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1. Introduction

At first fuzzy sets were introduced by Zadgh in 1965 as follows: a fuzzy sétin a
nonempty set{ is a mapping fromX to the closed unit intervdlo, 1], and A(x) is
interpreted as the degree of membershipxoin 4 where x € X. Atanassov [2]
generalized this concept and introduced intuitibnitizzy sets which take into account
both the degrees of membership and honmembershjpcsito the condition that their
sum does not exceed 1. Coker et al.[3,4,5,6], Stava et al. [7,8], Lee et al. [9,10],
Ahmed et al. [11,12,13,14,15] subsequently inidage study of intuitionistic fuzzy
topological spaces by using intuitionistic fuzzytssdn this paper, we investigate the
properties and features of intuitionistic fuzzySpaces.

2. Notationsand preliminaries

Through this paperX will be a nonempty set; ands are constants i§0,1), T is a
topology, t is a fuzzy topology7J is an intuitionistic topology and is an intuitionistic
fuzzy topology.A andu are fuzzy sets,A = (uy,v4) IS intuitionistic fuzzy set. By
0 and 1 we denote constant fuzzy sets taking values Qlaedpectively.

Definition 2.1. [16] Let X be a non empty set. A famityof fuzzy sets irX is called a

fuzzy topology orX if the following conditions hold.
(1)0.1€x,
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2 AnuetforallAu€t,
(3) U 4; € t for any arbitrary family{4; € ¢, j € J}.

Definition 2.2. [3] SupposeX is a non empty set. An intuitionistic s€bnX is an object
having the formd = (X, A,,4,) whered;andA, are subsets of satisfying4d, n 4, =

¢. The setd, is called the set of member &fwhile A, is called the set of non-member
of A. In this paper, we use the simpler notatios (4,,4,) instead ofd = (X, 44, 4,)
for an intuitionistic set.

Remark 2.1. Every subsel of a nonempty s&f may obviously be regarded as an
intuitionistic set having the form = (4, A) whered® = X \ A.

Definition 2.3. [3] Let the intuitionistic setgl andB in X be of the formsA = (44, 45)
and B = (By, B;) respectively. Furthermore, I¢f;,j € J} be an arbitrary family of

intuitionistic sets ink, whered; = (A{", 4%)). Then
(@) Ac BifandonlyifA; € B, and4, 2 B,
(b) A=Bifandonly ifA € B andB € A,
(c) A = (4,,4,), denotes the complement of
d) n4;=(naPu A}Z)),
(&) ud; =A™, na®),
0 ¢~ =(¢,X) and X. = (X, ¢).

Definition 2.4. [5] Let X be a non empty set. A familj of intuitionistic sets inX is
called an intuitionistic topology aXi if the following conditions hold.

(1) ¢. . X. €T,

(2) AnBeTforallA,BEeT,

(3) U 4; € T for any arbitrary family{4; € T,j € J}.
The pair(X,T) is called an intuitionistic topological space (| short), members of
are called intuitionistic open sets (I0S, in shamt)¥ and their complements are called
intuitionistic closed sets (ICS, in short)Xn

Definition 2.5. [2] Let X be a non empty set. An intuitionistic fuzzy deflFS, in short)
in X is an object having the fora = {(x, us (x),v4(x)): x € X}, wherey, and v, are

fuzzy sets inX denote the degree of membership and the degremremembership
respectively subject to the conditiqry (x) + v4(x) < 1.

Throughout this paper, we use the simpler notatfos (uu,v,) instead ofA =

{(x,,uA(x), VA(x)):x € X} for IFSs.

Definition 2.6. [2] Let X be a nonempty set and IF8SB in X be given byA = (4, v4)
andB = (ug, vg) respectively, then

(@) ASBif uy(x) < ug(x) andvy(x) = vg(x) forallx € X,

(b) A=Bif AS B andB C 4,

© A= (Var 1a),
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(dANB = (ua Nup, vaUvg),
() AUB = (1a VU up, vaNvp).

Definition 2.7. [4] Let {4; = (uAj,vAj) ,j € J} be an arbitrary family of IFSs .. Then
@ nAj = (nﬂAj' UVAj ),
(b) UA; = (Upa; Ny ),
(€ 0.=0D,1.=10).

