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1. Introduction 
The uniqueness theory of algebroid functions is an interesting problem in the value 
distribution theory. The uniqueness problem of algebroid functions was firstly considered 
by Valiron, afterwards some scholars have got several uniqueness theorems of algebroid 
functions in the complex plane C  (see [2, 3, 5, 6, 9-11, 14]). In 2005, Khrystiyanyn and 
Kondratyuk have proposed on the Nevanlinna Theory for meromorphic functions on 
annuli (see [7,8]) and after this work others have done lot of work in this area (see 
[18,19], etc). In 2009, Cao and Yi [1] investigated the uniqueness of meromorphic 
functions sharing some values on annuli. In 2015, Tan [12], Tan and Wang [13] proved 
some interesting results on the multiple values and uniqueness of algebroid functions on 
annuli. Thus it is interesting to consider the uniqueness problem of algebroid functions in 
multiply connected domains. By doubly connected mapping theorem [17] each doubly 
connected domain is conformally equivalent to the annulus  
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2. Basic notations and definitions 
We assume that the reader is familiar with the Nevanlinna theory of meromorphic 
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functions and algebroid functions (see [4,15]). 
 Let )(),...,(),( 01 zAzAzA vv −  be a group of analytic functions which have no 
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where )1,2,...,=)(( νjzwj  is one valued branch of )(zW , ),(1 Wtn  is the counting 

functions of poles of the function )(zW  in 1}|<|:{ ≤ztz  and ),(2 Wtn  is the 

counting functions of poles of the function )(zW  in }|<|1:{ tzz ≤  (both counting 
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are the counting function of zeros of azW −)(  and ),( azψ  on the annulus 
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Definition 2.2. Let )(zW  be a ν -valued algebroid function determined 1).(2  on the 
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Definition 2.3. Let )(zW  be a ν -valued algebroid function determined 1).(2  on the 
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3. Some lemmas 
Lemma 3.1. [7]  (Jensen theorem for meromorphic function on annuli) Let f  be a 
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Lemma 3.2. [13]  (The first fundamental theorem on annuli) Let )(zW  be v-valued 

algebroid function which is determined by 1).(2  on the annulus  
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Lemma 3.3. [13]  (The second fundamental theorem on annuli). Let )(zW  be v-valued 

algebroid function which is determined by 1).(2  on the annulus  
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 The remainder of the second fundamental theorem is the following formula  
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Lemma 3.4. [13]  Let )(zW  be ν -valued algebroid function which is determined by 
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4. Main results 

Let )(zW  be an algebroid function on the annulus 
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     Now we prove the following theorem, which will be used later to prove our main 
result.  
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Theorem 4.1. Let )(zW  be a ν -valued algebroid function determined by 1).(2  on the 
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



−⇒  

  Therefore,   

 ( ) ( ) ).,(
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W

rNWrTWrT
W

rN k
k

+





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






 

 ).,(
1

,),(
1

, 000)(0 WrS
W

rNWrNk
W

rN
k

+






+≤







⇒  

 To prove unicity theorem related to multiple values and derivatives of algebroid 

functions on the annulus ),<(1,
1

00
0

+∞≤







RR

R
A  we need to get the following 
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Xiong’s inequality of algebroid functions on the annuli.  
 
Theorem 4.2. Let )(zW  be a ν -valued algebroid function determined on the annulus 

),<(1,
1

00
0

+∞≤







RR

R
A  respectively and )1,2,...,=( qjbj  be distinct finite non 

zero complex numbers. Then for any positive integer n, we have   

 














−
+






+ ∑
j

n

q

j bW
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)(0
1=
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,),(<),(  

 ).,(
1

,
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+
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
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







+






−− +  

Proof: Applying the second fundamental Theorem for algebroid functions on annuli the 

to function )()( zW n  and three distinct values jb0,  and ∞ , we have   















−
+






+ ∑
j

n

q

j
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n
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W
rNWrNWrqT

)(0
1=

)(00
)(
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1
,

1
,),(<),(

).,(
1

, 01)(0 WrS
W

rN
n

+






− +  

 Theorem 4.1 implies  

 ).,(
1

,
1

,),(<),( 0)(00
)(

00 WrS
W

rN
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rNWrTWrT
n

n +






−






+  

Thus   

),(
1

,
1

,),(<),( 0)(00
)(

00 WrS
W

rqN
W

rqNWrqTWrqT
n

n +






−






+  

   














−
+






+ ∑
j

n

q

j bW
rN

W
rqNWrN

)(0
1=

00
1

,
1

,),(<  

      ).,(
1

,
1

,1)( 01)(0)(0 WrS
W

rN
W

rNq
nn

+














+






−− +  

which completes the proof of Theorem 4.2.  
 
