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1. Introduction
The uniqueness theory of algebroid functions isirdaresting problem in the value
distribution theory. The uniqueness problem of latg&l functions was firstly considered
by Valiron, afterwards some scholars have got s¢variqueness theorems of algebroid
functions in the complex plan€ (see [2, 3, 5, 6, 9-11, 14]). In 2005, Khrystiyarand
Kondratyuk have proposed on the Nevanlinna Theorynieromorphic functions on
annuli (see [7,8]) and after this work others haeme lot of work in this area (see
[18,19], etc). In 2009, Cao and Yi [1] investigatdte uniqueness of meromorphic
functions sharing some values on annuli. In 20ER 2], Tan and Wang [13] proved
some interesting results on the multiple values @amidueness of algebroid functions on
annuli. Thus it is interesting to consider the wieigess problem of algebroid functions in
multiply connected domains. By doubly connected pivagp theorem [17] each doubly
connected domain is conformally equivalent to theudus

{z:r<|z|<RL0 <r <R< +0o,

We consider only two casesr:=0,R=+c simultaneously and<r < R< +oo. In

z . :
the latter case the homothetle—R reduces the given domain to the annulus
r

A(é RO] = {z:é <|z|< Ro}, where R) = \/E Thus, in two cases every annulus
r

o , , , , 1
is invariant with respect to the inversian— —.
V4

2. Basic notations and definitions
We assume that the reader is familiar with the NBmaa theory of meromorphic
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functions and algebroid functions (see [4,15]).
Let A,(2),A_(2).....,A(2) be a group of analytic functions which have no

common zeros and define on the annuA{s%, RO) (1< R, £ +x),
W(zW) = AW + A, (W™ +..+ A (W + A (2) = 0. (2.1)
Then irreducible equatio2.1) defines av-valued algebroid function on the annulus

A(é Roj (1< R, £ +w).Let W(2) be aV-valued algebroid function on the annulus

A(é, ROJ (1< R, < +»), we use the notations

1Y 1& 1 er, i
m(r,W)=;Zm(r,Wj):—Z—I log” |w, (re'?) | dé,
i=1

Viz2mr
_1pan(t,W) _1en,(t,W)
N, (r,W) = ;J}fdt, N (W) == | =222t

—( 1 —( 1
— 1)1 1nl(t’w—aj — 1)1 rn{t’w—aj
Nl(r, j:—jlfdt, Nz(r,—j——j VT gt

W-a _vl t

)
r

ae i
Nik(r, ! j—lr W-a dt N(zk(r, ! j—l_[r W-a dt

W-a W-a _;1 t

my(r,W) =m(r,wW) + n-{% ,Wj—Zm(l,W), No(r,W) = N,(r,W)+ N, (r,w),
No(l’, ! ]:N{I‘, ! j‘*‘ﬁz(l’, ! ],
W-a W-a W-a

n?@, L j:ﬁ?@, L j+n9@, L }

W-a W-a W-a

nyp, 1 j:ﬁﬁ@, 1 ]+N$@, 1 )
-a W-a W-a

=
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where w, (2)(j =1,2,...y) is one valued branch dN(2), n(t,W) is the counting
functions of poles of the functioW(z) in {z:t<|z|<1} and n,(t,W) is the
counting functions of poles of the functioW(z) in {z:1<|z|<t} (both counting

multiplicity). ﬁl(t,ij is the counting functions of poles of the functienl— in
W-a W-a

— 1
z:t<|z|£1} and ny|t,
{ | z|<1} 2( W

j is the counting functions of poles of the function
-a

! in {z:1<|z|<t} (both ignoring multiplicity).ﬁf)(t,ij F\ik(t, 1 j
-a W-a W-a

is the counting functions of poles of the functiWL with multiplicity <k (or > k)
-a

in {z:t<|zlc1}, each point count only once_):)(t,ij Fl(zk(t, ! j is the
W-a W-a

counting functions of poles of the functio\i;lvl— with multiplicity <k (or > k) in
—-a

{z:1<|z|gt}, each point count only once, respectively.
Let W(2) be aV-valued algebroid function which determined (3.1) on

the annulusﬂ{%, ROJ(1< R, < +), when allC, no(r,w—l_ aj = n{r,[/j(i a)j’

No(r,LJ:ENO(r, ! J
W-a) v Y(z,a)

In particular, whena =0, No(r,ij = 1 No(r,ij.
W) v A
When a = o, No(r,W):iNO r,i ;. where no(r,i) and ny| r, !
% A W-a Y(z,a)

are the counting function of zeros dN(z)—a and ¢(z,a) on the annulus

A(é, ROJ (1< R, £ +), respectively.