Definition 2.8. [4] An intuitionistic fuzzy topology (IFT, in shgrobn a nonempty sét is
a familyt of IFSs inX satisfying the following axioms:

(1) 0., 1.€r,

(2) AnB € t,forall4,B € T,

(3) U 4; € tfor any arbitrary familyf4; € 1, j € J}.
The pair (X,7) is called an intuitionistic fuzzy topological spa¢IFTS, in short),
members oft are called intuitionistic fuzzy open sets (IFO®,short) inX, and their
complements are called intuitionistic fuzzy closets (IFCS, in short) iA.

Remark 2.2. [17] Let X be a non empty set addc X, then the sefl may be regarded as
a fuzzy set ik by its characteristic functioh,: X — {0,1} which is defined by
(1 ifxeA
LAt = {0 if x A i.e.if x € A°
Again we know that a fuzzy sétin X may be regarded as an intuitionistic fuzzy set by
(4,1 —-2) = (4, 1. So every sub set of X may be regarded as intuitionistic fuzzy set

by (14,1 —14) = (14, 140).

Theorem 2.1. Let (X,T) be a topological space. Théi, t) is an intuitionistic fuzzy
topological space where = {(1A}., 1Aj),j EJ: A€ T}.

Note 2.1. Abover is the corresponding IFT @f.

Theorem 2.2. Let (X,t) is a fuzzy topological space. Théi,t) is an intuitionistic
fuzzy topological space where= {(2;, 5),j € J:2; € t}.

Note 2.2. Abover is the corresponding IFT of t.

Theorem 2.3. Let (X,7) be an intuitionistic topological space. ThéK,t) is an
intuitionistic fuzzy topological space where= {(1,,,,14,,).j € J: A4; = (411, 452) € T},
Note 2.3. [11] AboverT is the corresponding IFT df.

Definition 2.9. [11] An intuitionistic topological spac€X,7) is called T if for all
x,y €X with x #y, there exists an intuitionistic set = (4{,4,) € T such that
x €A, yEA,0ry € Ay, x € A,.
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Definition 2.10. [2] Let X andY be two nonempty sets arfdX — Y be a function. If
A={(x,us(x), vag(x)):x € X} and B = {(y,ug(y), vg(y)):y € Y} are IFSs irX and
Y respectively, then the pre image Bfunderf, denoted byf~1(B) is the IFS inX

defined by

F71B) = {(x, F ) (@), F e (): x € X}={(x, up(f(x)),vs(f(x))):x € X} and
the image ofA under f, denoted byf(4) is the IFS inY defined by f(4)={(y,

(f () ), Fv))()): y € Y}, where for eacly € Y
FED) = {xe?f(y) uaG) if f70) ¢
0

. otherwise
FNQ) = {xefyfmm(@ if ffON%=¢
1

otherwise

Definition 2.11. [18] Let A = (x,u4,v4) and B = (y,ug,vg) be IFSs inX andY
respectively. Then the product of IF&sandB denoted byl x B is defined byd X B =
{6, ¥), 4 X g, va X vg)} where (uy X ug)(x,y) = min(ﬂA(x)'ﬂB(Y)) and (v, x

vp)(x,y) = max(vA(x),vB (y)) forall (x,y) e X X Y.
Obviously 0 < (uy X ug) + (v4 Xvg) < 1. This definition can be extended to an
arbitrary family of IFSs.

Definition 2.12. [18] Let (X;,7;), j = 1,2 be two IFTSs. The product topology X 7,
onX; x X, is the IFT generated Hp; ' (U;):U; € 7;,j = 1,2}, wherep;: X; X X, - X,

j = 1,2 are the projection maps and IFTX§ X X,, 7, X 7,} is called the product IFTS of
(X;,7;), j=1.2. In this caseS ={p;*(U;),j €J:U; €7;} is a sub base anB =
{U; x U,:U; € 1;,j = 1,2} is a base for; x 7, onX; X X,.

Definition 2.13. [4] Let (X,7) and (Y,6) be IFTSs. A functionf:X - Y is called
continuous iff ~*(B) € 7 for all B € § andf is called open if (4) € § for all 4 € 7.

