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Abstract. This paper presents a new type of fuzzy shortdabt prablem on a network by
ranking function. The proposed algorithm givesftiezy shortest path and fuzzy shortest
path length in which type-2 trapezoidal fuzzy numiseassigned to each arc length in a
network. In this the ranking function is based be statistical beta distribution. An
illustrative example also included to demonstrateproposed algorithm.
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1. Introduction

The shortest path problem was one of the first agtygroblem studied in terms of graph
theory. A directed acyclic network is a network sists of a finite set of nodes and a set
of directed acyclic arcs. Consider the edge wedfhthe network as uncertain: which
means that is either imprecise or unknown.

Fuzzy set was introduced by Zadeh in 1965. Zadéh groposed type-2 fuzzy
sets as an extension of (type-1) fuzzy sets whasabarship values are fuzzy sets in the
interval [0,1]. The fuzzy shortest path problem Viet analyzed by Dubois and Prade
[4]. Okada and Soper [6] developed an algorithmetiasn the multiple labeling
approach, by which a number of non-dominated pedihsbe generated.

The foundation of conventional mathematics is dase real numbers and the
process of ranking fuzzy quantifies-such as coloquality of goods-plays a significant
role in data analysis, economics and industriaiesys.

In 1980, Yager [8] proposed a method of rankirgzfunumbers based on their
corresponding centroid index. In 2000, Yao and @wped the decomposition principle
and the crisp ranking system on R to constructnéting system for fuzzy numbers. In
2006, Asady and Zendehnam [2] presented a methodaftking fuzzy number by
distance minimization. The fuzzy number ranking moelt proposed in 2008 by Chen and
Wang[3] usedx cuts for this purpose. In 2016, Rahmani [7], psgabthe defuzzification
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process of a fuzzy number by obtaining the rankiafjie of its corresponding Beta
distribution.

This paper is organized as follows: Section 2 gmes some required basic
concepts. Sec 3 gives an algorithm to find shogpash and shortest path length using
ranking function based on distribution. Sectioriveg network terminology. To illustrate
the proposed algorithm the numerical example igesbin section 5. Section 6 presents
conclusion.

2. Preliminaries
In this section some basic concepts of ype-2 feztyand ranking function are reviewed.

2.1. Type-2 fuzzy set

A Type-2 fuzzy set denotedd, is characterized by a Type-2 membership function
U5 (%, u)where x[X and ut1J, [J[0,1].

ie., A ={(xu), fi(xu)) /0 x O, O uby,0[0,1] } in which 0 = g (x,u) < 1.

Acan be expressed azé\ = J. J. /UA(X’ u) /(X’ U)JXD[O,l], where“ denotes
XOX U1,
union

2.2. Interval type-2 fuzzy set

Interval type-2 fuzzy set is defined to be a T2H%eme all its secondary grade are of
unity for all f(u) = 1.

2.3. Footprint of uncertainty

Uncertainty in the primary membership of a typeai2zy set, A, consists of a bounded
region that we call the footprint of uncertaintyQB). It is the union of all primary
membership.
ie., FOU(A) = IJX

xOX
The FOU can be described in terms of its upper@amndr membership function.

FOU(A) = [ [4:(0' 1:(%)"]

xdX

2.4. Principal membership function

The principal membership function defined as thmmwirof all the primary membership
having secondary grades equal to 1.

ie., P (A)= ju/x| f (u)=1.

xOX
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2.5. Type-2 fuzzy number

Let Abe a type-2 fuzzy set defined in the universe etdalirse R. If the following
conditions are satisfied:

1. Ais normal,
2. Ais a convex set,
3. The support oA is closed and bounded, théh is called a type-2 fuzzy number.

2.6. Type-2 trapezoidal fuzzy number
Let A = (a, &, &, a) be a trapezoidal fuzzy number. A normal typeaperzoidal fuzzy

number A = { (x, £ (%) a (9 Hp (0, -a ()}, x € R and
USRS (AL (R, for all x€ R. DenoteA = (A, AM AN AY), where
A = (( d_l, aLz, d_g, aL4, AA)! (d\/ll, dVlz, d\ng, dVI4), (d\ll, d\lz, d\lg, d\‘4), ( djl, auz, a.U3, aU4))

2.7. Perfectly normal type-2 trapezoidal fuzzy numbr

In a type-2 trapezoidal fuzzy numberﬂi\ =1, then

A — (AL’ AM,AN’AU)
= ((ay, o, ds, dy), (3", dy A5, dly), (dy dy dY, dY), (&, d% ds, &) isa

perfectly normal type-2 fuzzy number.

