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1. Introduction 
A theory of fuzzy sets was introduced by Zadeh [10] in 1965, which plays a major role in 
almost all branches of science and Engineering.  The definition of fuzzy norms was 
introduced by Wu and Fang [3] and they studied the comparison between two definitions 
of fuzzy normed spaces.  The concept of 2-norm in linear spaces was initiated by Gahler 
[4] and White [9] introduced the concept of Cauchy sequences and convergent sequences 
in a 2-normed spaces.  Also, he introduced the concept of linear 2-functional on a fuzzy 
2-normed space.  Many authors have studied common fixed point theorems in fuzzy 
banach space.  In this paper, we proved some common fixed point theorems for two, four 
and six mappings in fuzzy 2-banach space. 
 
2. Preliminaries 
In this section, we study 2-normed linear spaces, fuzzy normed spaces its convergence 
and completeness of sequences in a fuzzy 2-normed linear space.  Also, we need some 
basic definitions required for proving the common fixed point theorems in fuzzy 2-
Banach spaces. 
 
Definition 2.1. Let X be a vector space over a field K (where K is R or C) and * be a 
continuous t-norm.  A fuzzy set N in � × �0,∞� is called a fuzzy norm on X if it satisfies 
the following conditions: 
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(i) �	
, 0� = 0	∀	
 ∈ � 
(ii)  �	
, �� = 1,			∀	� > 0			iff 
 = 0 

(iii)  �	�
, �� = � �
, �|�|�,			∀	
 ∈ �, � ≥ 0	���		� ∈ �. 
(iv) �	
 +  , � + !� ≥ �	
, �� ∗ �	 , !�,			∀
,  ∈ �	���		�, ! ≥ 0. 
(v) #$%	&v&% 	
 ∈ �,�	
, . �	is left continuous and 		lim�→,�	
, �� = 1. 

The triple 	�,�,∗�will be called fuzzy normed linear space (FNLS). 
 
Definition 2.2. Let X be a vector space over a field K (where K is R or C) and * be a 
continuous t-norm.  A fuzzy set N in �- × �0,∞� is called a fuzzy 2-norm on X if it 
satisfies the following conditions: 

(i) �	
,  , 0� = 0	∀	
,  ∈ � 
(ii)  �	
,  , �� = 1, ∀	� > 0		and atleast two among the three points are equal. 
(iii)  �	
,  , �� = �	 , 
, �� 
(iv) �	
 +  + ., �/ + �- + �0� ≥ �	
,  , �/� ∗ �	
, ., �-� ∗ �	 , ., �0�,	 

                                                               ∀
,  , . ∈ �	���		�/, �-, �0 ≥ 0. 
(v) #$%	&v&% 		
,  ∈ �,�	
,  , . �	is left continuous and  

  lim�→,�	
,  , �� = 1. 
The triple 	�,�,∗�will be called fuzzy 2-normed linear space (F2-NLS).  
 
Definition 2.3. A sequence {xn} in a F2-NLS 	�,�,∗� is converge to 
 ∈ � if and only if 
lim1→,�	
1, 
, �� = 1, ∀	� > 0. 
 
Definition 2.4. Let 	�,�,∗� be a F2-NLS.  A sequence {xn} in � is called a fuzzy Cauchy 
sequence if and only if lim2,1→,�	
2, 
1, �� = 1	, ∀	3, � > 0. 
 
Definition 2.5. A linear fuzzy 2-normed space in which every Cauchy sequence is 
convergent is called a fuzzy 2-Banach space. 
 
Definition 2.6. Self mappings 4 and 5 of a fuzzy 2-Banach space 	�, �,∗� are said to be 
weakly commuting if  �	45
, 54
, �� ≥ �	4
, 5
, ��, ∀
 ∈ �	&	� > 0. 
 
Definition 2.7. Self mappings 4 and 5 of a fuzzy 2-Banach space 	�, �,∗� are said to be 
compatible if and only if 	lim1→,�	45
1, 54
1, �� = 1, ∀	� > 0 whenever {xn} is a 
sequence in � such that 	5
1, 4
1 → 3 for some			3 ∈ �		�!		� → ∞. 
 
