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1. Introduction 
Fuzzy sets were introduced by Zadeh [15] in 1965 to represent the information 
possessing non-statistical certainties. Different types of fuzzy sets are defined in order to 
clear the vagueness of the existing problems. A fuzzy number [6] is a quantity whose 
values are imprecise, rather than exact as in the case with single-valued function. The 
usual arithmetic operations on real numbers can be extended to the ones defined on fuzzy 
numbers by means of Zadeh’s Extension Principle [15] and then some of the noteworthy 
contributions on fuzzy numbers and its applications have been made by Dubois and Prade 
[6], Mizumoto and Tanaka [9] internal arithmetic was first suggested by Dwyer [7]. The 
various operations on fuzzy numbers were also available in the literature [6, 7, 9, 15]. 

Due to error in measuring technique, instrumental faultiness etc., some data in 
our observation cannot be accurately determined. This leads to introduce a new type of 
fuzzy number called the Pentagonal fuzzy number (PFN). Generally, a pentagonal fuzzy 
number is a 5-tuple subset of a real numberRhaving five parameters. A pentagonal fuzzy 

number A  is denoted as ( )54321 ,,,, aaaaaA = , where 3a  is the middle point, ( )21,aa  

and ( )54 ,aa  are the left and right side points of 3a respectively. A fuzzy number 

( )54321 ,,,, aaaaaA =  is called a Canonical Pentagonal fuzzy number, if  it is closed 

and bounded pentagonal fuzzy number and its membership function is strictly increasing 

on the interval [ ]32 ,aa  and strictly decreasing on the interval[ ]43,aa . In this paper, we 
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discuss the basics of Pentagonal fuzzy number (PFN) with their arithmetic operations. 
Canonical Pentagonal fuzzy numbers are discussed by means of internal arithmetic 
operations by using α -cut operations with relevant examples. 

The paper is organized as follows: In section 2, basic concepts of fuzzy number, 
triangular and trapezoidal fuzzy numbers are discussed. Section 3 deals with the concept 
of Pentagonal fuzzy number (PFN) with their arithmetic properties. In section 4, 
canonical pentagonal fuzzy number is discussed with their internal arithmetic operations. 

 
2. Preliminaries  
 This section recalls some basic definitions of fuzzy numbers, triangular fuzzy number 
and trapezoidal fuzzy number. 
 

Definition 2.1. A fuzzy set A in R (real line)is defined to be a set of ordered pairs,

( ){ }RxxxA A ∈= /,µ  where ( )xAµ  is called  the  membership function for the fuzzy 

set. 
 
Definition 2.2. The α-cut of α -level set of fuzzy set A is a set consisting of those 

elements of the universe X  whose membership values exceed the threshold  level α . 

That is  ( ){ }αµα ≥∈= xXxA A/ . 

 

Definition 2.3. A fuzzy set A  is called normal, if there is at least one point Rx∈  with 

( ) 1=xAµ . 

 

Definition 2.4. A fuzzy set A  on R  is convex, if for any Ryx ∈,  and for any [ ]1,0∈λ  

we have ( )( ) ( ) ( ){ }yxyx AAA µµλλµ ,min1 ≥−+ . 

In general, a concave function is the negative of a convex function. 
 
Definition 2.5. A fuzzy number A  is a fuzzy set on the real line that satisfies the 
conditions of normality and convexity. 
 
Definition 2.6. If a fuzzy set  is  convex and normalized and its membership function is 
defined in R  and piecewise continuous, it is called as fuzzy number. 
Fuzzy number represents a real number whose boundary is fuzzy. 
 
Definition 2.7. (Triangular fuzzy number) 

A triangular fuzzy number is a fuzzy set ( )321 ,, aaaA =  having membership function  
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Definition 2.8. (Trapezoidal fuzzy number) 

A trapezoidal fuzzy number is fuzzy subset ( )4321 ,,, aaaaA =  having membership 

function  

( )















≤≤
−
−

≤≤

≤≤
−
−

≤<

=

43
34

4

32

21
12

1

41

,

,1

,

,,0

axafor
aa

xa
axafor

axafor
aa

ax
xaaxfor

xAµ  

where 4321 aaaa ≤≤≤  

 
3. Pentagonal fuzzy number (PFN) 

Definition 3.1. A fuzzy number ( )54321 ,,,, aaaaaA =  is called a pentagonal fuzzy  

number, if its membership function is given by  
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Here for PFN ( )54321 ,,,, aaaaaA = , 3a  is the middle point and ( )21,aa  and ( )54 ,aa  

are the left and right side points of 3a  respectively. The middle point 3a has the grade of 

membership 1 and 21,ww  are the grades of points 2a , 4a . 