Definition 2.1. [12] Let W(z) be an algebroid function on the annuA{sé, Roj

(1< R, £ +w), the function
To(r,W) =my(r,W) + N, (r,W), 1<r <R,
is called Nevanlinna characteristic % (z) .
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Definition 2.2. Let W(z) be aV-valued algebroid function determing@.1) on the

annulus A(é Roj 1<R,<+o and a be a complex number. The deficiencyaof

with respect toW(z) is defined by

) et
50(a,w)=ﬂ$— —_ \ W-a)

=1-7
T (W) M= r.w)

Definition 2.3. Let W(z) be aV-valued algebroid function determing@.1) on the

annulus A(é, ROJ 1<R,<+w and a be a complex number. We define

No(r,wl aj
0. (aW)=1-jm——— ¢/
o(@W) =1-im T,(r,W)

3. Somelemmas
Lemma 3.1. [7] (Jensen theorem for meromorphic function on annidit f be a

1
meromorphic function on the annuldé{g, Roj (1< R, £ +w), then

s

dg

]_ _ _ ]_ 2r o ]_ 27T
N{r,TJ No(r,f)—ﬁfo log| f (re )|o|(9+57j0 log
1 (or io
-, logl f(e")1de,
wherelsr <R,.

Lemma 3.2. [13] (The first fundamental theorem on annuli) \&(z) be v-valued
algebroid function which is determined §2.1) on the annulus

A(é, ROJ (1<R,<+), alC
my(r, @) + No(r,a) = Ty (r,W) +O(2).

Lemma 3.3. [13] (The second fundamental theorem on annuli).\\N&tz) be v-valued
algebroid function which is determined I§2.1) on the annulus

A(% F\’oj (1<R,£+»), a (k=1,2,..,p) are p distinct complex numbers (finite
or infinite), then we have
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(p-2v)T,(r,W)< kZ:N{r’Wiak

N, (r,W) is the density index of all multiple values indlugl finite or infinite, everyr
multiple value countsy -1, and

j—Nl(r,W)+so(r,W) 3.1

(W (W
S(r,W) = n’b(r,wj+;nb(r,w_akj+0(1).

The remainder of the second fundamental theoreheifollowing formula
S, (r,W) = O(log T, (r,W))+0O(logr),

outside a set of finite linear measurefif- R, = +o0, while

Sy(r.W) = O(IogTO(r,W))+O(Iog Rol_ r j

<+oo, whenr - R, <+o.

outside a set E of such that.[E R
-r

Remark 3.1. [13] The second fundamental theorem on annuli has dthars, as the
following:

(p—l)To(r,W)sNo(r,W)+iN{r, L j-Nl(r)+Q1(r,W), (32)

k=1 W-a,
N, (1, W) = 2N, (r, W) = N, (1, W) + No(r,v%],

I

Q(r,W)= kZ;mo(r,W _akj+o(1),a0 =0.

We notice that the following formula is true,
rh——|—-N,(r)< ol I, . (3.3)
k=1 ° W_ak ! k=1 W_ak

No(r,w 1 j is the reduced counting function of zeros(ignonngltiplicity). Then

the second fundamental theorem can be rewrittéimesfollowing

b 1
(p—2v)TO(r,W)s;No(r,w_akj+8b(r,W). (3.4)

Lemma 3.4. [13] Let W(z) be v-valued algebroid function which is determined by
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(2.1) on the annulusA(é,Roj (1<R,<+wm), if the following conditions are

satisfied

<00 = 400 IimM<oo,Ro<+oo,

’ ’ (R |
R-1)

then W(z) is an algebraic function.
Remark 3.2. [13] Let W(z) be aV-valued algebroid functions which is determined

by (2.1) on the annulusA(é, Roj, wherel< R, < +o0 and W(z) be a u -valued
algebroid functions which is determined by theodfelhg equation on the annulus
A(i, ROJ , Where1< R, < +oo,
Ro
#(zW) = B, (2W* + B, ,(2W* ™" +...+ B, (W + By(2) = 0.