Definition 2.8. Self mappings 4 and 5 of a fuzzy 2-Banach space 	�, �,∗� are said to be 
compatible type (A) if and only if lim1→,�	45
1, 55
1, �� = 1		and 
lim1→,�	54
1, 44
1, �� = 1, ∀	� > 0	whenever {xn} is a sequence in � such that 

5
1, 4
1 → 3 for some				3 ∈ �	�!		� → ∞. 
 
Definition 2.9. Self mappings 4 and 5 of a fuzzy 2-Banach space 	�, �,∗� are said to be 
compatible type (P) if and only if lim1→,�	44
1, 55
1, �� = 1	 ∀	� > 0	whenever {xn} 
is a sequence in � such that 5
1, 4
1 → 3 for some				3 ∈ �	�!		� → ∞	. 
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Definition 2.10. Suppose 4 and 5 be self mappings of fuzzy 2-Banach space	�,�,∗�.  A 
point 
 ∈ � is called a coincidence point of 4 and 5 if and only if 4
 = 5
, then 7 =
4
 = 5
 is called a point of coincidence of 4 and 5. 
 
Definition 2.11. Self-maps 4 and 5 of a fuzzy 2-Banach space 	�,�,∗� are said to be 
weakly compatible if they commute at their coincidence points.  That is, if 43 = 53 for 
some 3 ∈ � then 	453 = 543. 
 
Definition 2.12. Self-maps 4 and 5 of a fuzzy 2-Banach space 	�,�,∗� are said to be 
occasionally weakly compatible (owc) if and only if there is a point 
 ∈ � which is the 
coincidence point of 4 and 5 at which they commute. 
 
Definition 2.13. Self-maps 4 and 5 of a fuzzy 2-Banach space 	�,�,∗� are said to be sub 
compatible if there exists a sequence {xn} in X such that lim1→, 4
1 =lim1→, 5
1 =., 
	. ∈ �  and    					lim1→, �	45
1, 54
1, �� = 1. 

 
Definition 2.14. Self-maps 4 and 5 of a fuzzy 2-Banach space 	�,�,∗� are said to be sub 
compatible of type (A) if there exists a sequence {xn} in X such that 
lim1→, 4
1 = lim1→, 5
1 =., . ∈ � and satisfy lim1→,�	45
1, 55
1, �� = 1 and 

lim1→,�	54
1, 44
1, �� = 1. 

 
Implicit Relation:  Let 8∅: be the set of all real continuous function ;: 	=>�? → => 
satisfying the following condition: ;	@, @, A, A, @, @� ≥ 0 imply @ ≥ A	∀	@, A ⋴ �0,1�. 
 
3. Material and method 
Lemma 3.1. Let 	�,�,∗� be a fuzzy 2-Banach space.  If there exists C ∈ 	0,1� such that 
�	
,  , C�� ≥ �	
,  , �� for all 
,  ∈ � and � > 0 then 	
 =  . 
 
Lemma 3.2. Let X be a set, f, g owc self maps of X.  If f and g have a unique point of 
coincidence, w = fx = gx; then w is the unique common fixed point of f and g. 
 
Theorem 3.1. Let 	�,�,∗� be a fuzzy 2-Banach space with continuous t-norm.  Let D, E 
be two self mappings of � satisfying  

1. The pair 	D, 4� be owc. 
2. For some ; ∈ ∅ and for all 
,  , . ∈ � and every t>0, 

; F�	D
, D , ��,�	D
, 4 , ��, �	D
, 4
, ��,�	D , 4 , ��,	�	D , 4
, ��,�	4
, 4 , �� G ≥ 0 

Then there exists a unique fixed point 7 ∈ � such that   D7 = 47 = 7. 
Proof: Since the pair 	D, 4� be owc, there are points 
,  , . ∈ � such that D
 = 4
. 
We claim that  D
 = D . 
Suppose, D
 ≠ D . 
Then by (2),  
;8�	D
, D , ��, �	D
, D , ��,�	D
, D
, ��, �	D , D , ��, �	D , D
, ��,�	D
, D , ��:

≥ 0 
5ℎ��	J!, ;8�	D
, D , ��, �	D
, D , ��, 1, 1, �	D , D
, ��, �	D
, D , ��: ≥ 0	
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5ℎ��	J!, ;8�	D
, D , ��, �	D
, D , ��, 1, 1, �	D
, D , ��,�	D
, D , ��: ≥ 0 
In view of  ∅ we get D
 = D . 
That is, D
 = 4
 = D = 4 . 
Suppose that 7 ∈ � is another fixed point such that  D7 = 47. 
They by (1), D7 = 47 = E = 5 . 
So, D
 = D7 and 7 = D
 = 4
 is the unique point of coincidence of D and 4. 
5h&%&#$%&,7 is a common fixed point of D and 4. [By Lemma 3.2]. 
 
Uniqueness: 
Let 7/ and 7- be two common fixed points of D and 4. 
Assume that 7/ ≠ 7- 
; F�	D7/, D7-, ��, �	D7/, D7-, ��, �	D7/, D7/, ��, �	D7-, D7-, ��, �	D7-, D7/, ��,

�	D7/, D7-, �� G
≥ 0 

i.e., 	
;8�	D7/, D7-, ��, �	D7/, D7-, ��, 1, 1, �	D7-, D7/, ��, �	D7/, D7-, ��: ≥ 0 

i.e., 	
;8�	D7/, D7-, ��, �	D7/, D7-, ��, 1, 1, �	D7/, D7-, ��, �	D7/, D7-, ��: ≥ 0 

Therefore,   7/ = 7-. 
Thus 7 is the unique fixed point of D and 4. 
 
Theorem 3.2 Let 	�,�,∗� be a fuzzy 2-Banach space with continuous t-norm.  Let 
D, E, 4, 5 be four self mappings of � satisfying  

1. The pairs 	D, 4� and 	E, 5� are owc. 
2. For some ; ∈ ∅ and for all 
,  , . ∈ � and every t>0, 

; F�	D
, E , ��, �	4
, 5 , ��,�	4
, D
, ��, �	D
, 5 , ��,	�	4
, E , ��,�	5 , E , �� G ≥ 0 

Then there exists a unique fixed point 7 ∈ � such that D7 = 47 = 7 and a unique point 
. ∈ � such that E. = 5. = ..  Moreover . = 7 is a unique common fixed point of 
D, E, 4	and 5. 
Proof : Let the pairs 	D, 4� and 	E, 5� be owc. 
So, there are points 
,  , . ∈ � such that D
 = 4
 and 	E = 5 . 
We claim that  D
 = E . 
If D
 ≠ E ,	then by the inequality (2) we have,  

; F�	D
, E , ��,�	4
, 5 , ��, �	4
, D
, ��, �	D
, 5 , ��,	�	4
, E , ��, �	5 , E , �� G ≥ 0 

i.e., 																			; F�	D
, E , ��, �	D
, E , ��, �	D
, D
, ��, �	D
, E , ��,	�	D
, E , ��, �	E , E , �� G ≥ 0 

i.e., 	
;8�	D
, E , ��,�	D
, E , ��, 1, �	D
, E , ��, �	D
, E , ��, 1: ≥ 0 

In view of ∅ we get 	D
 = E . 
That is, D
 = 4
 = E = 5 . 
Suppose that there is another point 7 ∈ � such that 	D7 = 47. 
Then we have, D7 = 47 = E = 5 . 
So D
 = D7 and 7 = D
 = 4
 is the unique point of coincidence of D and 4. 
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Therefore , 7 is a common fixed point of D and 4. 
Suppose that there is another point @ ∈ � such that  E@ = 5@. 
Thus we have 	D
 = 4
 = E@ = 5@. 
So, E = E@ and @ = E = 5  is the unique point of coincidence of E and 5. 
Therefore, @ is a common fixed point of E and 5. 
Assume that 	7 ≠ @. 
Then we have,  

; F�	D7, E@, ��, �	47, 5@, ��,�	47, D7, ��, �	5@, E@, ��,	�	D7, 5@, ��, �	47, E@, �� G ≥ 0 

That is, ;8�	7, @, ��, �	7, @, ��,�	7,7, ��,�	@, @, ��, �	7, @, ��, �	7, @, ��: ≥ 0 
That is, ;8�	7, @, ��, �	7, @, ��, 1,1, �	7, @, ��,�	7, @, ��: ≥ 0 
In view of ∅ we get 7 = @. 
Therefore,  . is a common fixed point of D, E, 4	and 5. 
 