Note that, every PFN is associated with two weights 1w and 2w . 
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We now look at the pentagonal fuzzy number (PFN) in a generalized way, so 
that, two special fuzzy numbers, namely triangular fuzzy number and trapezoidal fuzzy 
number can be visualized as follows. 
 

Definition 3.2. A fuzzy number ( )54321 ,,,, aaaaaA =  is a pentagonal fuzzy number 

(PFN) having membership function  
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Case (i): When 021 == ww , then the pentagonal fuzzy number is reduced to a 

triangular fuzzy number. That is, ( ) ( )43254321 ,,,,,, aaaaaaaaA ≈=   where 

membership function is given by 
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Case (ii):  When 121 == ww , then the pentagonal fuzzy number becomes a trapezoidal 

fuzzy number. That is, the membership function is given by 
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3.3. Arithmetic operation on pentagonal fuzzy number (PFN) 
3.3.1. Addition of two  PFNs 

Let ( )54321 ,,,, aaaaaA =  and ( )54321 ,,,, bbbbbB =  be two PFNs, then addition of 

two PFNs is given by,     

( )5544332211 ,,,, bababababaBA +++++=+ . 

 
3.3.2. Subtraction of two PFNs, 

Let ( )54321 ,,,, aaaaaA =  and ( )54321 ,,,, bbbbbB =  be two PFNs, then subtraction of 

two PFNs is given by, 

( )1524334251 ,,,, bababababaBA −−−−−=−  

 
3.3.3. Multiplication of two PFNs 

The multiplication of two PFNs ( )54321 ,,,, aaaaaA =  and ( )54321 ,,,, bbbbbB =  is 

given by, 

( )5544332211 ,,,, bababababaAB = . 

 
3.3.4. Inverse of a PFN 
The inverse of a PFN is defined when all its components are non-zero.                                                          

Let ( )54321 ,,,, aaaaaA =  be a PFN, then 
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If one of the components of a PFN becomes zero, then we cannot find its inverse. 
 
3.3.5. Division of two PFNs 

The division of two PFNs ( )54321 ,,,, aaaaaA =  and ( )54321 ,,,, bbbbbB =  is 

approximated as the multiplication with inverse, given by   
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 Definition 3.4. (Construction of PFN) 

The pentagonal fuzzy number is represented by the five parameters 4321 ,,, aaaa  and 5a  

where 1a  and 2a  denote the smallest possible values, 3a  the most promising value and 

4a , 5a  the largest possible value. 

The pentagonal fuzzy number can be generated by using the following formula. 

( )2,1,,1,2 ++−−= aaaaaA for all 7,6,5,4,3=a . Since the fuzzy number scale is 

defined between 1 to 9. 
 
Definition 3.5. (Positive PFN) 

A PFN ( )54321 ,,,, aaaaaA =  is said to be positive, if all its entries are positive. 

Similarly, ( )54321 ,,,, aaaaaA =  is negative, if all of its entries are negative. 

 
Definition 3.6. (Null PFN) 

A PFN A  is called a null PFN, if all of its entries are zero. That is, ( )0,0,0,0,0=A . 

 
Definition 3.7. ( Null equivalent PFN) 

A  PFN  ( )54321 ,,,, aaaaaA =  is said to be null equivalent, if its middle entry is at the 

point 0, that is, of the form ( )2211 ,,0,, βαβα  where 0, 11 ≠βα 0, 22 ≠βα . 

 
Definition 3.8. (Unit equivalent PFN) 
A PFN A   is said to be a unit equivalent PFN, when its middle entry is at 1. That is, of 

the form ( )2211 ,,1,, βαβα  where 0, 11 ≠βα 0, 22 ≠βα . 

 
Remark 1. The subtraction of two PFNs with a common middle entry gives a null 
equivalent PFN, while their division yields another unit equivalent PFN. 
 
4. Canonical pentagonal fuzzy number 

A fuzzy number ( )54321 ,,,, aaaaaA =  is called a canonical Pentagonal fuzzy number, 

if it is  closed and bounded pentagonal fuzzy number and its membership function is 

strictly increasing on the interval [ ]32 ,aa  and strictly decreasing on the interval [ ]43,aa . 

 
Definition 4.1. The classical alpha-cut set is the set of elements whose degree of 

membership in ( )54321 ,,,, aaaaaA =  is not less than α  and is defined as

( ){ }αµα ≥∈= xXxA A/ . 
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4.2.α -cut operations  
The α -cut operations on PFNs is given by, 

( ) ( )[ ]545112 2,2 aaaaaaA +−−+−= ααα for [ ]5.0,0∈α  

( ) ( )[ ]34343223 22,22 aaaaaaaaA +−−−+−= ααα for [ ]1,5.0∈α . 