From Theorem 4.2, we get the following corollary  
 
Corollary 4.1. Let )(zW  be a ν -valued algebroid function on the annulus 

),<(1,
1

00
0

+∞≤







RR

R
A  respectively and 1),21,2=( +ννjbj  be three distinct non 

zero complex numbers. Then for any positive integer n, we have   
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).,(
1

,
1

,1)(2),(<),(1)(2 0)(0

12

1=
000 WrS

bW
rN

W
rNWrNWrT

j
n

j

+














−
+






+++ ∑
+ν

νν  

 Now, we prove our main result  
 

Theorem 4.3. Let )(zW  and )(ˆ zW  be two ν -valued and µ -valued algebroid 

functions determined by 1).(2  on the annulus ),<(1,
1

00
0

+∞≤







RR

R
A  respectively 

and νµ ≤ , let 1),21,2=( +ννjbj  be 12 +ν  distinct finite non zero complex 

numbers, k  be a positive integer or ∞ , and n  be a positive integer satisfying   

 )).(ˆ,(=))(,( )(
)

)(
) zWbEzWbE n

jk
n

jk
                            

(4.1) 

  Set   
),(1)1)(2(2)(0,1)1)((2= 001 WknnkWkC ∞Θ+++++++ ννδν  

 ),41)(21)(2(2 νννν +++++− knnk  
  and   

 )ˆ,(1)1)(2(2)ˆ(0,1)1)((2= 002 WknnkWkC ∞Θ+++++++ ννδν  

      ).41)(21)(2(2 νννν +++++− knnk  
  If   

 0,},{min 21 ≥CC                                                  (4.2) 

 0,>},{max 21 CC                                                  (4.3) 

  then ).(ˆ)( zWzW ≡  
Proof: By the Corollary 4.1, we get   

).,(
1

,
1

,1)(2),(<),(1)(2 0)(0

1)(2

1=
000 WrS

bW
rN

W
rNWrNWrT

j
n

j

+













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+






+++ ∑
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νν                                         

                                                                                     (4.4) 
 
Note that  

 ).,(),(),(),( 000
)(

0 WrSWrNnWrTWrT n ++≤  

 We deduce that   

(1)),(
1
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,

1
<

1
, )(

0)(

)
0)(0 OWrT

kbW
rN

k

k

bW
rN n

j
n

k

j
n

+
+

+














−+








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

−
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1
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,

1
< 0)(
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0 WrT

kbW
rN

k

k

j
n

k

+
+













−+

).,(),(
1 00 WrSWrN

k

n +
+

+
                                                      

(4.5) 
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  Substituting equation 5).(4  into 4).(4  yields   
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1

1)(21
,1)(2),(<),(1)(2 0000 WrT

kW
rNWrNWrT

+
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

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1

1)(21
,

1 00)(

)
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1)(2
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n
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k
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+
+
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









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1

1)(21
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1

11)(2
= 000 WrT
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k
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+
++





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1

,
1 0)(

)
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1)(2
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j
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k
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
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




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1

11)(2
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k
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+
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1

),(
1

1)(2
0)(

)
0

1)(2

1=
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k
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k j
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k

j

+













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+

+
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+νν
 

  Therefore   

),(
1

41)(2
),(

1

11)(2
)(0,1)(2 000 WrT

k
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W

k
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W 





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
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< 0)(
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k
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
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
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





−+ ∑
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( ) ),()41)((2),(1)1)((2)(0,1)1)((2 000 WrTknWknWk νννδν +++−∞Θ++++++⇒  

).,(
1

,< 0)(

)
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1)(2

1=

WrS
bW

rNk
j
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k

j

+


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







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Hence   
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,<),(})),((12{2 0)(

)
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(4.6) 