Uniqueness: 
Let 7/ and 7- be two common fixed points of D, E, 4 and	5. 
Assume that 7/ ≠ 7- 
; F�	D7/, E7-, ��, �	47/, 57-, ��, �	47/, D7/, ��, �	57-, E7-, ��, �	D7-, 57/, ��,

�	47/, E7-, �� G
≥ 0 

i.e., 	
;8�	7/, 7-, ��, �	7/, 7-, ��, �	7/, 7/, ��, �	7-, 7-, ��, �	7/, 7-, ��, �	7/, 7-, ��: ≥ 0 
i.e., ;8�	7/, 7-, ��, �	7/, 7-, ��, 1, 1, �	7/, 7-, ��, �	7/, 7-, ��: ≥ 0 
Therefore,  7/ = 7-. 
Hence, the fixed point is unique. 
 
Theorem 3.3. Let 	�,�,∗� be a fuzzy 2-Banach space and let D	���	Ebe continuous self 
mappings of �, 4 and 5 satisfying the following conditions:  
(i)			D	�� ⊂ 5	��	 and  E	�� ⊂ 4	�� 
(ii) 		�	D
, E , �� ≥
NJ�8�	4
, 5 , ��,�	D
, 4
, ��, �	E , 5 , ��,�	D
, 5 , ��, �	E , 4
, ��: 
If the pairs 	D, 5� and 	E, 4� are compatible mappings of type (P), for any 
,  , . ∈ � and 
� > 0, there exists point @ ∈ � such that u is a coincidence point of D, E, 4 and 5. 
Proof: Let 
O be any arbitrary point in �.   
Define a sequence 8
1: in � by %-1 = 5
-1>/ = D
-1, %-1>/ = E
-1>/ = 4
-1>- 
Then �	D
-1, E
-1>/, �� = �	%-1, %-1>/, �� 
																				≥ min	 F�	4
-1, 5
-1>/, ��, �	D
-1, 4
-1, ��, �	E
-1>/, 5
-1>/, ��,�	D
-1, 5
-1>/, ��, �	E
-1>/, 4
-1, �� G                                           
																			= min F�	%-1Q/, %-1, ��, �	%-1, %-1Q/, ��, �	%-1>/, %-1, ��,�	%-1, %-1, ��, �	%-1>/, %-1Q/, �� G 
Thus, �	%-1, %-1>/, �� ≥ 	min F�	%-1Q/, %-1, ��, �	%-1, %-1Q/, ��, �	%-1>/, %-1, ��,�	%-1, %-1, ��, �	%-1>/, %-1Q/, �� G 
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																																									= min F�	%-1Q/, %-1, ��, �	%-1, %-1Q/, ��, �	%-1>/, %-1, ��,1,�	%-1>/, %-1Q/, �� G                                                                  

																																									≥ �	%-1Q/, %-1, ��                                                                                                         
																																									= �	D
-1Q/, E
-1, �� 
That is, �	D
-1, E
-1>/, �� ≥ �	D
-1Q/, E
-1, ��. 
But 8D
1: and 8E
1>/: are Cauchy sequences in X. 
Therefore, 		lim1→,�	D
-1Q/, E
-1, �� = 1. 
Hence, lim1→,�	D
-1, E
-1>/, �� = 1. 
Since  the pair 	D, 5� is compatible mapping of type (P),  

1 = lim1→, �	DD
-1, 55
-1>/, �� 
   = lim1→,�	D%-1, 5%-1>/, �� = �	D@, 5@, �� 
That is, D@ = 5@.   
Also, the pair 	E, 4� is compatible mapping of type (P),  

1 = lim1→, �	EE
-1>/, 44
-1>-, �� 
                                                = lim1→,�	E%-1>/, 4%-1>/, �� 
                                                = �	E@, 4@, �� 
So that,  E@ = 4@.   
Hence, 	D@ = E@ = 5@ = 4@.  
Therefore, u is a coincidence point of D, E, 4 and 5. 
 
