16,
| fixs (fg) Flfixs (fo) Flfixe () F ffixg €, )F 12.
The number of distinct fuzzy subgroups@f, with respect to= is given by
N = (24x 2)+ 3(16x 2¢ (1% 4): 16.

12
In a similar manner we have

For p=5,i.e.Q,,, from GAP we have th&®,, have 10 subgroups namely
K, =(a), K, =(a%),K,=(&),K, = (b),Ks=(ah ,K,=( &by ,K,=( db),
K, =(a'b), K, =(e),K,,=(a,b
and| Aut(Q,) F 40. Also for eachf, OAUt(Q,,) i=1...40 let
fix(f,) ={K, £ Q| f(K) =K} we have
fix(f) = fix(f,) ={Ky3, fix f) =fix( f) =fiX f) = fixX f) = fix f)
= fix(f,) ={K, K, K; K KoK 3, fix(f) =fix(f = fix(f )=
fix(f55) = fix(f,) = fix(f5) = fix(f5) ={K K, K K K},
fix(f,,) = fix(f,,) = fix(f,) = fix(f,)=
fix(fy) = fix(f5,) ={K, K, Ky K, KK
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In what follows we have
| fixs (f,) Elfixs (f,) E 32,ffixg €5 ) fixe G H fixe T H fixe fGo )
= fixg (f5) Fl fixg (Fo5) Flfixg (5,)F [fixg €5, )F 12,
| fixs (f2) Flfixg (f5) Flfixg (6 )¥ [fixe €; )3F fixg € )]
= fixs (f10) FI fixe (f10) Fl fixs (f.) Flfixg (F20) Flfixg (o) |
=[ fixz (f3) Flfixs (F3) Elfixg (1) F lfixg €17 )F fixe €55)1
= fixz (fa5) Fl fixz (fz5) FIfixg (o0)F [fixg €15)F Fixg €15)1
= ﬁxa (fze) Fl fiX(—: (f30) F |ﬁX6 (f 29 ¥ |ﬁX§ ¢25) = fixa (flg) |
= fixg (f,) Flfixg (f) Flfixg E15)F lfixg €56 F fixg (10 H 16.
The number of distinct fuzzy subgroups@f, with respect to= is given by
N = (32x 2)+ 5(16< 6} (1 8): 16.

40
For p=7,i.e. Q,, from GAP we have tha,,, have 12 subgroups;

| Aut(Qyg) E 84 and the number of distinct fuzzy subgroups@; is given by the
N = (40x 2)+ 7(16< 10F (12 12): 16

84
Continuing in this manner,observe that there exists an automorphism

f, UAut(Q,,) such that f, fixes a similar pattern of subgroups for arny which in
turn yields Sixteen(16) chains of subgroups ihat fix_ (f,) 16
Showing that for any p there is a one-to-one correspondence between the

equality;

number of distinct fuzzy subgroups d@,, and the number of chains of subgroups

of Q,, that ends inQ,, fixed for a particular element, JAut(Q,,). Hence the
result.

4. Conclusion

Our result has shown that the number of distinazy subgroups ofZ ,XZ , and Q,,
with respect to= is independent ofp . The next step is establishing an explicit formula
for counting in general number of distinct fuzgybgroups elementary abelian p-groups
and generalized quaternion groups.
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