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1. Introduction
Fuzzy sets were introduced by Zadeh [15] in 1965rdpresent the information

possessing non-statistical certainties. Differgpes of fuzzy sets are defined in order to
clear the vagueness of the existing problems. &yfummber [6] is a quantity whose
values are imprecise, rather than exact as in #lse with single-valued function. The
usual arithmetic operations on real numbers caexbended to the ones defined on fuzzy
numbers by means of Zadeh’s Extension Principl¢ §b8 then some of the noteworthy
contributions on fuzzy numbers and its applicatioage been made by Dubois and Prade
[6], Mizumoto and Tanaka [9] internal arithmeticsvirst suggested by Dwyer [7]. The
various operations on fuzzy numbers were also aviailin the literature [6, 7, 9, 15].

Due to error in measuring technique, instrumeraaltiness etc., some data in
our observation cannot be accurately determineds [Elads to introduce a new type of
fuzzy number called the Pentagonal fuzzy numbeNjPE&enerally, a pentagonal fuzzy
number is a 5-tuple subset of a real nunfibbaving five parameters. A pentagonal fuzzy

number A is denoted asA = (ai,az,aS,a4,a5), wherea, is the middle point(ai,az)
and (a4,a5) are the left and right side points @, respectively. A fuzzy number

A= (al,az,ag,a a5) is called a Canonical Pentagonal fuzzy numberitifs closed
and bounded pentagonal fuzzy number and its mefmipéignction is strictly increasing
on the interval[a ag] and strictly decreasing on the intelfagl, a4]. In this paper, we
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discuss the basics of Pentagonal fuzzy number (R¥#t) their arithmetic operations.
Canonical Pentagonal fuzzy numbers are discussedhdgns of internal arithmetic
operations by usingr -cut operations with relevant examples.

The paper is organized as follows: In section 3jdeoncepts of fuzzy number,
triangular and trapezoidal fuzzy numbers are dsetisSection 3 deals with the concept
of Pentagonal fuzzy number (PFN) with their arithimeproperties. In section 4,
canonical pentagonal fuzzy number is discussedtivéhr internal arithmetic operations.

2. Preliminaries
This section recalls some basic definitions okfuaumbers, triangular fuzzy number
and trapezoidal fuzzy number.

Definition 2.1. A fuzzy set A in R(real line)is defined to be a set of ordered pairs,
A={x, u,(x)/ xOR} where 11,(x) is called the membership function for the fuzzy
set.

Definition 2.2. The a-cut of a -level set of fuzzy setA is a set consisting of those
elements of the univers¥ whose membership values exceed the threshold &eve
Thatis A, ={x0X/u,(x)=a}.

Definition 2.3. A fuzzy set A is callednormal, if there is at least one poit[] R with
Ha(x)=1.

Definition 2.4. A fuzzy setA on R isconve, if for any x, y J R and for anyA [ [O,l]

we havess,, (Ax+ (1= A)y) = min{z, (x), 1, (v}
In general, a concave function is the negative ajravex function.

Definition 2.5. A fuzzy number A is a fuzzy set on the real line that satisfies the
conditions of normality and convexity.

Definition 2.6. If a fuzzy set is convex and normalized andriesnbership function is
defined inR and piecewise continuous, it is called as fuzayier.

Fuzzy number represents a real number whose bouisdfarzzy.

Definition 2.7. (Triangular fuzzy number)
A triangular fuzzy number is a fuzzy sé&t= (a1 az,as) having membership function
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0, for x<a;,a, <X
X— 3
X) = , for <x<a
,UA() a,-a & 2
a, — X
, for a,<x<
a -a, 2 a,

Definition 2.8. (Trapezoidal fuzzy number)
A trapezoidal fuzzy number is fuzzy subsét= (al,a ,ag,a4) having membership

function
0, for x<a;,a,<x
X_
al, for a <x<a,
u(¥)=4% >
A 1, for a,<x<a,
- X
a , for a,<x<a,
a, &

wherea, <a,<a;<a,

3. Pentagonal fuzzy number (PFN)
Definition 3.1. A fuzzy numberA:(ai,az,ag,amas) is called a pentagonal fuzzy

number, if its membership function is given by

0, for x<a,,a; <X
X—&
, for <Xx<a
a,-a, & 2
X7% . for a, <X<a,
pa(x)=1% "%
A 1, for X =a,
M; for a,<x<a,
a, —ag
%X for a; <x<a,
a; —a,

Here for PENA = (ai,a ,a3,a4,a5),a3 is the middle point an(ﬂai,az) and (a4,a5)
are the left and right side points af respectively. The middle poirdt, has the grade of
membership 1 anaV;,w, are the grades of poins,, a,.