Definition 2.14. [19] A topological spacdX,T) is calledT, if for all x,y € X with
x # vy, there existd/ e T suchthak e U,y ¢ Uory e U,x ¢ U.

Definition 2.15. [7] A fuzzy topological spac€X, t) is calledT if for all x,y € X with
x # Yy, there existdJ € t such thatU(x) =1, U(y) =0orU(y) =1, U(x) =0 i.e.,
xeUygUoryeU,xegU.

Definition 2.16. [8] Let A = (uu,v4) be a IFS inX andU be a non empty subset &f
The restriction ofA to U is a IFS inU, denoted byA|U and defined byA|U =

(.uAlUIVAlu)'

Definition 2.17. Let (X,7) be an intuitionistic fuzzy topological space aids a non
empty sub set ofX then t; = {A|U: A € 7} is an intuitionistic fuzzy topology oti and
(U, ty) is called sub space X, 7).

3. Intuitionistic fuzzy T, space
Definition 3.1. Letr € (0,1). An intuitionistic fuzzy topological spad¢&, t) is called.
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(1) IF-To(r-i) if for all x,y € X with x # y, there existl = (uu,v4) € T such that
pa(x) > 1,v0(x) <715ua(y) <1,v4(y) > 100 pa(y) > 1,v0(y) <75 palx) <
r, va(x)>r.

(2) IF-To(r-ii) if for all x,y € X with x # y, there existal = (uy,v,) € T such that
pa(x) >1,v,(x) <75 pa(y) <1, va(y) >0 0r py(v) > 1, () <7opa(x) <
r, vy (x) > 0.

(3) IF-To(r-iii) if for all x,y € X with x # y, there existgl = (u,,v,) € T such that
pa(x) > 0,v4(x) <75 ua(y) <1,v4(y) > 1 0rpg(y) > 0,v,(y) <75 pax) <
r,va(x) > 1.

(4) IF-To(r-iv) if for all x,y € X with x # y, there existgl = (uy,v4) € T such that
pa(x) > 0,v4(x) <75 pus(y) <7,va(y) >0 0rus(y) > 0,v,(y) <7 pa(x) <
r, vy (x) > 0.

(5) IF-To(r-v) if for all x,y € X with x # y, there existdl = (uy,v,) € T such that
pa(x) >1,v4(x) <1 ua(y) <m,va(y) >rorpuy(y) >r,vy(y) <15 pa(x) <
r,va(x) > 1.

(6) IF-To(r-vi) if for all x,y € X with x # y, there existsl = (u4,v4) € 7 such that
pa(x) >71,v0(x) <7 pua(y) < Lva(y) >71or pa(y) >r,va(y) <ripa(x) <
1,vu(x) >r.

(7) IF-To(r-vii) if for all x,y € X with x # y, there existA = (uy,v,) € T such
that p,(x) >7,v,(x) <1, pa(¥) <Lvya(y) >1r or pus(y) >r,v,(y) <1,
Ua(x) < Lvy(x) > .

(8) IF-To(viii) if for all x,y € X with x # y, there existal = (u,,v4) € T such that
pa(x) >0,v4(x) <1, pa() <Lva(») >0 or pa(y)>0,v() <1
Ua(x) < 1,v4(x) > 0.

Theorem 3.1. Let (X,T) be a topological space aiff, t) be its corresponding IFTS,
wheret = {(1Aj,1Aj),j €EJ: A€ T}. Then(X,T) is To if and only if (X,7) is IF-Ty(r-
k), for anyk € {i, ii, iii, iv, v, vi, vii} and(X, T) is To if and only if (X, 7) is IF-To(viii).
Proof: The proofs of all implications are similar. For eaxample we shall prove this for
k=i.

SupposdX,T) is T,. Letx,y € X with x # y. Since (X,T) is T,, there existsl € T
such thatx e A,y ¢ A orye A,x ¢ A. We considex € 4,y € A. Now 1,(x) =1
and 1,(y) = 0.

By the definition ofr, we get(1,4,14c) € TasA € T.

Now clearlyl,c(x) = 0 and1,c(y) = 1.

