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Abstract. In this paper, we define two new operations caflachacher sum and Hamacher
product of fuzzy matrices and investigate the algielproperties of fuzzy matrices under
these operations as well as the properties of fuzairices in the case where these new
operations are combined with the well-known operetil], L1, we have proved some new

inequalities connected with fuzzy matrices.
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1.Introduction

Among the well-known operations which can be penfed on fuzzy matrices are the
operations of component wise addition, multiplicatialgebraic product, algebraic sum
and complement. Much research works are done agingefuzzy matrices and their
applications to medical sciences, engineering, gema&nt environment and social
sciences. In 1977, Thomason [8] initiated the stodyconvergence of powers of fuzzy
matrix. The theory of fuzzy matrix was developediy and Roush [2] as an extension of
Boolean matrix, with max-min operation over thezZiyalgebra. Ragab and Emam [4]
presented some properties of the min-max compasitiduzzy matrices. Meenakshi [3]
studied the theoretical developments of fuzzy roesri Shyamal and Pal [5,6] introduced
two binary operators on fuzzy matrices and provegsal properties on them and these
operations are extended to intuitionistic fuzzyneas and studied its algebraic properties
by Sriram and Boobalan [7]. Zhang and Zheng [9piiticed bounded sum and bounded
product of fuzzy matrices and presented severgegsti@s on these operations.

The paper is organized in three sections. Itiae2,we give the basic definitions and
operations on fuzzy matrices which will be usedhiis paper. In section 3, we introduce
the hamacher operations on fuzzy matrices and fiogusn its properties. The De
Morgan's law for the hamacher operations are dshednl in section 4.

2. Preliminaries and definitions
In this section, we give some definitions and pnéaliaries which are applied in the paper.
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Definition 2.1. [3] A fuzzy matrix(FM) of ordermx n is defined asA=(g,), where
a;, U[0,1]. Let F,,, denote the set of all fuzzy matrices of ordax n.

Definition 2.2. [3] For AU F,,, the transpose is obtained by interchanging itsrand

columns and is denoted bj\' .

Definition 2.3. [3] The mx n zero matrix O is the matrix all of whose entries are zero.
The nxn identity matrix | is the matrix(a;) suchthata, =1 if i=j and a =0
if 1 #].The mxn universal matrixJ is the matrix all of whose entries ate

Definition 2.4. [3] Let A=(g;) and B=(h)0UF,, . we write A<B if a <k for
all i,j and we say thatA is dominated byB (or) B dominatesA. A and B are
said to be comparable, if eithek< B (or) B< A.

We define the following operators for any two mege A= (g;) and B= (k) of order
mx n,

(i)AUB=(max( .§ ))

(i)A DB = (min(g; . ))

(iii )A® = (1-a; ) (the complement ofA).

3. Someresults on Hamacher sum and Hamacher product of fuzzy matrices
Hamacher [1] introduced a generalized norm and t —conorm by defining as

X R X+y-xy-(1-y)x
T(xy)=[ ! ]andT(xy){ =7 y]-
y+(1-y)x+y-xy) 1-(A-y)xy
From these operations, whegn= 0 they will reduce to algebrait—norm and
* + -
t—conorm T{ X y:(L} and T (X Y) =[L2ij
X+ y— Xy 1-xy
In this section, based on these operations, Hamacine and Hamacher product of fuzzy

L +h -2 )
matrices are definied aé\[l, B= (Mj andAG, B= {LJ

1-3Q a+h-ah

ab a+b-2ab
< .

Lemma3.1. For a,b[0,1], <
a+b-ab 1-ab

Proof: We know that(a+ b)> > 4ab (1.1)
atb-ab<l=1+3(at b- ah< 4
= (1+3(@+b-ab))ab< 4ab (1.2)
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From (1.1) and (1.2)
(1+3(@+b-ab))ab< 4akx (a ¥
0< (a+b)* - (1+ 3(a+ b- ab) ab
=(a+b)*+3ab(ab- a H- ab
ab< (a+ bh*+3dF-3alf a b
ab-abP<(a+r b-2ah(a b ap

ab . at b—2ab

atb-ab 1-ab
Hence the result.

Definition 3.2. For any fuzzy matricesA and B of the same size. The Hamacher sum
& +h -23p

of A and B is defined by All,, B=
1-gh

].The Hamacher product of

A and B is defined by A®, B:(L]
& +h-gb

Next, we have prove some results of propertiesashatcher sum and Hamacher product.

Property 3.3. Let A and B be any two fuzzy matrices of same.siien
Ac, B< AL, B
Proof: By using Lemma 3.1,

Gk < §+h-2pp forall i, |
3+h-ap) | 1-app .

Hence, ij" entry of A®,, B<ij" entry of A0, B.
Therefore, A®, B AU, B

Property 3.4. For any fuzzy matrix,

()AD, Az A
(iAG, A< A

. . 2aij_2a]'2 _| %4 i
Proof: (i) AL, A |s( 1—8”2 J_(l-l-aj =g foralli,j.