Note that, every PFN is associated with two weighitand w, .
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We now look at the pentagonal fuzzy number (PFNa igeneralized way, so
that, two special fuzzy numbers, namely triangfilazy number and trapezoidal fuzzy
number can be visualized as follows.

Definition 3.2. A fuzzy number A= (ai,a ,a3,a4,a5) is a pentagonal fuzzy number
(PFN) having membership function

X—a, ).
; f < X<
Wl(az—aj or a <x<a,

1—(1—w1)( X743 ]; for a,<x<a,

&,
for X=a,
8

Hcum,)

XZ j; for a;<x<a,
a, —a,
X~ 8
w{ ; for a,<x<a
a, - a
0; for X>ag

Case (i): Whenw, =w, =0, then the pentagonal fuzzy number is reduced to a
triangular fuzzy number. That igh = (al,a 5,8 ,a5)= (az,ag,a4) where
membership function is given by

0; for X<a,
X-a
1- 2 for a,<x<
) o asxea,
=1 1 for  x=a,
1—( x—ag} for a,<x<a,
a, —a;
0; for X=a,

Case (ii): Whenw, =w, =1, then the pentagonal fuzzy number becomes a wajsz
fuzzy number. That is, the membership functioniveg by
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0, for X<a
X—8
,  for <Xx<a
22} o asxsa,
,uA(x)= 1, for a,<x<a
(a4—xj; for a,<x<a;
a; —a,
0, for X>a,

3.3. Arithmetic operation on pentagonal fuzzy number (PFN)
3.3.1. Addition of two PFNs

Let A=(a,,a,,a,,a,,8;) and B = (b,,b,,b,,b,,b,) be two PFNs, then addition of
two PFNs is given by,
A+B=(a +b,a, +b,,a +b,,a, +b,,a; +hy).

3.3.2. Subtraction of two PFNs,

Let A=(a,,a,,8,,a,,8;) and B =(b,,b,,b,,b,,b.) be two PFNs, then subtraction of
two PFNs is given by,

A-B= (al -bs,a, -b,,a,-b;,a, -b,,a; _bl)

3.3.3. Multiplication of two PFNs

The multiplication of two PFNA = (a,,a,,a,,a,,a;) and B = (b,,b,,b,,b,,b.) is
given by,

AB = (aibl’ a,b,, a;b;, a4b4’asb5)-

3.34. Inverse of aPFN
The inverse of a PFN is defined when all its congods are non-zero.

Let A=(a,,a,,a,,8,,8;) be a PFN, theA™ = = (———__j
If one of the components of a PFN becomes zera,weecannot find its inverse.

3.3.5. Division of two PFNs
The division of two PFNsA=(a,,a,,a,,8,,a;) and B=(b,b,,b,,b,,b) is
approximated as the multiplication with inverse, vemi by
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Definition 3.4. (Construction of PFN)
The pentagonal fuzzy number is represented byitegohrametersy,a,,a,,a, and a,
where a, and a, denote the smallest possible valuag,the most promising value and

a,,a; the largest possible value.

The pentagonal fuzzy number can be generated hyg tis¢ following formula.

A= (a— 2,a-la,a+la+ 2)for all a= 345,6,7. Since the fuzzy number scale is
defined between 1 to 9.

Definition 3.5. (Positive PFN)
APFN A= (a1 az,ag,a4,a5) is said to be positive, if all its entries areifivs.

Similarly, A= (ai,az,aS, a4,a5) is negative, if all of its entries are negative.

Definition 3.6. (Null PFN)
A PFN A is called a null PFEN, if all of its entries argaeThat is, A= ( 0,0,0,0,0).

Definition 3.7. ( Null equivalent PFN)
A PEN A= (ai,a ,a3,a4,a5) is said to be null equivalent, if its middle entsyat the

point 0, that is, of the forn(nal,,[?1 0, az,,ﬁ’z) wherea,, 5, 20a,,5, #0.

Definition 3.8. (Unit equivalent PFN)
A PFN A is said to be a unit equivalent PFN, when itsdigcentry is at 1. That is, of

the form(al,,ﬁ’llaz,,ﬁ’z) wherea,, B, #0a,,3, #0.

Remark 1. The subtraction of two PFNs with a common middigrye gives a null
equivalent PFN, while their division yields anothit equivalent PFN.