Thatis,14(x) > r, 14¢(x) <71; 1,(y) <71, 14e(y) > 7. So(X, 1) is [F-To(r-i).
Conversely suppose, 7) is IF-To(r-i).

Let x,y € X with x # y. Since(X, 1) is IF-Ty(r-i), there existq1,,1,c) € T such that
L) >r 1) <r, 1) <r, Lyue(y)>r or 1,(y)>rlue(y)<r 14Hx) <
7, 14c(x) > 7. Considen (x) > 7, 14c(x) < 7; 14(y) <71, 1ze(y) > 1.

Sincer € (0,1), we can writel 4 (x) = 1,14¢(x) = 0; 14,(y) = 0,14(y) =1

This impliesx € A,y € A. ClearlyAd € T as(1,4, 14¢) € . ThereforgX, T) is To.

Theorem 3.2. Let (X,7) be an intuitionistic topological space ard,7) be its
corresponding IFTSwheret = {(1Aj1, 1A]_2),j €]: A =(4j,4;,) € T}. Then(X,T) is
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To if and only if (X, 7) is IF-Ty(r-k), for anyk € {i, ii, iii, iv, v, vi, vii} and(X,T") is T if
and only if(X, t) is IF-To(viii).
Proof: The proof is obvious as theorem 3.1.

Theorem 3.3. Let (X,t) be a fuzzy topological space a@k,t) be its corresponding
IFTS wheret = {(4,1°),j €J: A€t} If (X,t) is To then(X,1) is IF-Ty(r-k) for any
k € {i,ii,iii,iv, v, vi,vii} and if (X, t) is To then(X, 7) is IF-To(Viii).

Proof: The proof is obvious as theorem 3.1.

/.{ |F-To(r-ii)
IF-To(ri
, IF-To(riil) e ]\A
[ IF-T(r) ) [ IF-Tovii) )
\‘[ ° :::[ BT

IF-To(r-vi)

Theorem 3.4. Let (X, 1) be a IFTS. Then we have the following implications

Proof: SupposgX,t) is IF-To(r-i). Let x,y € X with x # y. Since(X, 1) is IF-To(r-i),
there existsd = (uy,v,) € T such thatu,(x) > r,v (x) <7, ua(y) <r,vu(y) >r or
pa(y) > 1,v,(y) <75pa(x) <7v(x) >

Consideru,(x) > r, v (x) <7 us(¥) <1 Va(Y) ST cie i )
Now, from (1), we can writa,(x) > r, v (x) <7, usy) <r,vay) >0 oo, (2)
Again from (2), we can writgig(x) > 0,v,(x) <7, us(¥) <7, v4(¥) >0 ..cuve.. 3)
And finally from (3), we getu,(x) > 0,v4(x) < 1; ua(¥) <1, v4(y) >0 oo 4

Therefore IF-(r-i) = IF-To(r-ii) = IF-To(r-iv) = IF-To(viii).
Similarly other implications may be proved.
The reverse implications are not true in generaicivttan be seen as the following
examples:

Example 3.1. LetX = {x, y} andt be an intuitionistic fuzzy topology ot generated by
A ={(x,0.7,0.1),(y,0.2,0.3)}. If r = 0.5, then clearly (X, 1) is IF-Ty(r-ii) but not IF-
To(r-i).

Example 3.2. Let X = {x, y} andt be an intuitionistic fuzzy topology ot generated by
A ={(x,0.2,0.1),(y,0.2,0.3)}. If r = 0.5, then clearly (X, t) is IF-To(r-iv) but not IF-
To(r-i), IF-To(r-ii) and 1F-To(r-iii).

Example 3.3. Let X = {x, y} andt be an intuitionistic fuzzy topology ot generated by
A ={(x,0.2,0.1),(y,0.2,0.6)}. If r = 0.5, then clearly (X, t) is IF-Ty(r-iii) but not IF-
To(r-i).

Example 3.4. Let X = {x, y} andt be an intuitionistic fuzzy topology ot generated by

A ={(x,0.3,0.6),(y,0.1,0.6)}. If r = 0.2, then clearly (X, 1) is IF-To(r-v) but not IF-
To(r-i).
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Example 3.5. Let X = {x, y} andt be an intuitionistic fuzzy topology ot generated by
A ={(x,0.3,0.1),(y,0.4,0.5)}. If r = 0.2, then clearly (X, 1) is IF-To(r-vi) but not IF-
To(r-i).