Theorem 3.4. Let D, E, R, S, 4 and 5 be six self-maps of a fuzzy 2-Banach space 	�, �,∗� 
with continuous t-norm defined by � ∗ � ≥ � for all � ∈ �0, 1�.  If the pairs 	DE, 4�	and 
	RS, 5�	are sub compatible of type A having the same coincidence point and DE = ED,
E4 = 4E, D4 = 4D, RS = SR, 5S = S5, R5 = 5R, then for all ,  ∈ �, C ∈ 	0, 1�, � > 0 
�	4
, 5 , C�� ≥ 8�	4
, RS , �� ∗ 	�	4
, DE
, �� ∗ �	RS , 5 , �� ∗ �	DE
, RS , �� ∗
�	DE
, 5 , ��:.  Then D, E, R, S, 4 and 5 have a unique common fixed point in �. 
Proof: Since the pairs (AB,S) and (PQ,T) are sub compatible of type A, then there exist 
two sequences 8
1:, 8 1: in X such that lim1→, DE
1 = lim1→, 4
1 = �, � ∈ � and 
satisfy lim1→,�	DE4
1, 44
1, �� = 1 and lim1→,�	4DE
1, DEDE
1, �� = 1. 
Thus we have, lim1→,�	DE�, 4�, �� = 1 and lim1→,�	4�, DE�, �� = 1. 
Also, lim1→, RS 1 = lim1→, 5 1 = T, T ∈ � and satisfy lim1→,�	RS5 1, 55 1, �� =1	 and   lim1→,�	5RS 1, RSRS 1, �� = 1. 
Thus we have, lim1→,�	RST, 5T, �� = 1 and lim1→,�	5T, 5ST, �� = 1. 
Therefore, DE� = 4� and 		RST = 5T. 
Thus we have ‘�’ is coincidence point of DE and 4 and ‘T’ is coincidence point of RS and 
5. 
Now we prove   � = T. 
For this, take 		
 = 
1 and  =  1. 

�	4
1, 5 1, C�� ≥ F�	4
1, RS 1, �� ∗ �	4
1, DE
1, �� ∗ �	RS
1, 5 1, �� ∗�	DE
1, RS 1, �� ∗ �	DE
1, 5 1, �� G 
Take the limit as  � → ∞, we get 

�	�, T, C�� ≥ 8�	�, T, �� ∗ �	�, �, �� ∗ �	T, T, �� ∗ �	�, T, �� ∗ �	�, T, ��: 
This implies 		�	�, T, C�� ≥ �	�, T, �� for all � > 0. 
Thus by Lemma (3.1), � = T. 
Thus DE, 4, RS and 5 have the same coincidence point. 
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Now we prove  D� = E� = R� = S� = 4� = 5� = �. 
 
Case (i) Take 
 = � and 	 =  1. 

�	4�, 5 1, C�� ≥ F�	4�, RS 1, �� ∗ �	4�, DE�, �� ∗ �	RS 1, 5 1, �� ∗�	DE�, RS 1, �� ∗ �	DE�, 5 1, �� G 
Take the limit as � → ∞, we get 

�	4�, �, C�� ≥ 8�	4�, T, �� ∗ �	4�, �, �� ∗ �	T, T, �� ∗ �	�, T, �� ∗ �	�, T, ��: 
As   � = T, we get  �	4�, �, C�� ≥ �	4�, �, �� 
which gives   4� = �. 
 