4. Canonical pentagonal fuzzy number
A fuzzy numberA = (al,az,ag,a a5) is called a canonical Pentagonal fuzzy number,

if it is closed and bounded pentagonal fuzzy nundel its membership function is
strictly increasing on the interv#h?,aS] and strictly decreasing on the inter\['ag,a4].

Definition 4.1. The classical alpha-cut set is the set of elemaritese degree of
membership in A:(al,az,ae,a,aS) is not less thana and is defined as

A, ={x0X/u,(x)2a}.
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4.2.a -cut operations
The a -cut operations on PFNs is given by,

A, =[2a(a, -a,)+a, ~2a(a; - a,)+a;]fora D[ 005]
A, =[2a(a, -a,)+2a, - a, 20(a, -a,) - a, + 2a,|for a 0[05]].

4.3. Arithmetic operations on canonical pentagonal fuzzy number
4.3.1. Addition of two canonical PFNs

Let A=(a,,a,,a;,a,,8;) and B=(b,,b,,b,,b,,b.) be two canonical PFNs for all
a 0fo1).

Let A, and B, be thea -cuts of Aand B then

A, +B, = [Za(az - a1)+ a11_2a(aﬁ - a4)+ as] + [Za(bz - b1)+ bl,—ZO’(b5 - b4)+ b5]
+ [20’(b3 _b2)+ 2b, —-b, ,20’(b4 B bs)_b4 + st]

for or 0] 005]

A, +B, =[2a(a, —a,)+2a, - a,,2a(a, —a,)-a, + 2a,] for & 0[051).

For example, LetA = ( 12,3,4,5) andB = ( 6,7,8,910) be two canonical PFNs, then we

have
A +B, = {40/ +7,~4a +15 a0[005]
“ | 4a+74a+9, aO[05]]
Whena =0, A, +B, =[715]
When a = 05, Ay, + B, =[913
Whena = 05, A, +B,, =[911]
Whena =1, A +B, =[1113
Therefore, A, + B, :[7,9111315]. All the points of (A, +B,) coincides with the

sum of the two canonical PFNs.
Therefore, the addition of twa -cuts lies within the interval.

4.3.2. Subtraction of two canonical PFNs

Let A=(a,,a,,a,,8,,8;) and B =(b,,b,,b,,b,,b,) be two canonical PFNs for all
a 0fo1).

A, -B, = [20’(8.2 - a1)+ a11_20'(a5 - a4)+ as] - [20'(b2 - b1)+ b11_20(b5 - b4)+ bs]
for 0] 005].

A, -B, = [20’(613 B az) +2a, —a, ,2a(a4 B as) -a,+ 233]

—[20'(b3—b2)+2b2 _bsnza(b4 _b3)_b4 +2bs]
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for o 0[051].
For A=(12356) and B =(2461012)
-20-120-6, a0[005]

A, —B, =

{— 20 -1-4a -1, a0[05]]
Whena =0, A, - B, =[-1-6]
When a = 05, A, - B,, =[-2-5]
Whena = 05, Ay, - B, =[-2-3]
Whena =1, A -B, =[-3-5].
Hence, A, - B, = [—1—2,—3,—5,—6].
All the points coincide with the differences of tewanonical PFNs.

4.3.3. Multiplication of two canonical PFNs
Let A=(a,a,,a,,8,,8;) and B =(b,,b,,b,,b,,b,) be two canonical PFNs for all
a 0fo1).
A, 0B, =[2a(a, -a)+a,,~2a(a; ~a,)+a;|02a(b, -b,) +b,~2a(b; b, ) +by]
fora [ 0,0.5]
A, OB, =[2a(a, - a,)+2a, - a, ,2a(a, -a,)-a, +2a,]
E[ZG(bs _b2)+ 2b, - b, ’Za(b4 _bs)_ b, + 2b3]
for o 0[051].
For A= ( :L2,3,5,6) and B = ( 2,4,6;].0,12) , we have
A, OB, =[2a +1-2a +6|(4a + 2-4a +12|fora 0[ 005
A, OB, =[2a + 14a +1]4a + 28a + 2|for a 0[051].
Whena =0, A, 0B, =[272)]
When a = 05, A, OB, =[850]
Whena = 05, A, OB, =[818
Whena =1, A 0B, =[185(0).
Hence, A, B, = [ 2,8,18,50,72] all the points coincide with the product of two
canonical PFNs.

5. Conclusion

In this paper, the concept of pentagonal fuzzy remitas been discussed with internal
arithmetic properties. Special attention is paith& canonical pentagonal fuzzy numbers
along with their arithmetic operations.
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