Example 3.6. Let X = {x, y} andt be an intuitionistic fuzzy topology ot generated by
A ={(x,0.3,0.6), (y,0.5,0.3)}. If r = 0.2, then clearly (X, 1) is IF-To(r-vii) but not IF-
To(r-i), IF-To(r-v) and IF-To(r-vi).

Example 3.7. Let X = {x, y} andt be an intuitionistic fuzzy topology ot generated by
A ={(x,0.3,0.6), (y,0.2,0.6)}. If r = 0.5, then clearly (X, 1) is IF-Ty(viii) but not IF-
To(r-iv) and IF-To(r-vii).

Theorem 3.5. Let (X,7) be a IFTS and, s € (0,1) withr < s, then (X, 1) is To(r-iv) =
(X, 1) is To(s-iv) and(X, 1) is To(s-vii) = (X, 1) is To(r-vii).

Proof: IF-To(r-iv) =IF-To(s-iv): SUupposéX, t) is IF-To(r-iv).

Let x,y € X with x # y. Since(X, 1) is IF-Ty(r-iv), there exists an intuitionistic fuzzy
setA = (uy,v4) € T such thatu, (x) > 0,v4(x) <7 us(y) <r,vy(y) >0 o0r uys(y) >
0,va(y) <1; pa(x) <rvy(x)>0. Consider py(x) >0,vy(x) <r; pu,(y) <r,
vu(y) > 0. Sincer <s, we can writep,(x) > 0,v4(x) <s; ua(y) <s,v4(y) > 0.
Therefore(X, 7) is IF-Ty(s-iv).

Similarly we can prove IF[s-vii) =IF-Tq(r-vii).

The reverse implications are not true in generaickvttan be seen as the following
examples:

Example 3.8. Let X = {x, y} andt be an intuitionistic fuzzy topology ot generated by
A ={(x,0.6,04),(y,0.2,03)}. If r=0.3 and s = 0.5 then clearly (X, 1) is IF-Ty(s-iv)
but not IF-T(r-iv).

Example 3.9. Let X = {x, y} andt be an intuitionistic fuzzy topology ot generated by
A={(x,04,04),(y,0.2,04)} If r=0.3 and s = 0.5 then clearly (X, 7) is IF-To(r-vii)
but not IF-To(s-Vii).

Theorem 3.6. Let (X, 7) and(Y,§) be IFTSs andf: X - Y is one-one and continuous.
Then (Y,68) is IF-Ty(r-k)= (X, 1) is IF-Ty(r-k) for any k € {i, ii, iii, iv, v, vi, vii} and
(Y, 8) is IF-To(vii) = (X, 1) is IF-Ty(viii).

Proof: Suppose(Y,d) is IF-To(r-i). Let x,y € X with x #y. Sincef is one-one,
f(),fy)eY with f(x) # f(y). Since (Y,8) is IF-Ty(r-i), there existsB =
(up,vg) €6 such thatup(f(x)) >r,vp(f(x)) <r; ug(f(y)) <r,vg(f(y)) >r or
ue(f ) >rve(f(¥) <r up(f(x)) <rve(f(x)) >r.

We considepp (f (x)) > r,vp(f(x)) <7 up(f(¥)) <r,vp(f(y)) > .

Sincef is continuous,f ~1(B)=( f ~Y(ug), f~1(vp)) € 7.

Now £~ (up) (x) = up(f () > 7, f 1 (vp)(x) = vp(f (X)) <7

And [ (up) ) = up(f) <7, fve) ) = va(f () >

Therefore(X, 1) is IF-Ty(r-i).

Similarly we can show others implications.
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Theorem 3.7. Let (X,7) and(Y, ) be IFTSs andf: X - Y is one-one, onto and open.
Then (X, 1) is IF-Ty(r-k) = (Y, 8) is IF-To(r-k) for anyk € {i, ii, iii, iv, v, vi, vii} and
(X, 1) is IF-Ty(viii) = (Y, 68) is IF-To(viii).