  Similarly   
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                                                                                     (4.7) 
  It follows from 1).(4  that   
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   (1))ˆ,(1)(2 )(
0 OWrT n ++≤ ν  
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         ).ˆ,()ˆ,(1)1)((2 00 WrSWrTn +++≤ ν                             (4.8) 

  Note that 01 ≥C . 6).(4  and 8).(4  give   

 ).,())ˆ,((=),( 00 ErrWrTOWrT ∈/∞→                         (4.9)  

Similarly, we have   

 ).,()),((=)ˆ,( 00 ErrWrTOWrT ∈/∞→                       (4.10) 

  If ),(ˆ)( zWzW ≡/  then we have  

 ,
),(

1
,),(

)()(0

))(









≤∆∑ nn
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ψϕ
 

),( )()( nnR ψϕ  denotes the resultant of ),( )(nWzϕ  and ),( )(nWzψ , it can be written as 
the following  
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 It can be written in the another form   

 

)(......)()(000

0...)()(...)()(0
0...0)(......)()(

)(......)()(000

0...)()(...)()(0
0...0)(......)()(

=),(

01

011

01

01

011

01

)()(

zBzBzB

zBzBzBzB
zBzBzB

zAzAzA

zAzAzAzA
zAzAz

R

A

nn

−

−

−

−

−

−

µµ

µµ

µµ

νν

νν

νν

ψϕ

⋮⋮⋮

⋮⋮⋮

 

 So we know that ),( )()( nnR ψϕ  is a holomorphic function and using Jensen Theorem 
for meromorphic function on annuli, we have   
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  By the condition of Theorem 4.3, we know that the set of zeros of )(zW  and )(ˆ zW  
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take the same values with multiplicity k<  about q  distinct jb , each point counts only 

once, at the same time we get 0=),(
)

12 j

k
arN .  

       From 5).(3 , we have   
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  Then from 1).(4  , we get   
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 (1))]ˆ,(),([ )(
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)(
0 OWrTWrT nn ++≤ν  

 )]ˆ,()ˆ,(),(),([ 000 WrNnWrTWrNnWrT +++≤ν
)ˆ,(),( 00 WrSWrS ++  

 )],()),((1),([ 000 WrTWnWrT ∞Θ−+≤ν  

 )]ˆ,())ˆ,((1)ˆ,([ 0 WrTWnWrT ∞Θ−++ν ).ˆ,(),( 00 WrSWrS ++ (4.13) 

  Substituting the equation 13).(4  into 6).(4  gives   

 ),(])),((1[ 010 WrTCWnkk +∞Θ−+ νν  

 ).ˆ,(),()ˆ,())]ˆ,((1[< 0000 WrSWrSWrTWnkk ++∞Θ−+ νν   (4.14) 

  Similarly, we have   

 )ˆ,(]))ˆ,((1[ 20 WrTCWnkk +∞Θ−+ νν  

 ).ˆ,(),(),())],((1[< 0000 WrSWrSWrTWnkk ++∞Θ−+ νν   (4.15) 

  From the equations 14).(4  and 15).(4 , we get   

 ).ˆ,(),(<)ˆ,(),( 000201 WrSWrSWrTCWrTC ++               (4.16) 

  By 2).(4 , 3).(4 , 9).(4  and 10).(4 ,we see that the above inequality can not hold. 

So )(ˆ)( )()( zWzW nn ≡ , and thus )()(ˆ)( zpzWzW +≡ , where )(zp  is a polynomial 

of at most degree 1.−n  

2).(4  means that 0,>)(0,0 Wδ 0,>)(0,0

�
Wδ 0>),(0 W∞Θ , and  

0>),(0 W∞Θ . Therefore )(zW  and )(ˆ zW  must be algebroid functions. Hence 

)),((=),( WrToprT  and ))ˆ,((=),( WrToprT . If 0,)( ≡/zp then   

),(),()(0, 00 WWpW ∞Θ+Θ+Θ  ),(),()(0, 000 WWpW ∞Θ++≥ δδ  

  ),()ˆ(0,)(0,= 000 WWW ∞Θ++ δδ  
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  This, however is impossible. Hence 0,)( ≡/zp  and thus ).(ˆ=)( zWzW  
 
Open problems 
Can we establish Theorem 4.3 for differential polynomials of algebroid functions on 
annuli. 
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