. : —k) . :
Without loss of generality, lefz<v,na (r,a) denotes the counting function of the

common values ofW(z)=a and W(Z) =a with multiplicity <k on the annulus

A(é Roj(1< R, < +), each point counts only once. And let

_ . 0
Na(r,a)" :ﬂ+vj11nal( ,a) dt+'u+vj Na, (t, ) "
2uv <ot 2uv 1t

Ng(r,a):ﬁck))(r, 1 j+ﬁg)(r”1 )—ZNZ)(r,a). (3.5)
W-a W-a

4, Main results

Let W(z) be an algebroid function on the annu\A.E%, Roj, where1< R < +oo,

and 'a’ be a complex number in the extende complex plaiérite
E(a,W)={zOA:W(z2)—a=0}, where each zero with multiplicityn is countedm

times. If we ignore the multiplicity, then the sist denoted byE(a,W). We use

Ek)(a,W) to denote the set of zeros W —a with multiplicities no greater thaik, in

which each zero is counted only once.
Now we prove the following theorem, which wilé used later to prove our main
result.
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Theorem 4.1. Let W(z) be aV-valued algebroid function determined 1§2.1) on the

annulus A(é Roj(1< R, < +), respectively andk is a positive integer. Then

No(r,ﬁj < No(r,%j +To(r, W) =T (r, W) + S (r,W)

which implies
1 1
N [r W(k)j N (r Wj+kNo(r W)+ S§,(r,w)
Proof: By Lemma 3.3, we have
S (r,W®) =O(log RT,(r,W*)) = O(log RT,(r,W)) = ,(r, W).
Since

"b{r’WW(k)) = S,(r, W) = O(logRT, (r,W)) = S,(r,W).

We can deduce

e Damfr L Jamfr W2
m, "W =M "W® M, "W

1
:rno(nw(k) +S)(r,W)
Hence
1 1 1 1 1
mo(l’,w + No(r,wj_ No(r,wj < mo(l’,W]+ NO(I‘,W]
1
_No(r’w(k) +5(r,W)
1 1 1 1
:To I’,Wj— No(r,wj STO(I’,WJ— NO(I’,WJ+ SO(I‘,W)
1
= TN 1 ST ) g S 0w
Therefore,

N (r Wl(k)j<T (r W“‘)) T,(r, W)+ No(r,%]+so(r,w)_

:NO( Wl(k)j<kNo(r W)+N( j+so(r,W).

To prove unicity theorem related to multiple vausnd derivatives of algebroid

1
functions on the annulusﬁ{a,RoJ(l< R, < +»), we need to get the following
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Xiong's inequality of algebroid functions on thenaiti.

Theorem 4.2. Let W(z) be aV-valued algebroid function determined on the ansulu

A(é,Roj(l< R, < +), respectively andb, (j =1,2,...q) be distinct finite non

zero complex numbers. Then for any positive intagere have

qTO(r,W)<No(r,W)+qNO( j ZN[ W bJ

j=1

—[(q —1)N0(r,ﬁj + No(r,ﬁﬂ +S(r,W).

Proof: Applying the second fundamental Theorem for algebfunctions on annuli the
to function W™ (z) and three distinct value§,b;, and e, we have

- q
(n)
qT,(r,W™) < No(r,W)+ No( (n)j"'ZNO[r’W(n) b J

=1

- No[r,ﬁj +S(r,W).

Theorem 4.1 implies

n 1 1
T,(r,W) <T,(r, W) + No(r,wj - NO(“W) +S,(r,W).
Thus

" 1 1
qTo(r,W) < qTo(r,W™) + qNO(r,W) -qNO(f,WJ +S(r,W)

_ 1 d 1
< No(r’W)+qNo(r’W)+ZNO{r’W(n) —bj J

{(q 1)N[ Wl(n)jmo(r W(lm)ﬂ S, (F,W).

which completes the proof of Theorem 4.2.