Proof: Suppos€X, 1) is IF-Ty(r-i). Letx,y €Y with x # y. Sincef is onto, there exists
somep, q € X such thap # q, f(p) = x andf(q) = y. Again sincef is one-one, these
p and q are unique. i.e.f1(x) = {p} and f~1(y) = {q}. Again sincgX, 1) is IF-Ty(r-
i), there existsA = (uy,v4) € T such thatu,(p) > r,v,(p) <71; ua(q) <r,vu(q) >r
or ua(q) >1,va(q) <7 pa(@) <1,v4(p) >r.

Supposeus(p) > 1,va(p) <1;palq) <1,valq) > 7.

Sincef is open, f(A) = (f(ua), f(va)) €.

Now f () () = o8,y 1a(@) = 1a®) > 7, FEDG) = oM yval@) = vap) <.

ANd fF(u) () = 120 (@) = pa(@) <7, fFD D) = ey Va(@) = va(@) > 7.
Therefore(Y, §) is IF-To(r-i).

Similarly we can show others implications.

From theorem 3.6 and theorem 3.7 we have the follgpworollary.

Corollary 3.1. If (X,7) and(Y,8) are IFTSs andf: X - Y is a homeomorphism then
(X, 1) is IF-To(r-k) if and only if (Y, 8) is IF-To(r-k) for anyk € {i, ii, iii, iv, v, vi, vii}
and(X, 1) is IF-Ty(viii) if and only if (Y, 8) is IF-To(viii).

Remark 3.1. IF-Ty(r-k) for k=i, ii, iii, iv, v, vi, vii and IF-Ty(viii) are topological
property.

Theorem 3.8. Let (X,7) be an intuitionistic fuzzy topological space atids a non
empty sub set of X. Then (X,7) is IF-To(r-k) = (U,ty) is IF-Ty(r-k) any
k € {i,ii, iii, iv, v, vi,vii} and(X, 1) is IF-To(Viii) = (U, 7y) is IF-To(viii).

Proof: SupposgX, 1) is IF-Ty(r-i). Letx,y € U withx #y. So x,y € X withx #y

as U < X. Now since(X,t) is IF-Ty(r-i), there exists A = (uy,v4) € T such that
pa(x) >1,v0(x) <7170 pa) < va) >roor wa(y) >rova(y) <roopalx) <

r,va(x) > 1.

We considepy(x) > r,v (x) <71 us(y) <r,va(y) >r.

Clearly A|U = (ua|U,v4|U) € Ty .

Now s |U (x) = pa(x) > 7, va|U(x) = va(x) <.

andus|U) = ua(y) <r,|lUQy) =va(y) > 7.

Therefore(U, Ty) is IF-Ty(r-i).

Similarly we can show others implications.

Remark 3.2. The properties [F-{r-k) for k=i, i, iii, iv, v, vi, vii and IF-Ty(viii) are
hereditary.

Definition 3.2. [11] An intuitionistic fuzzy topological spad&, 1) is called
(1) IF-To(i) if for all x,y € X with x # y, there existgl = (uy,v,) € T such that
pa(x) =Lv () =0; ) =0v() =1 or pu(y)=1Lv{y) =0;
pa(x) = 0,v4(x) = 1.
(2) IF-To(ii) if for all x,y € X withx # y, there existsl = (1, v4) € 7 such that
pa(x) =Lvs(x) =0;  pa() =0,v,(y) >0 or pu(y) =1Lvu(y) =0;
pa(x) = 0,v4(x) > 0.
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(3) IF-To(iii) if for all x,y € X with x # y, there existal = (uu,v,4) € 7 such that
ba(x) > 0,va(x) =0;  pa() =0,v4(y) =1 or ps(y)>0,v4(y) =0;
HA(X) = 0, VA(x) =L

(4) IF-To(iv) if for all x,y € X with x # y, there existdl = (uy,v4) € t such that
pa(x) > 0,v4(x) = 0; pa(@) =0,v,(y) >0 or ps(y) >0,v4(y) =0;
pa(x) = 0,v4(x) > 0.

Theorem 3.9. [11] Let (X, ) be a IFTS. Then the following implications hold.

([ IFTo) ) [ IF-Toiv)

Theorem 3.10. If (X, 1) is a IFTS, then the following implications hold.