 
4.3. Arithmetic operations on canonical pentagonal fuzzy number 
4.3.1. Addition of two canonical PFNs 

Let ( )54321 ,,,, aaaaaA =  and ( )54321 ,,,, bbbbbB =  be two canonical PFNs for all

[ ]1,0∈α . 

Let αA and αB  be the α -cuts of Aand B  then  

( ) ( )[ ] ( ) ( )[ ]545112545112 2,22,2 bbbbbbaaaaaaBA +−−+−++−−+−=+ αααααα

( ) ( )[ ]34343223 22,22 bbbbbbbb +−−−+−+ αα  
for [ ]5.0,0∈α  

( ) ( )[ ]34343223 22,22 aaaaaaaaBA +−−−+−=+ αααα for [ ]1,5.0∈α . 

For example, Let ( )5,4,3,2,1=A   and ( )10,9,8,7,6=B be two canonical PFNs, then we 

have  

[ ]
[ ]




∈++
∈+−+

=+
1,5.0;94,74

5.0,0;154,74

ααα
ααα

αα BA  

When ,0=α [ ]15,700 =+ BA  

When  ,5.0=α [ ]13,95.05.0 =+ BA  

When ,5.0=α [ ]11,95.05.0 =+ BA  

When ,1=α [ ]13,1111 =+ BA  

Therefore, [ ]15,13,11,9,7=+ αα BA . All the points of )( αα BA +  coincides with the 

sum of the two canonical PFNs. 
Therefore, the addition of two α -cuts lies within the interval. 
 
4.3.2. Subtraction of two canonical PFNs 

Let ( )54321 ,,,, aaaaaA =  and ( )54321 ,,,, bbbbbB =  be two canonical PFNs for all 

[ ]1,0∈α . 

( ) ( )[ ] ( ) ( )[ ]545112545112 2,22,2 bbbbbbaaaaaaBA +−−+−−+−−+−=− αααααα

for [ ]5.0,0∈α .  

( ) ( )[ ]34343223 22,22 aaaaaaaaBA +−−−+−=− αααα  
                 ( ) ( )[ ]34343223 22,22 bbbbbbbb +−−−+−− αα  
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for [ ]1,5.0∈α . 

For ( )6,5,3,2,1=A   and  ( )12,10,6,4,2=B  

[ ]
[ ]




∈−−−−
∈−−−

=−
1,5.0;14,12

5.0,0;62,12

ααα
ααα

αα BA  

When ,0=α [ ]6,100 −−=− BA  

When  ,5.0=α [ ]5,25.05.0 −−=− BA  

When ,5.0=α [ ]3,25.05.0 −−=− BA  

When ,1=α [ ]5,311 −−=− BA . 

Hence, [ ]6,5,3,2,1 −−−−−=− αα BA .   

All the points coincide with the differences of two canonical PFNs. 
 
4.3.3. Multiplication of two canonical PFNs 

Let ( )54321 ,,,, aaaaaA =  and ( )54321 ,,,, bbbbbB =  be two canonical PFNs for all 

[ ]1,0∈α .  

( ) ( )[ ] ( ) ( )[ ]545112545112 2,22,2 bbbbbbaaaaaaBA +−−+−∗+−−+−=∗ αααααα

for [ ]5.0,0∈α  

( ) ( )[ ]34343223 22,22 aaaaaaaaBA +−−−+−=∗ αααα  
                   ( ) ( )[ ]34343223 22,22 bbbbbbbb +−−−+−∗ αα  

for [ ]1,5.0∈α . 

For ( )6,5,3,2,1=A   and  ( )12,10,6,4,2=B  , we have 

[ ] [ ]124,2462,12 +−+∗+−+=∗ αααααα BA for [ ]5.0,0∈α  

[ ] [ ]28,2414,12 ++∗++=∗ αααααα BA for [ ]1,5.0∈α . 

When ,0=α [ ]72,200 =∗ BA  

When  ,5.0=α [ ]50,85.05.0 =∗ BA  

When ,5.0=α [ ]18,85.05.0 =∗ BA  

When ,1=α [ ]50,1811 =∗ BA .  

Hence, [ ]72,50,18,8,2=∗ αα BA  all the points coincide with the product of two 

canonical PFNs. 
 
5. Conclusion  
In this paper, the concept of pentagonal fuzzy number has been discussed with internal 
arithmetic properties. Special attention is paid to the canonical pentagonal fuzzy numbers 
along with their arithmetic operations. 
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