From Theorem 4.2, we get the following corollary
Corollary 4.1. Let W(z) be a Vv -valued algebroid function on the annulus

A(é F\’Oj(1< R, < +), respectively andb, (j =1,2/,2v +1) be three distinct non

zero complex numbers. Then for any positive intagere have
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_ 1 2v+1 1
(2v +1)To(r,W) < No(r,W) +(2v +1)N0(r,wj+ ZNOLr’WT—bj}r S(r,W).

j=1

Now, we prove our main result
Theorem 4.3. Let W(z) and W(Z) be two Vv -valued and u -valued algebroid

functions determined by2.1) on the annulusA(é, Roj(1< R, < +), respectively

and u<v, let b(j=1,2,2v+1) be 2v+1 distinct finite non zero complex
numbers,k be a positive integer oro, and n be a positive integer satisfying

Ew (b, W™ (2)) = Ex (b,, W™ (2)). (4.2)
Set
C, = (2v +1)(k +1)3,(0,W) + (2nk + (2 +1)n+k +1)0; (0, W)
—(2mk+ (2v +1)n+(2v +1)k + 4v),
and

C, = (v +1)(k +1)J, (OW) + (2nk + (2v +1)n + k +1)0, (c0, W)
—(2mk+ (2v +1)n+(2v +1)k + 4v).

min{C,,C,} 20, 20
maxC,,C,} >0, 3
then W(2) =W(2).
Proof: By the Corollary 4.1, we get

(2v +1)T,(r W) < No(r,W) +(2v +1)N0(r,%j + (ZM)NO(r,;] +S,(r,W).

j=1 W‘”)—bj
(4.4)
Note that
T,(r, W) < T, (r, W) + nNo(r,W) + S, (r,W).
We deduce that
— 1 k —k 1 1
No| r, < No'|r, + T,(r W™)+0(1
k —u 1 1
<— No|r, + T,(r, W
k+1 °£ w<“>—b]} crg o)
n —_—
_n _ 4.5
+k+1No(r,W)+SO(r,W) (4.5)
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Substituting equatior{4.5) into (4.4) yields
(2v +1)
k+1

(v +1)T,(r, W) < No(r W) +(2v +1)N, ( Wj T, (r,W)

k+12vz+:1)N [ 1 b-} (2|/+1)nN( FW) +S, (W)

‘W - k+1
(2V+i):Ik+lNo(r W)+(2V+1)N( wj (2V+1)T( £ W)
(21/+1)_k
+ﬁ ]Z:; NO){r’W—(”)l—b.]-FSO(r’W)
= BB (120, (0 )Ty (1. W) + (20 +1)(L- O W)T, (r W)
2|/+1)_k
27wy 2N [ | J S(r W)
Therefore
((2u +1)g,(0w) + & +i):1+ K* 1o (@) - & +1i” +1k il jTo(r,w)

k (2v+1)__ K) 1
et 2 | g, [T SOW)

=1

= (@ +1)K+1)3,(0W) +((2v +1)n+K+1)0, (e0,W) = (v +1)n+K +40))Ty(r,W)

{21k + 2unk(1— O, (o0,W)) + C T, (r W)<kVZ+lNE’£r W;] S,(r,W). (4.6)

(n)
j=1

Similarly

{21k + 2k(1- ©, (00, W)) + C,}T, (r, W) < kZVZﬂNE’{ ﬁ}so(r,v(/).

j=1

4.7)
It follows from (4.1) that

(2v+1)__ K 1 (2v+1)__ K) 1
ZNO r,n— ZNO r,,\—

< (v +1)T,(r, W™) +0(1)
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< (v +1)(n+ )T, (r,W) + S, (r,W). (4.8)
Note thatC, =20. (4.6) and (4.8) give
To(r, W) = O(Ty(r,W)) (r — oo,r DE). (4.9)
Similarly, we have
T, (r,W) = O(T,(r,W)) (r — oo,r JE). (4.10)

If W(2) $W(Z), then we have
1
! R(¢(n),w(n))j’
R(@™,y™) denotes the resultant gf(z,W™) and ¢(z,W™), it can be written as
the following

—(k)
na (r,a)< no(r

R@™ ") = 1A, (2)[B, (2] [ v (2) - ¥ (2]

It can be written in the another form o
A(2) AL .. Az 0 ... O
0 A ALQ A A@ .. 0O
s en | 0 0 0 A@ ALD . . AD
R ¢ ™) =l8.(2) B,.(2) A %0(z) 5o
Q By.(z) B,-.(2) Blgz) By(2) ... O
0o o 0 B2 B.(2) .. By(2)