2.8. Ranking function of beta distribution for trapezoidal fuzzy number
The Beta distribution R(A) corresponding to theogzoidal fuzzy number A ={ab, ci,
d,) is obtained by the following relation:

R(A) == (2a; + 7by + 7c; +2d,)

2.9. Ranking function on beta distribution for type2 trapezoidal fuzzy number

Let A: (( d‘l, d_z, aL3, &4), (d\/ll, d\nz, dw;g, d\/l4)’ (d\ll, d\lz, d\lg, d\l4), (aul, auz, a.U3, aU4))

be a type-2 normal trapezoidal fuzzy number, therréanking function is defined as

R(A) =——{(2(2ay + 7b; + 7c; + 2d1) + 7(2ay + Thy + Tcy + 2d,) +

7(2a3 + 7b; + 7c3 + 2d3) + 2(2a4 + 7b, + 7cy + 2d,)}

3. Algorithm
Step 1 : Form the possible paths from starting nodkestination node.

Step 2 : Compute the path Iengfh, for the possible paths, i =1,2, . .n.

Step 3 : Compute the ranking function of beta ifistron corresponding to all
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possible path lengths
R(L)
=——{2(2ay + 7by + 7cy + 2dy) + 7(2ay + Thy + 7cy + 2dy) +
7(as + 7b; + 7c5 + 2d3) + 2(2a, + 7by + 7c, + 2d,)}
where [, ={(ay, by, ¢, dh), (@ 02 Gz b), (@, b3, Ca k), (@ by, G i)}

Step 4 : Decide the shortest path with minimum ramd that corresponding path
Length is the fuzzy shortest path length.

4. Network terminology

Consider a directed network G(V,E) consisting dinte set of nodes V = {1,2, . . .n}
and a set of m directed edgésl]1 VXV . Each edge is denoted by an ordered pair (i,j),
where i,]JV and i#j. In this network, we specify two nodes, denotgdskand t, which
are the source node and the destination node, atdsgg. We define a path;Pas a
sequence P={i = iy, (ini2),i2. . . ., k1, (i), ii = j} of alternating nodes and edges. The
existence of at least one pathiP G(V,E) is assume for every nodeV — {s}.

di denotes a Type-2 Fuzzy Number associated withdbge €,j), corresponding to the
length necessary to transverse (i,j) from i to heTfuzzy distance along the path P is
denoted agl(P) is defined agi(P)= ¥ d,

(i,itP)
5. Numerical example
The problem is to find the shortest path and skbpath length between source node and
destination node in the network comprising 5 vegiand 7 edges with type-2 trapezoidal
fuzzy number.

S

5

Figure 5.1:
In this network each edge has been assigned to2tyipapezoidal fuzzy number as
follows:

P, =((0.5,0.7,0.8,0.9;0.4), (0.4,0.6,0.8 ) (0.2,0.3,0.5,0.8), (0.1,0.5, 0.7. 9.0
P, =((0.4,05,0.7,1.0,0.5), (0.3,0.5,0.8 ) (0.3,0.5,0.7,0.8), (0.2, 0.4, 0.6,)0.9
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((0.6,0.8,0.9,0.9;0.7), (0.5,0.6,0.8 ) (0.3,0.5,0.6,0.8), (0.1,0.2, 0.3,)).4
((0.4,0.5,0.5,0.9;0.6), (0.3,0.5, 0.8 (0.3,0.4,0.6,0.8), (0.2,0.4, 0.5,)).7
((0.6,0.7,0.7,0.9;0.3), (0.4,0.6,0.8 0 (0.4,0.6,0.9,1.0), (0.3,0.5, 0.8,)).9
P, =((0.7,0.8,0.8,0.9;0.4), (0.5,0.7, 0.8}, (0.3,0.5,0.7,0.9), (0.2, 0.3, 0.5,).8

P, =((0.5,0.6,0.8,1.0;0.2),(0.3,05, 0.8} (0.2,0.6,0.8,09), (0.2, 0.4,05,0.6

Solution :
Step 1 : Form the possible paths from starting nodkestination node.