Sincea -3 <0=g+a-2a<0=> g+as< 2a.
Hence, ij" entry of A0, A> ij™ entry of A
Therefore, ALl, A= A.
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2

GDA@HAiS[ qiz]:£ i JS%fmaHLy

28, — g 2-3

. B . a,
Sincel< 2-3g; (ie).,a 52—.
i

Hence, ij" entry of A®, A< ij™ entry of A
Therefore, A®,, A< A.
The following properties are obvious. The operatian, and ®,, are commutative as

well as associative. Existence of the identity elrta with respect td],, and ©, are
determined in the following Theorems.

Property 3.5. Let A,B and C be any three fuzzy matrices. Then
(h)AO, B=BO, A

(in(AO,B)O,C=A0, (BO, O,

(i) Ao, B=B0o, A

(V)(A0, B)®, C= Ao, (B, O.

Property 3.6. For a fuzzy matrixA,

()AO,0O0=00, A= A

A, =Jo, A=A

(ii)AD,J =7, '

(iv)Ae, O=0.

Thus (F,,,,0,) and (F,,®,) form commutative monoids. The operatdrs, and
®y do not obey the De Morgan's laws over transpose.

Property 3.7. For any two fuzzy matricedA and B of same size,
()AO, B =A"0, BT,
(iNAe,B) =A"o, B
where A" is the transpose of\.
Property 3.8. For any two fuzzy matricesA and B of same size, ifA< B, then
Ao, CsBo, C
Proof: Let g SbJ forall i, |

3G < b¢

3G +3bhed-c)sihé+ghbdly 9
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aiquz+q} P.F IJaubé—uQé-Fii @u i ualb‘
3G(G+p-pe)shcieraspg

3G < h¢
a+G-g¢) (prc-ibe

Therefore, theij" entry of A®, C < ij" entryof Bo,, C.
Hencce the result.

Property 3.9. For any two fuzzy matricesA and B of same size, ifA< B, then
A, C<BO, C

Proof: Let g sq forall i, |
a,(1-G)Y<h@-¢Y)
31](1‘29+§2)<P(1‘ 2c+ )

—23¢+af<spb-2hc+ ht

_2%9+§‘if‘2+(ijc_iiaﬂqc"’zi pOs b-2,hGb'e( ¢, ahe2; ap)
3 +G-23G -ahe - pC+23R ¢ by -2 poyabg, ae2 ghic
& +G-23¢ - pc(a+,c-330)s; by c-gbey a & | &3 by
(& +G -23 ¢)(1- ipip)s(ijb+ijc—%b:,j)(1 36)

{a,.j tG _ZQFJS(P"WF_ZUQJ'C]
1-3gq 1-h¢

Therefore, theij" entry of A0, C < ij" entryof BO, C.
Hence the result.

Property 3.10. For any two fuzzy matrices\ and B of same size, Then
()(ADB)O, (ADB) = A, B
((AOB)o, (ADB)= Ao, B
Proof:
()ADB) O, (ADB) =(min g, p)) O, ( maga ;H)

((mm(a, h)+ max g, ,b)-2 mifya, H mix g »]

(1-min(g, ) max @, ;b))
_[ath-23p
1-ah
=A0, B
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(i )(AOB)®, (ADB) = (ming, b)) @, ( mak a ;1)

( min(g,, h) ma @, ,b) ]
(min(g, h)+ max a ;b- mie,a; B méxa B

i)

=AG

Hence the result.

4. Results on complement of fuzzy matrix
In this section, the complement of a fuzzy matsused to analyse the complementary

nature of any system. For example, Af represents the crowdness of the roads at a

particular time period then its complemeAf represents the clearness of the roads. Using
the following results we can study the complemeaature of a system with the help of
original fuzzy matrix. The operator complement otleyDe Morgan's law for the operator

U, and ©, . This is established in the following property.

Property 4.1. For any two fuzzy matricedA and B of same size,

()(AO, B =A06, B,

(i) (Ao, B) =A"0, B,

(i)(AO,B)*<A"0, B,

(iv) (Ao, Bz Ao, B.

Proof:

A e, B =(1-3)0, (1-))

_ (1-a,)(1-h) ]
(1-&)+(1-R)-(1-3)1-h)

_ (1-b -3 +3b) J
(1-g)+(A-Q)-A+h+a-ab)

[ 1-B-3+gh J

—Q-l+h+a-ap
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_[1+ah -3 —P}
1-a
(1-3,)(1-h )J
1-gh
_ 1_a1'i+bJ _2{?}?}
1-aQ
= (A0, B)°.
(i)A° 0, B°=((1-3,)0, (1-}))
_(@-3)+(-h)-2(1-3 )P )J
1-(1-3)(1-Q )
_(2-a-h —2(1-9—%@@)}
1-(A-b-3 +3bh)
_[2-3-R-2+2h+2a-2ap
) 1-1+h +3 -3 b
_(a+h -ZWJ
& +h-ap

“1- &R }
a+h-3b

= (Ao, B).
(iif) From Property 1. All, B= A®,, B
Then (A0, B <(A®, B°

=A"0O, B

(iv)(Ae, B =2(A0, B".

=A 0o, B
Hence the result.

5. Conclusions
In this article, Hamacher sum and Hamacher prodfifizzy matrices are defined and

some properties are proved. The set of all fuzzirioes form a commutative monoids
with respect to these operations. Thus the hamatherand hamacher product are very
useful to further works.
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