So we know thatR(¢"™ (™) is a holomorphic function and using Jensen Theorem

for meromorphic function on annuli, we have

1
No(r’ R(¢(n),[//(n))j
== ["log| Ry(re” W), 4(re'* W)] | d
2ir°

ftew e o
1

+2.- ["og| (e W), ¢ W")] | d6
2T

0

1 com
+5‘[-[0 |Og

_ M 27 i6 V. er i6
_ero log| A, (re )|d6’+57j0 log| B, (re'’)|d@
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1 27
+
270

lo

(Q

n [w" (re') =W (re'®)] dé
U o oo 1 o
gl 09 ) )
1

1 ~ml 1 U 2m i
+ =[] MW Zg? |—w"| =€ ||dg -2~ | )| dé
arrh HV{WJ (re j e (re ﬂ 2k PAIAE]
I<ksp

d9+_j logB dé

(@]

_o V i0 5 1 g2 (M) (a8 _ AN (a0
2.§TL log| B, ()| dé 2.57j0 |og]ﬂ[wj (€9) - W™ (€9)]de

A
(1)

=M Iog|A,(re'9)|d6?+£I log

,U 14
il dg-2.2 j log| A, (€9)|d&

+_j |og|B(re'9)|de+_j log B de- 22—j0 log|B,(¢7)|d@

1 pom . n .
+—| lo w™ (re'?) =W (re'?)]dé
oy gjﬂv[J( )~ W (re"™)]

I<ksu
1 por 1, ~m( 1
+—|lo w =e? |-w"| =€’ | |dg
el oa 1] e o)
I<ksu
2| J;"og [ wt” €) - (&)1
1Sjsv
1<ksp

su{mr,ﬂ»)-%(r%ﬂ*{”‘“r’B )_%(r’%ﬂ

+my (r, W) + my (r, W)] +0(2)
= WTo(r, W) + T, (1 W) +O(2).
Then we get
ZN?(r,aj) < 2V
H+V
<V[T,(r,W®) + T, (r, W™)] +O(1). (4.11)
By the condition of Theorem 4.3, we know that sie¢ of zeros oW (z) and W(z)

[To(r, W) +T, (r W™)] +O(1)
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take the same values with multiplicitg kK about g distinct bj , each point counts only

—k
once, at the same time we ghltli(r,aj) =0.
From (3.5), we have

Ng)(r,wl j+ﬁg)( Ty j ZZNA(ra)+ZN12(ra)

—a

< V[T, (r, W) +T,(r, W™)] + O(1). (4.12)
Then from (4.1) , we get

(2v+1)__ (2v+1) 1
>, No e <2N [ (>—W(>j

< V[T, (r, W) +To(r,W(”’ )]1+0(1)
< V[T, (r, W) +nN(r,W) + T, (r,W) + nNo(r ,W)]
+S,(1,W) +S,(r,W)
SV[To(r, W) + (1= (c0,W)) T (r,W)]
+V[T(r,W) +n(1- (o, W))T, (r,W)] + S, (r,W) + S, (r,W). (4.13)
Substituting the equatio(4.13) into (4.6) gives
[kv +nkv(1-©,(c0,W)) +C T, (r,W)

<[k +nkv(1- 0, (e, W))JTy (r,W) + S, (r,W) + S, (r,W). (4.14)
Similarly, we have

[kv + nkv(1= O, (0,W)) + C, T (r,W)

<[kv +nkv(1-0,(c0,W))T,(r,W) +S,(r,W) + So(r,W). (4.15)
From the equationg4.14) and (4.15), we get

CTo (r,W) +C,T, (r,W) < Sy(r,W) + S (r,W). (4.16)
By (4.2), (4.3), (4.9) and (4.10),we see that the above inequality can not hold.