Case (ii) Take 
 = 
n and  = � 

�	4
1, 5�, C�� ≥ F�	4
1, RS�, �� ∗ �	4
1, DE
1, �� ∗ �	RS�, 5�, �� ∗�	DE
1, RS�, �� ∗ �	DE
1, 5�, �� G 
Take the limit as 		� → ∞, we get 

�	�, 5�, C�� ≥ 8�	�, 5�, �� ∗ �	�, �, �� ∗ �	5�, 5�, �� ∗ �	�, 5�, �� ∗ �	�, 5�, ��: 
We get,  

�	�, 5�, C�� ≥ �	�, 5�, �� 
which gives   5� = �. 
Next we prove 			D� = E� = � 
 
Case (iii) Put 
 = E� and  =  1 

�	4E�, 5 1, C�� ≥ F�	4E�, RS 1, �� ∗ �	4E�, DEE�, �� ∗ �	RS 1, 5 1, �� ∗�	DEE�, RS 1, �� ∗ �	DEE�, 5 1, �� G 
As D, E and 4 commute, DEE� = EDE� = E4� = E� and 4E� = E4� = �. 

�	E�, �, C�� ≥ F�	E�, �, �� ∗ �	E�, E�, �� ∗ �	�, �, �� ∗�	E�, �, �� ∗ �	E�, �, �� G 
That is,	�	E�, �, C�� ≥ 	�	E�, �, ��  
Therefore, 	E� = �. 
 
Case (iv) Now put 
 = D� and  =  1 

�	4D�, 5 1 , C�� ≥ F�	4D�, RS 1, �� ∗ �	4D�, DED�, �� ∗ �	RS 1, 5 1, �� ∗�	DED�, RS 1, �� ∗ �	DED�, 5 1, �� G 
As D, E and 4 commute, DED� = D4� = D� and 4D� = D4� = D�. 

�	D�, �, C�� ≥ F�	D�, �, �� ∗ �	D�, D�, �� ∗ �	�, �, �� ∗�	D�, �, �� ∗ �	D�, �, �� G 
That is,	�	D�, �, C�� ≥ 	�	D�, �, ��  
Therefore, D� = �. 
Thus 	D� = E� = 4� = �. 
Next we prove R� = S� = �. 
 
Case (v) Now put 
 = 
1 and  = S� 

�	4
1, 5S�, C�� ≥ F�	4
1, RSS�, �� ∗ �	4
1, DE
1, �� ∗ �	RSS�, 5S�, �� ∗�	DE
1, RSS�, �� ∗ �	DE
1, 5S�, �� G 
As R, S, 4 and 5 commute, 	RSS� = SRS� = S� and TQ� = S5� = S�. 
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�	�, S�, C�� ≥ F�	�, S�, �� ∗ �	�, �, �� ∗ �	S�, S�, �� ∗�	�, S�, �� ∗ �	�, S�, �� G 
That is,	�	�, S�, C�� ≥ 	�	�, S�, ��  
Therefore, S� = �. 
 
Case (vi) Take 
 = 
1 and  = R� 

�	4
1, 5R�, C�� ≥ F�	4
1, RSR�, �� ∗ �	4
1, DER�, �� ∗ �	RSR�, 5R�, �� ∗�	DE
1, RSR�, �� ∗ �	DE
1, 5R�, �� G 
As R, S and 5 commute, RSR� = 5R� = R5� = R� and TP� = R5� = R�. 

�	�, R�, C�� ≥ F�	�, R�, �� ∗ �	�, �, �� ∗ �	R�, R�, �� ∗�	�, R�, �� ∗ �	�, R�, �� G 
That is,	�	�, R�, C�� ≥ 	�	�, R�, ��  
Therefore, R� = �. 
This 	Jm3WJe!		D� = E� = R� = S� = 4� = 5� = �. 
Thus, D, E, R, S, 4 and 5 have a unique common fixed point in �. 
 
4. Conclusions  
In this paper, we have adapted the concepts of fuzzy 2-Banach space.  Many fixed point 
theorems holds good for 2-Banach space are extended to fuzzy 2-Banach space.  As a 
result this paper paves way to extend the theorems to fuzzy n-Banach spaces using fuzzy 
Banach space. 
 
Acknowledgement. Authors are thankful to the reviewers for their helpful comments to 
enhance the quality of our article. 
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