Possible paths areP,= 1 -2 -4-5
P= 1-2-3-4-5

@Ot O O
Il

P=1-2-3-5
P=1-3-5,
P=1-3-4-5

Step 2 : Compute the path Iengfh, for the possible paths, i =1,2, . .n.
Path lengths aré,= P+ S +V
L,=P+R+T +V

L,=P+R+U
L,=L+U
L=Q+T+V

[, =((0.5+0.4+0.5, 0.7+0.5+0.6, 0.8 +9.6.8, 0.9+0.9+10),( 0.4+

0.3+0.3,0.6 +0.5+0.5,07+06+0.8,0999©1.0), (02+03+0.2,03+04+
06,05+06+0.8,08 +08+0.9),(0.126.02,05+04+0.4,0.7+0.5+0.5,
1.0+ 0.7 + 0.6)

L= ((14,18,21,28),(10,16,21,20)7,13,1.9,25),(0.5,1.3,1.7,2.3))

In the same way we get the path lengths are asifsll
I:2 ((2.2,2.8,3.2,3.7),(1.6,2.3,29,3.73,1,2.0,2.8,35),(0.7,1.6, 2.3,2.9 ))

,=((1.8,2.3,25,27 ),(14,1.9,23,2,80.8,1.3,1.8,25 ), (0.4, 1.0, 1.5, 2.2 ))
[,=((11,1.3,15,19 ),(08,1.2,1.6,1,90.6,1.0,1.4,1.7 ), (0.4,0.7, 1.1, 1.7 ))
L. =((15,1.8,22,29),(10,1.6,2.2,280,9,1.7,2.4,2.7 ), (0.7,1.3,1.9, 2.4 ))

[l
1

Step 3 : Compute the ranking function of beta itigtion corresponding to all possible
path lengths
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R(L)=—-{2(2ay + 7by + 7cy + 2dy) + 7(2az + Thy + 7c, + 2d3) + 7(2as +
Ths +7cs + 2d3) + 2(2ay + Thy + Tcy + 2d,)}
Where Ei = {(al! bla Cl! dl)! (@! t)ZJ CZ! dZ)! (%! t)3! C3! d3)! (a4! b4! C4! d4)}

R(L)= ﬁ {2(2*1.4 + 7*1.8 + 7%2.1 + 2*2.8 ) + 7 (2*1.0 1.6 +
7%2.1 + 2%2.8)+ 7 (2*0.7 + 7*1.3 + 7*1.9 + 2*2.59) 2 (2*0.5 + 7*1.3 + 7*1.7 + 2*2.3)}
R(L,)=1.7392
R(L,) = 2.4852
R(L,) = 1.8312
R(L,) = 1.2642
R(L,)=1.9182
Step 4 : Decide the shortest path with minimum ramé that corresponding path length

is the fuzzy shortest path length.
Path length, is having the minimum rank (R, ) = 1.2642)

The shortest path length is
((1.1,2.3,15,19 ),(0.8,1.2,1.6,1.90,6,1.0,1.4,1.7 ),(0.4,0.7,1.1,1.7 ))
And the corresponding shortest path is
1-3-5
Fuzzy shortest path of type-2 fuzzy number is 3t -5.

6. Conclusion

This paper presents a solution for fuzzy shortesh problem with type-2 trapezoidal
fuzzy number. The main issue dealt with was devetpa ranking function for type-2
trapezoidal fuzzy number with minimum number ofqass steps. This algorithm can be
implemented using statistical Beta distribution sgo by the decision maker. This
algorithm is executed for complement of type-2 @éagpdal fuzzy number and verified. It
provides the same path as the shortest path inleamept type-2 fuzzy number.
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