So W™ (2) EW(”)(Z), and thusW(2) EW(Z) + p(2), where p(z) is a polynomial
of at most degreen—1.

e~

(4.2) means thatd,(0,W) >0, 9,(0,W) >0, ©,(«,W) >0, and
O,(0,W) >0 . Therefore W(z) and W(z) must be algebroid functions. Hence

T(r, p) = o(T(r,W)) and T(r, p) = o(T(r,W)). If p(z) #0,then
©,(0,W)+0,(p,W) +0(x0,W) =9,(0W)+3,(p,W)+0,(c0,W)
= 5,(0W) +5,(0,W) + O, (c0,W)
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, 2mk+ (v +1)n+ (2 + 1)k + 4y _(2vnk+(2v +1)n+k+1—1J60(00,W)

(v +1)(k +1) (v +1)(k+1)

. 2mk+ (v +1)n+ (v +1)k+4y 2k +(2v +1)n+ k+1e (o0 W)

(2v +1)(k +1) (2v +1)(k +1) o
(ZVTl)(kﬂ)[(ZvnkHZv +1)n+(2v +1)k +4v) — (2nk + (2v +1)n— 2k — 2v)]
+(2I/Tl)(k+l)[(2vnk+(2v +1)n+(2v +1)k +4v) —(2k+(2v +1)n+ Kk +1)]
(v +1)k +8v +1 S o

(v +1)(k+1)

This, however is impossible. Henpéz) # 0, and thusW(z) =W(Z).

Open problems
Can we establish Theorem 4.3 for differential polyials of algebroid functions on
annuli.

Acknowledgement. The first author is supported by the UGC SAP-DRSHef. No.

F.510/3/DRS-I11/2016(SAP-I) Dated 29" Feb, 2016 and second author is supported by
the UGC- Rajiv Gandhi National Fellowship (no. FA1/2013-14-SC-KAR-40380) of
India.

REFERENCES

T.B.Cao, Z.S.Deng, On the uniqueness of meromorfpimctions that share three or
two finite sets on annulRroceeding Mathematical Sciencé22 (2012) 203-220.
S.Daochun and G.Zongsheng, Uniqueness theoremdgebraid functions,J.South
China normal Univ3 (2005) 80-85.

S.Daochun and G.Zongsheng, On the operation ofbedgk functions, Acta
Mathematica Scientia,(2010) 247-256.

S.Daochun and G.Zongshenyalue disribution theory of algebroid functions,
Beijing Science Press, (2014).

Y.Hongxun, On the multiple values and uniquenesslgébroid functionsgEng.
Math, 8 (1991) 1-8.

W.K.Hayman,Meromorphic functionsOxford University Press (1964).
A.Y.Khrystiyanyn and A.A.Kondratyuk, On the Nevamia theory for meromorphic
functions on annuli-IMathematychin StudiR3 (2005) 19-30.

A.Y.Khrystiyanyn and A.A.Kondratyuk, On the Nevamia theory for meromorphic
functions on annuli-liMathematychin Studik4 (2005) 57-68.

F.Minglang, Unicity theorem for algebroid functioiscta. Math. Sinica.36 (1993)
217-222.

10. Z.Qingcai, Uniqueness of algebroid functiomdath. Pract. Theory. 43 (2003)

183-187.

38



Unicity Theorem for Algebroid Functions RelatedMaltiple Values and Derivatives on

11.

12.

13.

14.

15

17.

18.

19.

Annuli

C.Tingbin and Y.Hongxun, On the uniqueness theofyalgebroid functions,
Southest Asian Bull. Mati33 (2009) 25-39.

Y.Tan, Several uniqueness theorems of algebroidctifoms on annuli, Acta
Mathematica Scientje86B(1) (2016) 295-316.

T.Yang and Z.Qingcai, The fundamental theoremslgdtaoid functions on annuli,
Turk. J. Math. 39 (2015) 293-312.

Y.Tan and Y.Wang, On the multiple values and unigss of algebroid functions on
annuli,Complex Variable and Elliptic Equation80(9) (2015) 1254-1269.

. C.C.Yang and H.X.YiUnigueness theory of meromorphic functiddsiwer, (2003).
16.

H.X.Yi, The multiple values of meromorphic functeoand uniquenes§hinese Ann.
Math. Ser. A10 (4) (1989) 421-427.

S.Axler, Harmonic functions from a complex analysiew point, Amer Math
Monthly,93(4) (1986) 246-258.

R.S.Dyavanal, A.M.Hattikal and M.M.Mathai, Uniquaseof meromorphic functions
sharing a set on annuUBO A Mathematical Journal,8(1) (2016) 1-14.
R.S.Dyavanal and A.Rathod, Uniqueness theoremsninomorphic functions on
annuli, IIMMS 12(1) (2016) 1-10.

39