- IF-To(r-ii)
IF-Tofi) IF-To(iv) P IF-To(r-i)

.

Proof: To prove this theorem we only have to prove #gtr) is IF-Ty(iv) = (X, 1) is
IF-To(r-i).

Let (X, 1) is IF-Ty(iv) and x,y € X with x # y. Then there existd = (u,4,v,) € T such
that g (x) >0, v4(x) = 0; pa(¥) =0,v4(y) >0 or us(y) > 0,v4(y) = 0; pa(x) =
0,v4(x) >0 as (X,7) is IF-Te(iv). We consideru,(x) >0, v4(x) =0; uu(y) =
0,v4(y) >0, then we can write pu(x) >rv (x) <r; us(y) <r,vy(y) >r as
r € (0,1). So(X, 1) is IF-Ty(r-i).

Other implication clearly holds by theorem 3.4 émeborem 3.9.

The reverse implication is not necessarily true. ths we only have to show th@t, 7)
is IF-To(r-i) # (X, 1) is IF-Ty(iv), which is shown by the following example:

IF-To(rvii)

Example 3.10. Let X = {x, ¥y} andt be an intuitionistic fuzzy topology ok generated
by A = {(x,0.6,0.4), (y,0.2,0.6)}. If r = 0.5 then clearly (X, t) is IF-To(r-i) but not IF-
To(iv).

Theorem 3.11. Let (X;,7;), j = 1,2 be IFTSs andX,1) = {X; X X;,71 X 72}. If each
(Xj,7j), j = 1,2 are IF-T(r-k), then(X, 1) is IF-To(r-k) for anyk € {i, ii, iii, iv, v, vi, vii}
and If each(X;, 7;), j = 1,2 are IF-Ty(viii), then (X, ) is IF-To(viii).

Proof: The proofs of all implications are similar. For example we shall prove that if
each(X;,t;), j = 1,2 are IF-To(r-iv), then(X, t) is IF-To(r-iv).

Suppose eacl{X;,t;), j = 1,2 are IF-To(r-iv).

Letx,y € X withx # y where x = (xq,x;) andy = (y1,¥,).

Then at least; # y; or x, # y,. Suppose; # y; . Clearlyx;,y; € X;
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andx,, y, € X,. Since(X;,7,) is IF-To(r-iv), there existsd; = (u4,,va,) € 7, Such that
Ha, (x1) > 0,4, (x1) <750, (1) <7,04,(y1) >0

or pa, (1) > 0,v4, (1) <75 pa, (1) <7,v4,(x1) > 0.

Considerpy, (x1) > 0,v4, (x1) <75 pa, (1) <7,v4, (1) > 0.

Choosed, = 1. = (1,0). ClearlyA, € 1.

LetA =A; XA, = (.uA1 X 1,4, X 0) = (a,va) (say)

By the definition of product IFTA = (uy,v4) €T

NOW 11, (%) = (s, X 1)(x1, xp)=min(py, (1), 1(x;))=min(pa, (x,),1) > 0 @Sy, (x;) > 0.
Andv,(x) = (vAl X Q)(xl,xz):max(vA1 (xl),g(xz)): max(vA1 (xq), 0) <rasvy, (x) <r.
Again

ua(y) = (HA1 X l)(yy}’z):min(ﬂ,ql (}’1)’1(}’2)): min(ﬂAl(%)' 1) <rasuy, 1) <r.

And v, (y) = (va, X 0) (71, ¥2)=max(va, (1), 0(y2) )= max(va, (1), 0) > 0 aSva, (y1) > 0.
i.e., forx,y € X with x # y we getd = (u4,v4) € T such thatuy(x) > 0, v4(x) <7;
ua(y) <r,vy(y) > 0. Thereforg(X, ) is is IF-To(r-iv).

Remark 3.3. The properties IF-{r-k) for k=i, i, iii, iv, v, vi, vii and IF-To(viii) are
productive

4. Conclusion
In this paper we see that our eight definitionsracee general than that of Estiaqg Ahmed
et al. Also we see that our definitions satisfy dotary and productive properties.
Moreover, the definitions preserved under one-grtkapen mapping.
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